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Abstract

It is shown that the conventional theory of electron liquid in a magnetic field is based on the model that is incorrect
mathematically and contradicting to experiments. On the foundation of statistical mechanics that takes into account
angular momentum conservation law is obtained the effective Hamiltonian of the electron liquid in a magnetic field that
includes the quasielectrostatic potential proportional to the square of the magnetic field. As result, the electron liquid is
inhomogeneous, and together with the homogeneous neutralizing background generates an electrostatic potential. The
sum of these potentials is the residual potential that forms an energetically spectrum of elementary excitations of the
electron liquid in the homogeneous magnetic field. This spectrum is quasicontinuous, and its beginning is somewhat
higher than the value of the potential energy at the boundary. The graph of the dependence of the density of states on
energy has the form of a staircase with horizontal steps. The density of states in the mean is proportional to the square
root from energy.

Keywords: Statistical operator; effective Hamiltonian; electron liquid; energy functional; inhomogeneous density;
residual potential; elementary excitation; density of states.

1. Introduction

The celebrated Landau formula for magnetic susceptibility (see Ref. [1])

(3ny )% 2 N
Xdm = _Tl Ng = V (1)
12773m,

cannot be correct. This formula describes the quantum effect, but it does not satisfy the requirement of the
correspondence principle, since it does not depend on the Planck constant. In any stationary state of an electron in a
magnetic field there is a closed electric current. It generates a magnetic moment. The averaged magnetization field can be
homogeneous only if all diamagnetic currents are closed in an atomic volume. But for an electron in the uniform
magnetic field the operators of the classical orbital center coordinates do not commute. That is why the streamlines can
cover regions with a diameter comparable with the dimensions of the volume under consideration. Therefore, a specific
susceptibility makes no sense. It is obvious that a disk perpendicular to the magnetic field and a thin cylinder whose axis
is parallel to this field must have different magnetic moments though their volumes are equal.

A magnetic field can be homogeneous only on an arbitrary, but confined part of a plane because a magnetic field is
vortex field, and hence its lines must be closed curves. Therefore the problem of an electron in a magnetic field must be
considered at the condition that wave function equals to zero on the boundary of the homogeneous magnetic field. There
are two solutions of this task those are reported in the monograph [2], but the both solutions are obtained with incorrect
boundary condition. The Landau solution described in the main body of the text is incorrect also because it does not
correspond to the axial symmetry of this task (for more details, see Ref. [3]). In the solution by Johnson and Lippmann
(see Ref. [4]), which is printed in the Ref. [2] as a task with solution, this mistake was corrected. In both solutions the
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plane was assumed to be unbounded, and the eigen functions to be normalizable. The results about energy spectrum in
the both solutions are identical and do not have the physical sense. The spectrum is discrete and equidistant for any
energy, and all eigenvalues are infinitely degenerated, because they are independent from quantum number of angular
momentum, if it is negative. That is result of the consideration of an unbounded plane. For using in statistical
thermodynamics degeneracy order of all eigenvalues are arbitrarily limited by value that depended from the magnetic
field. The formula (1) is deduced from this spectrum. If the electrons were to fill states that are described by the usual
theory, then the angular momentum of the gas would be large negative.

The global properties of spectrums of like tasks on a bounded plane are known (see to monograph [5]). A proper
consideration of the task about an electron in the uniform magnetic field was impossible because in mathematical books

(see, for example, monograph [6]) the largest zero of the degenerate hypergeometric function <D(a,c;z) with

a=-n—y, and 0<y <1 is not described. As we have proved in the work [7] this zero tends to infinity when » —0 ,
and it tends to the largest zero of the Laguerre polynomial of degree n+1 when y —1 . Therefore this zero must be

utilized for satisfaction of the boundary condition in this task. In the work [7] we have proved also that the eigenvalues of
the energy are little varied with altering of the quantum number of the angular momentum, but the amount of the
permissible values of this number is bounded. That determinates the quasi-degeneration of the eigenvalues. When
energies of eigenstates are large, the spectrum is quasi-continuous and the state density is constant. This spectrum
satisfies the requirements that are proved by mathematics (see to monograph [5]). Specifically, for example, the minimal
eigenvalue is non-degenerate.

