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Abstract

The usual (1+1)-dimensional Schwartz Caudrey-Dobb-Gibbon equation is extended to the general (n+1) -
dimensional system. A singularity structure analysis for the extension system is carried out. It demonstrates
that the extension system admits the Painlevé property. The exact solutions for the extension system are
obtained with the Painlevé-Backlund transformation. In the meanwhile, some properties of the soliton
solutions for the extension system are shown by some figures.
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Introduction

Modern soliton theory is widely applied in almost all the physics fields, such as field theory, condensed matter physics,
plasma physics, optics, particle, nuclear physics, etc [1, 2]. However, most of the present studies of the soliton theory and
soliton applications are restricted in (1+1) and (2+1)-dimensions. The real physical space is (3+1)-dimensional, one
hopes to find some (3+1)-dimensional integrable models. To find high dimensional integrable models is one of the
important problems in mathematical physics. There are several ways to obtain high dimensional equations [3, 4, 5, 6, 7,
8, 9, 10, 11]. It is said that the known (1+1) and (2+1) dimensional integrable models possess Schwartz form which is
conformal invariant. The conformal invariant forms may be best the candidates in finding higher integrable systems. The
high-dimensional Painlevé integrable models have been obtained with the Schwartz Korteweg-de Vries, Boussinesq and
Kadomtsev-Petviashvili equations [9, 10, 11]. Naturally, we hope that the more Schwartz equations can be extended to
high dimensional Painlevé integrable systems.

In this letter, we extend the Schwartz Caudrey-Dobb-Gibbon (CDG) equation to high dimension case. The usual CDG
equation is [12]
u,+u, +30uu , +30uu, +180u’u, =0. @)

Since CDG equation possesses typical properties of a soliton equation, a great deal of research works on the CDG
equation have been carried out. The properties of this equation such as the Backlund transformation, Lax pair, Painlevé
property, the nonlinear superposition formula, muti-soliton have been found [12, 13, 16, 15, 14].

The rest of the present paper is organized as follow. The arbitrary dimensional Painlevé integrable system are constructed
in section 2. In section 3, the exact solutions for the (n-1) -dimensional system are obtained by the Painlevé-Backlund

transformation. Some behaviour of the soliton solutions for the extension system are studied with some figures. The last
section contains some conclusions.

(N+1)-Dimensional CDG Extension
For the CDG equation, the Schwartz form is [13]
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where {¢; X} = (Z—XX)X —= (¢—X’<)2 is the Schwartz derivative of ¢ . The usual CDG equation and its Schwartz form are
X
related to each other by
2
1 P gL
5 :
6 g

To extend the Schwartz CDG equation (2) in high dimension, we may take many forms. Here, we take an (N+1)-
dimensional CDG extension as

Zm +m——w x}+4c{s; x¥) =0, @3)

where a., b, ¢, (i=1,2,---,n) are constants. (3) turns into the usual Schwartz form with & =b, =c, =0
(1=2,3,---,n). Meanwhile, (3) is invariant under the Mdbious transformation

a+b
o — 9 , ad =bc.
c+dg
In order to use the Weiss-Tabor-Carnevale (WTC) approach, we make the following transformation
¢:exp F’ uO:Ft1 ui:FX.1 i:112!"'1n1 (4)
1

Substituting expressions (4) into (3), we get the following system

Uj AUl U Uiy
Z[a —+b( U I IXX 4 X0 1% 2|,><I XX X; 4 |,><I3 |,xlxl)
i o U U U;
4l"|i2><-x- 12ui2x-ui X: X: 9l"|i4><-
+c(u'+6u’ —4uu, +— O T T)]=0, (5)
i\Mj i i uiz ui3 ui4
Uix —Uox = 0, i=12,---,n, (6)

where (5b) is the compatibility condition of transformations (4).