Although the commonly known statistical thermodynamics of the electron gas in the magnetic field proceeds from
unfounded assumptions and incorrect energy spectrum, it explains many experimental effects (see to monographs [8, 9]).
These results are consequence of the discreteness of the assumed spectrum.

V. L. Ginzburg called the construction of the theory of a two-dimensional electron liquid, which is a system of electrons
with taking into account of the Coulomb interaction, among the thirty most important problems of physics (see Ref.
[10]). The properties of the electron system in a magnetic field are mainly determined by the properties of the two-
dimensional subsystem in a plane perpendicular to the magnetic field. This theory was developed in Refs. [7, 11 — 14].
The present work is the continuation of them.

In the conventional theory it is suggested that the electrons in a uniform magnetic field homogeneously fill the area that
is filled by the homogeneous positive electrical charge. This suggestion contradicts to experimental observations. It is
known that the uniform magnetic field restrains a gas of charged particles from expansion. In the equilibrium state the
density of the electron liquid in the uniform magnetic field must be inhomogeneous. This inhomogeneity will generate
the electrostatic field that can explain some phenomena in the grate of conductor. These phenomena cannot be explained
by the theory that does not take into account the non-homogeneous density of the electron liquid. It is necessary in the
theory of the electron liquid explain this inhomogeneity. This explaining necessitates changes in the density of
distribution of the classical statistical ensemble and the statistical operator of the quantum statistics. Those changes
described in the works [7, 11 - 14].

These changes are founded on the idea by A. Y. Khinchin (see to monographs [15, 16]) that the density of distribution
and the statistical operator must depend from everybody motion integrals of the considered system. The inclusion of the
conservation of zero value of the angular momentum that is parallel to the magnetic field into the statistical operator
substantially changes results. In the works [7, 11, 13] and in the second section of this work it is proved that this
conservation lead to the effective Hamiltonian of the electron liquid. This Hamiltonian does not contain terms linear with
respect to the magnetic field. The term of the Hamiltonian quadratic with respect to the magnetic field has the form of the
potential energy of the electron liquid in a parabolic potential. The shielding of this potential is considered in the third
section. The inhomogeneity of the electron density generates a potential that reduces this energy. This shielding cannot
reduce this energy to zero. The residual potential determines the spectrum of elementary excitations of the electron
liquid. 1t will be considered in the fourth section. The full electrostatic potential effects on immovable charges of the
background. The fifth section is the mathematical supplement in which is considered the theorem about Macdonald
function that is used in the fourth section.
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2.The statistical operator for the electron liquid in the uniform magnetic field and description
of model

The statistical operator QA’(E}AC;E) for the microcanonical distribution with the Hamiltonian 5 and energy E can be

expressed through the characteristic operator @(S%; E) :

L (o 1% . .
(p(S{,E)—E!exp[(lr+3)(9€—E)Jdr. 2
Here @ is an arbitrary real number that will be determined, if we shall pass to the statistical operator for a system in a
thermostat (see Ref. [13]). This operator in the space of eigenfunctions of the Hamiltonian 5 has only diagonal matrix
elements, which are equal toone only if they are obtained with eigenfunctions belonging to the subspace of eigenvalue E
A/ A A A -1
.The other matrix elements of this operator are zero. The statistical operator is 9’(% E) = (/3(3{; E)[Sp{(f)(fiﬁ; E)}J :

A. Y. Khinchin has pointed that the statistical operator of the equilibrium system must be determined in the space of
eigenfunctions not only of the Hamiltonian but also other the integrals of motion that commute with the Hamiltonian and
with each other. The characteristic operator for the subspace in which the energy has the value E , and the component

of the angular momentum £, has the value L, is

(o a 1% : . 17 : 5
go(?fc, £ E, |—2> = {Z _([ exp[(lz-+l9)(fic— E)}dr}{g _([ exp[(|a+l)( £ L, )]da} . 3)
The Hamiltonian of the electron liquid in the uniform magnetic field is:
ﬁ:i§+u({r_})' éziﬁ?+ﬁ(x.2+y?)+£f.' [ =Xp,.—Y.D,. (4)
= U omTt o ogm M TN gm e T A

where N is the number of electrons, m is the mass and (—e) is the charge of an electron, p, =(px,i, Py,is pz,i) is the its
momentum, 1, =(X,Y;,z) is the radius-vector in the configuration space, U({ri}) is the potential energy of the

Coulomb interaction between electrons and between electrons and a homogeneous neutralizing background, {ri} are

radius-vectors of all electrons, B is the induction of the magnetic field. We neglect the electron spin energy in the
magnetic field, and shall consider all one-particle states as doubly degenerated. We substitute (4) into (3), taking into

N A ~
accountthat »'I,, =&, ,and putL, = 0. Then we obtain:
i=1
A 1% . .
(/)(%SZ;E,LZ)z{glexp[(wz+i)£z]da}

{i?em{(i”‘g)(i{ﬁf’f " eg,i (xF+ yf)}w (ir})- EHdT]. ®

i=1
It is evident that the statistical operator in this case (when L, =0) is determined by the Hamiltonian of a liquid of
charged particles in the quasielectrostatic parabolic field M (p)=—(eB?/8m)(x*+y”) that we will name as M-

potential. This potential differs from electrostatic potential, since it must not satisfy the continuity condition. The density
of the liquid will be heterogeneous for a shielding this potential. The full compensating is impossible, as it usually is. If
the M-potential and the field of the electron density heterogeneity in full mutually cancel out to one another, this density
distribution will be destructed by diffusion.

A conductor under consideration must be bounded. We shall suppose that it is a circular cylinder of radius R
and height L . The axis of cylinder is directed parallel to the magnetic field and is the axis Z. In what follows
r=(p.¢,2), and all functions are axially symmetric.

An inhomogeneous electron liquid with a homogeneous positive charged background creates an uncompensated
charge. Potential that generated by this uncompensated charge satisfies the requirement of continuity and therefore must
be nonzero and depend on z beyond of the cylinder. We may assume that the density of the uncompensated charge don’t

depend on z inside the cylinder. The number of electron per unit volume of the crystal is o, = jk/a®, where k is the
number of ions in the cell of the crystal lattice, €] is the ion charge, and a is the crystal lattice constant. We shall

consider the problem about the magnetic field influence with help the method of the theory of the inhomogeneous
electron gas (see to Ref. [17]). It is necessary to introduce changes in this theory taking into account the symmetry of the
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M-potential. Only the p— component of the momentum shall be dependent on the coordinates under the effect of this
potential. We denote this component as p, , and the z -component will be denoted as p,.The main supposing of this
theory in our case is described by the equation

piF (,D)
—— L —ew, =, 6
om o(p) g (6)
where p, . (p) is the value of the p, on the Fermi level when p, =0. It depends on p because the density of electrons
is inhomogeneous. The function w, (o) is a sum of the M-potential with the shielding potential W, (o), that must be get

as the task solution. A new energy Fermi ¢ does not depend on p. We represent p’. (p) in the form

P’ ()= pE[1+ax(p)], where p. =.[2m¢; is a radius of a Fermi surface and ¢, =(#*/2m)(37°c, )2/3 is the Fermi
energy, when the magnetic field is absent. Here a = B%¢,/2mao, (e, is electric constant) is a ratio of the Laplacian of
the M-potential to the Laplacian of the potential that generated by the background & = B*-5-10™. It can be considered
as the small parameter of the theory. The function )((p) must be obtained as the result of the solution of the problem.
The Fermi surface for an element of a volume that have the coordinate o is an ellipsoid of revolution. The transverse

semi-axis of this ellipsoid is pFaflﬁ-a;((p), and the density of states in this ellipsoid is equal to
(8/3)(27rh pg [l+ ay p)] The density of states is equal to the density of electrons. Consequently, the density of

electrons in an homogeneous magnetic field is o(p)=0, [1+ a;((p)] The potential that is generated the
inhomogeneity of the electron density must have the view:

W, () = =M (p)-+ (o) =(eB2/8m) o° +w, (p). ™
The first it’s term —M ( p) compensates the quasielectrostatic field that effects electron liquid only. It also produces the
principal part of the magnetic field effect on any other charges. For example, it can generate a diffusion of charged
impurity atoms. The residual potential w;, (p) is significantly less than M (p) . This potential determines a spectrum of
elementary excitations of an electron liquid in the homogeneous magnetic field.

3. The equations for the density of electron liquid and for electrostatic potential

We shall deduce these equations by the method of a density functional (see to Ref. [17]). The energy of the
inhomogeneous electron liquid is composed from the kinetic energy of electrons, the potential energy of the liquid in the
field of M-potential, and from the potential energy of self-action of the uncompensated charge.

The kinetic energy of an electron in an element of volume of a space of momenta, which has the coordinates
(pl, p”), equals to(pj +pr )/Zm. The probability that the state is in this element is 3p, dp,dp,de/47p: (1+ay). The

momentum component p, in the volume element of the coordinate space can have values 0< p, < p. 1f1+ a;((p) . Then

the modulus of p, can have values 0<|p,|< p,,, where Do) = \ﬂ pE —p?[1+ ag(p)T‘ . The average kinetic energy

of an electron in the volume element of the coordinate space 2zodoedz is

Pir Pa(max)

P 2 2 2 ,
m m: + dp. == ¢ . g
t( ) 2 2 0 [1"'0‘ P)] I PP '([ (pi pz) P, 5§0[1 a;((p)]+ 5 8

The number of electrons in this volume element is 27z, [1+ a;((p)] pdpdz . Then the full kinetic energy of the electron

liquid is
R 2rLoyg, t 2,2
T=2ﬂLaoJ(l+a;() ( ),od TI[3+50(;(+20{ V4 ]pdp:
0 0
: 9)
R

37R%L a?L
”—g‘)ao+2ﬂaL§oaoIz(p)pdp+”T§° Iz ) pdp
0
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The density of the uncompensated charge is ( = —eaoa;(( p) . The energy of self-action of the uncompensated charge
is

E.[x(p) :—Uq G(r-r|)a(r’)drdr’, (10)

-1
where G (|r—r') = {471'\/,02 +p'? =2pp'cos(p—9')+(z2— z)} is the Green function of the Poisson equation. Then the

energy of the fundamental state of the electron liquid in the magnetic field is

37R%L p Arla? g
E[z(p)]=”Tmﬂﬂw?o%fx(p)pdm%mjzz(p)pdp+
0
. (11)

Hq |r r (’)drdr’

28, 3y

27Le’B?
%J‘[lﬂx;( (p)]p%dp

The functional E[;((p)] should be minimized under the following supplementary condition:

2(p)pdp=0. (12)

O ey U

We use the Lagrange method: multiply the additional condition (12) by a constant (—ZﬁLa.,fo-o) , where ¢ is the factor
that must determine the new Fermi energy (see formula (6)). We add this product to the functional (11). By equalization
of the first-order variation to zero we obtain the equation for determination of the function y (p):

2 2p2
ZHLJOa(go—é’)p+8”LO-T°a§°;((p)p—MJ' jdzdeG r— r|) (r')p 'dp’d(p'dz'+27ZLO;—n?eBp3:O.(l3)

0 -L20

Denote the potential that is generated by uncompensated charge W ( P, z) :

W(p,Z):gijG(|I’—I"l)q(l")p'dp'd(p'dz' :28—” f J'G(|r—r’|)q(r')é(z'/L)p’dp'dz', (14)
where f(z/L)=[®(Z/L+]/2)—®(Z/L—]/2)] and ©(x)= {t‘:lvv:zr;);z% It is the solution of the Poisson equation
AW (p,2)=-q(p)&(z/L)/s, . (15)

This potential does not depend on ¢ . When —L/2 <z < L/2, potential does not depend on z also, and therefore in this
limits the equation (15) is reduced to the view:

[i+lijW(P)=ApW(p)=—q(p) =% 1(p)

2
op~ pop & & (16)
AW
#2(P)= o5z 2 (0)
We shall transform the integral
L/2 2z L/2
= j jdzd¢>je (r-r )q(r')p'dp'd(p'dz'sz;zj E(Z/L)W (p,2)dz=27LW (p). (17)
0-L/2 0 -L/2
The formula (13) with using of this potential has the view:
4, & e’B* ,
- 22 2 AW(p)-eW =0. 18
(&-¢)+= " (p)-eW(p)+= —p (18)

This potential W (o) must be potential W, (o), which was presumed in the formula (7). Substituting (7) into (18) get:
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240 £o B 44,0 o
¢, —¢ )+ E— A W, — W, =0. 19
( 0 ) 5 o, m 5 €o, 0 (19)

Averaging the equation (6) over area we obtain:
2
=Gy =—r7 [Wo(p)pdp - (20)
0

Substituting (20) into (19), we obtain the equation for the function W, (p) :
A W, — AW, +A2£j'w (p)pdp:—ﬁ where A® :592%‘0:102%*2 (21)
pe 0 R?9 ° 2m’ 4¢,¢, ’

when o, =4-10”m™. The solution of this equation that equals to zero when p=0:

w, (p)=-[1, (AR AR]leB R’ [1,(Ap)-1], (22)
where 1, (t) is a modified Bessel function. The parameter A™ is the characteristic length of a shielding. It is easily

shown that solution of the similar problem for a gas of classical charged particles leads to the similar equation (see to
monograph [18]), in which A™ is the Debye-Hiickel screening radius. The quantum theory of shielding in [18] leads to
A= 3e2<70/2§050 . The difference in the numerical coefficients is explained by the axial symmetry of this problem.

4. Elementary excitations energy spectrum in the residual potential w, (o)

The residual potential is very small because of the great value AR in the denominator of the formula (22). But we will
show that due to the nature of its increase, which is close to exponential, it creates a zone of elementary excitations
whose density of states has a special form that can to explain magnetic oscillations.

From axial symmetry it follows that the Hamiltonian can be presented as 5C( 0, ¢)+(z), and first we consider

eigenstates only for 3 ( P.0):

. h2 ? 10 1 0
H(p.p)=- [ o=

(-¢)w (o). @
op® pop p° oy’ J
where M™ is an effective mass of elementary excitation. The boundary condition for the relevant Schrodinger equation

ifc(p,(p)y/(p,(p):Elz//(p,(p)is w(R,9)=0. Because AR>>1 we can consider the Schrodinger equation with
asymptotic view of the potential energy:

[az 10 ﬁ}wl(py{ﬁ-ew}w.(p):o’

p® p 5,0 Yol \27Ap 24)
2am* . ~ m*e?B’R
_zE TE 2 T (ADV]
h 2n*mA[ 1, (AR) ]
where | is a quantum number of the angular momentum. We introduce a change of the variable:
Ap 2
u=exp| — |, p=—In(u
P[ 5 ] p=—In(u)
(25)

i.}.i(i_}_iij I2 + 4E — 4G (u)—o.
ou* ulau Inudu) w?(Inu)® AU® A’azinu i
In the neighborhood of the bound Inu=Ap/2>>1, and we can suppose Inu~AR/2>>1. Then this equation has the
asymptotic view:
2 10 AE-VRY omeesr
o°u udu AP H*mA®[exp(AR

)] v, (u)=0. (26)
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The only solution to this equation that has zeros is
eB [2Rm* AR 2 5
u)=K._(yu), yr=— exp| ——— |, t=—+/E-17/R". 27
w(u)=Ki (), 7=— =~ p( ZJTA\/ / (27)
Here K;, (t) (t=yu) is the Macdonald function with imaginary index. The boundary value of the argument, when

p=R:t, =3B, where s =e~j2Rm*/mA3h2 ~ O,86(m*/m)”2 T*. (For numerical estimates we take R=0.16 m). We
shall prove in the mathematical supplement (see to the fifth section of this work) that when K;, (tb) =0 the relation
between the argument and indexes is:

tb[—x/HZ—1+9In(0+x/02—1ﬂ:pn, pnzn(méj, g=Tns1, 29)

b
where N is arbitrary integral number or zero. It has been known (see the monograph [19]) that 7, >t, &>1. This

equation determines the infinite increasing sequence {rn} of the index values. From the formula (27) it follow that the
every value 7, determines the origin of an one-dimensional zone of quasi-discrete values of the energy:
h°A? n’l?

o2+ =
8m* 2m*R
Hamiltonian Sfc(z) describes an one-dimensional free motion. The energy spectrum of this motion is

E(nl)=

(29)

Ek) = (hZ/Zm)(ﬁk/L)2 . A convolution of densities of states of two one-dimensional zones leads to a density of a two-
dimensional zone that asymptotically is constant. The energy of an elementary excitation is determined by three quantum
numbers: radial - n, angular momentum - |, and free motion that is parallel to the magnetic field - k :
thz ) h2|2 thZ
T, 2 > -
8m* 2m*R°  2mL
The density of states in an energy interval 7#°A’z’ /8m*<E <#’A’z7,/8m* with taking into account the spin
degeneration is equal to
_ Jmm=*RL Z":E’E‘ dv _Jmm=*RL
o’ = V(E-E -v) n*
In this formula the asymptotical view of the density of states of a two-dimensional zone is extrapolated to the zero point
as usual. (As it was seen in the work Ref. [14], when the eigenvalues of the energy in one of the two one-dimensional

zones are close to zero the energy spectrum can’t be described by the density of states.) Therefore, the graph of the
dependence of the density of states on energy for the three-dimensional system under consideration has the form of a

staircase with horizontal steps. The positions of the bounds of step on the staircase are determined by the values of 7 :
WPA* , BA® ., , HA? 2¢°B’Rm* , e’B°R ,

n = pOn = 3.2 U T Hn : (32)
8m* 8m* 8m* AR m 4mA

E(n,l,k)= (30)

9 (E) (n+1). (31)

E(n,0,0)=

The energy e’B?R/4mA is equal to the energy of an electron on the boundary, where the potential Wo(p) has the

maximal value (see the formula (22)). Hence the quasicontinuous spectrum begins above this value because 67 >1. To
determine the positions of the steps, a solution of equation (28) is required. Let us transform this equation by expansion
in terms of 67:

20 1 p
—\/62—1+0In(0+«/02 —1)}:9 |n(—j+—+o o)=L
[ e ) 40° (¢%) t, (33)
Here € is the Napierian base. The first-order correction must be taken into account because the solution of the equation
with the expansion dominant term only has the view 6, =(p,/t,) f[In(p,/t,)]. Therefore an index z, =t,6, will

depend from t, only logariphmically. The solution with taking into account the first-order correction can be obtained by
iteration. Let us simplify the equation with the dominant term:

20, (26 2p, 2« I\AA | Am 1,07 | m 1
—In|—=|=ulhpuy=—"2="|n+= |— = n+=|=g,. (34)
e e et, e 2)eB \2Rm* B VRm* 2

As a solution of the equation uInu =g, , when g, >e, can be accepted x4, = gn/ln(gn). In so doing the relative error

in maximum is 6% and vanish when g, —oo. Then
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2p )] 2 2q,\|"
0§°>=&[ln(ﬂﬂ ; enln[—en}qn; 9n=q{ln(iﬂ ,
t, et, e e
where qn:&—t—b In[ 2Px
t, 4p, et,

This formulae can be used in neighborhood of the Fermi energy, where N are large. In this region the positions of the
2 .

(35)

steps are determined by (t,6,)

£(n.0,0)= 22 (10,) = %{pf _%{m(%’bﬂ}{m(%ﬂ . (36)

Here the first term in the braces mainly determines the step position. From the formulae (31) and (36) follows that the
density of states increases, on average, proportional to JE , when the energy is large, as it must be. This term do not
depend on the magnetic field. The second term is smaller, but it is proportional to B*. The logariphmically multipliers
also depend on the magnetic field. When the magnetic field increases, the positions of the steps are shifted towards lower
energies.

’ In order that bottom edge of band can be not far from the maximum of the potential energy (see to formula (32))
67 —1 must be small. Let 67 —1=y* <1, and substitute this formula into equation (28). We obtain:

[‘\/ﬁwm(mmﬂ - =i 7 =1,7(B%R)  (m/m*)"*. (37)

3
For »* <1 must be (m/ m*) =~ 10°. The energy ¢ (see to formula (20)) is measured from the bottom edge of band.
The step number n., on which the Fermi level lies, is determined by approximate equation:
22242 2 2n2 2
zﬂ-h[\ nF ze B R+h—(372'200)2/3_ (38)
8m* (Ing. 4mA  2m

When the magnetic field increases, the number n_ will increase by jump. This jump occurs when the decreasing energy
of the next step (see Formula (36)) is equal to the Fermi level. These jumps can explainmagnetic oscillations.

EF

5. The zeroes of the Macdonald function with imaginary index

The Macdonald function, which has an imaginary index, can be represented by the integral (see Ref [20]):
K, (t)= _[exp [—tcosh(z) |cos(zz)dz =

® i o (39)

%{'gexp[—t cosh(z)]exp(irz)dz +£exp[—t cosh(z)]exp(—irz)dz}.

Let us consider the first integral. We shall transform it to a contour integral, and the contour will be selected just as in the
method of steepest descent (see Ref [20]):

Texp[—tcosh (2)+irz]dz - _[exp(—t cosh|x+iy]+ir[x+iy])ds. (40)

We have to find the stationary point of function f(z):(—t cosh(z)+irz), ie. we have to solve equation
—tsinh[x+ iy]+ iz =0. We denote in the stationary point x =, y =4 and introduce @ = z/t >1(see Ref [19]). Then
—sinh(a)cos(B)—icosh(a)sin(B)+i@=0
sinh(a)cos(B)=0 B=n/2 . (41)
{—cosh(a)sin(ﬂ)+¢9 =0 |a=Arccosh(8)= In(0+ﬁ)

The contour is chosen so that it passes through the stationary point (40). We may expect that an approximate value of the
integral will be determined from a consideration of the integrand in the neighborhood of the stationary point. Then the
contour line of steepest descent in this neighborhood is determined by the assumption that the imaginary part of the
exponent is constant on it and is equal to its value in the stationary point:
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—tsinh(a)+m:t[—M+0ln(9+M)] (42)

In this approximation (saddle point or steepest descent approximation) the phase factor can be taken out from under
integral, and we obtain:

.fexp(—t cosh[x+iy]+ir[x+iy])ds ~
S

exp {it[—ﬁ+ Oln (0+ m)}}jexp {—t [ cosh(x)cos(y)+ ey]} ds

The contour S originates in the point (x=0, y=0). It passes through stationary point as discussed above and when
X —>co asymptotically converges to the straight line y = 0. The second integral in the formula (39) is complex conjugate
to the first integral, and we obtain:

K, (t)=~ cos {t[—\/ﬁ+ fIn (9+ ﬁ)}}!exp{—t[cosh (x)cos(y)- Hy]} ds. (44)

If we fix the argument t =t, , then indexes of all functions K;_(t) that have zero when t =t, shall be determined by the

(43)

equation:

¢ [_mm.n(mw—_lﬂ:ﬁ(m

N~

j . (45)

6. Conclusion

It is shown that the usual theory of an electron gas in a homogeneous magnetic field is based on incorrect assumptions
and leads to some results that contradict experiments. A new theory of an electron liquid in a homogeneous magnetic
field, which is created on the basis of statistical mechanics taking into account the law of conservation of angular
momentum, has been suggested. In this theory, the density of the electron liquid is inhomogeneous and with a uniform
background creates an electric field. The graph of the dependence of the density of states of elementary excitations of an
electron liquid on energy has the form of a staircase with horizontal steps. The density of states on average increases in
proportion to the square root of the energy.

References
[1] Landau, LD (1930). Diamagnetism of Metals. Zs. Phys., 64, 629.

[2] Landau, L D,&Lifshitz, EM (1980).Quantum mechanics. Nonrelativistic theory. Pergamon Press: New
York.

[3] Dubrovskyi, 1(2014).Gradient transformation of momentum and single-valued vector potential in
nonrelativistic dynamics. Journal of Physical Science and Application, 4 (5), 328-332.

[4] Johnson, MH, Lippmann, BA (1949).Motion in a Constant Magnetic Field.Phys. Rev. 76, 828.
[5] Courant, R, Hilbert,D(1953).Methods of Mathematical Physics, Vol. 1.Interscience: New York.

[6] Erdelyi,A(1953).Higher Transcendental Functions, based, in part, on notes left by Harry Bateman, Vol.
1.McGraw-Hill book company, INC: New York Toronto London.

[7] Dubrovskyi,l(2006). Quantum statistical mechanics of electron gas in magnetic field. Condensed Matter
Physic,9(4), 645-658.

[8] Lifshits, IM, Azbel, MY, &Kaganov, MI (1973). Electron Theory of Metals. Consultant I.Bureau,
ISBN 030-610-8739: New York

[9] Shoenberg,D(1984). Magnetic oscillations in metals. Cambridge University Press.

[10] Ginzburg, WL (1999).What problems of physics and astrophysics seem to be especially important and
interesting?Uspekhyfizicheskihnauk, 169(4), 419-441.

[11] Dubrovskyi,l (2006). Classical statistical thermodynamics of a gas of charged particles in magnetic
field.Condensed Matter Physic, 9(1), 23-36.

Volume 4, Issue 1 available at www.scitecresearch.com/journals/index.php/bjmp 321




Boson Journal of Modern Physics (BJMP)
ISSN: 2454-8413

[12] Dubrovskyi,l (2008). The role of angular momentum conservation law in statistical
mechanics.Condensed Matter Physic, 11(4), 585-596.

[13] Dubrovskyi,l (2011). Statistical mechanics that takes into account angular momentum conservation law
— Theory and application. In JC Moreno-Pirajan (Ed.), Thermodynamics — Interaction Studies — Solids,
Liquids and Gases, Ch.17, (pp. 445-468). ISBN: 978-953-307-563-1, InTech. doi:org/10.5772/19645

[14] Dubrovskyi,1(2013). Density of one-particle states for 2D electron gas in magnetic field. Condensed
Matter Physic, 16(1), 1-10.

[15] Khinchin, AY (1949). Mathematical Foundation of Statistical Mechanics.Ed. Dover: New York.
[16] Khinchin, AY(1960). Mathematical Foundation of Quantum Statistics. Ed. Dover: New York.

[17] Lundgvist, S,& March,NH(1983).Theory of the inhomogeneous electron gas. Plenum Press: New York
and London

[18] Dubrovskyi,l (1999).Teoriyaelektronnykhyavleniyvdeformirovannykhkristallakh. PUOMM®:Kues.
[19] Kratzer,A. und Franz,W(1960).TranszendenteFunktione. AkademischeVerlagsgesellschaft:Leipzig

[20] Watson, GN(1966).A Treatise on the theory of Bessel functions.University Press: Cambridge

Author Biography

Illia Dubrovskyi, Doctor of Physical and Mathematical Sciences,was born 1938 year in
Kiev, Ukraine.He studied at the Kiev State University in 1957 - 1962 and worked at the
Institute for Metal Physics National Academy of ScienceUkraine in 1962 - 2016. lllia
Dubrovskyi is an Israeli citizen since 27.03.2017. His address: Apt. 2, 11 A, Hatikvast.,
Haifa, Israel

Volume 4, Issue 1 available at www.scitecresearch.com/journals/index.php/bjmp 322



http://dx.doi.org/10.5772/19645