Now, we use the standard WTC approach to prove the Painlevé property of (2). We effect a local Laurent expansion in
the neighborhood of a non-characteristic singular manifold ¢ = 0. It assumes

U= DU, =000, ™
i=0

where Uj; are analysis functions of (t,x;) and o is integer to be determined. From the corresponding leading order

analysis, we obtain
— 2 _ 42 2 _ g2
a4 =-1 Uyp=d¢, U;= ¢1,xi - ®)

Substituting (7) and (8) into (2), we have

(+DU-1" (1 -2)(] —3)Zn:biufo =f(U,1=01,--,nk<j-1) ©)

i=1

Volume 1, Issue 1 available at www.scitecresearch.com/journals/index.php/bjmp/index 12




Boson Journal of Modern Physics (BJMP)
ISSN: 2454-8413

(J _1)(u0jui0 _uijuoo) = Uiyt _UO(j—l),xi ' (10)

where f is a complicated function of (u,,i =0,1,---,n,k < j—1) and the derivatives of the singularity manifold

@, . The resonance points are located at

j=-111,---123. (11)

n+1

The resonance at j =—1 corresponds to the arbitrary singularity manifold @, . At n+1 resonance j =1 and two
resonance | = 2,3, there are N+ 3 compatibility conditions

Z[Sbi (¢14,xi - ui20¢12,xi ) + Ci (ui% + ¢l4,xi - 2ui20¢12,xi )] = O’ (12)
i=1
uiO,’[ _UOO,xi = O’ I :112""1n1 (13)
3

Z[b ( ¢ -|—4U ul X ¢1x +U; ¢1 X 7¢12,xi ¢1,xixi)

4¢13x-ui X:
+G (; - 4uiui X ¢1 X 4¢12x- ¢1 xixi T 4¢1 X X ui2 )] = Ov (14)
u S| X TN X%
4 2ui2x- ¢12x- 2ui X: X ¢12x- 3u| X ¢l X ¢l XX
Z[bl( I2 - - - 3¢1x¢lxxx 2¢lxx - | |xx _uiz,x-)
i=1 U; U; u; i%i i
4l"Ii x-x-¢2x- 2ui2x-¢2><
+c, (— Vi "21' 4u,uIXX +4¢1XX +6u,x)] 0. (15)
U. u:

Fortunately, it is straightforward to see that the conditions (2) are satisfied identically using the results of (8). Therefore,
the (n-+1) -dimensional Schwartz CGD system is integrable in the sense that it possesses the Painlevé property.

Traveling Wave Solution for (N+1)-Dimensional CDG Extension

The investigation of the traveling wave solutions of nonlinear evolution equations plays an important role in the study of
nonlinear wave phenomena. It is considered to be the most effective and direct algebraic method for solving nonlinear
equations [17]. Here, we shall study the traveling wave solution of the (n-1) -dimensional CDG extension system.
With the Painlevé-Béacklund transformation

2™
uO — &1 ui - 1’ : 7 i :1121..-1n1 (16)
2 2z
(2) can be simplified the follow form

n ¢1 1 2 ¢1 XXX % 4¢12,xixixi + 5¢1,xixi ¢l,xixi X% ¢1 X% ¢1 X%
Z[ai —+ bi (_¢1,xixi - ¢l,>(i ¢1’Xixixi - 2 )
i=1 ¢1'Xi ¢1,xi ¢1,><i ¢1 X;

4¢12,x- X: X 12¢12x X: ¢1,x- Xi X ¢1 X: X
+ Ci (¢14,x- + 6¢12,x- X 4¢1,x- ¢1,x- xix: T 2I = — : ;I% = = )] 0. (17)
! r : e ¢1,Xi ¢1'Xi ¢1 X;

We assume the traveling wave solution
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b=, £=K(x—ab), )

where K and C are arbitrary constants to be determined. Substituting (18) into (??), we can easily find that the equation
is fully satisfied when

a=hb =c, Zn:ai =-1.
i=1

We can obtain the solution for (n+1) -dimensional equation (2) by substituting (18) into (16)

UO:_M’ uizm, i=12,---,n. (19)
4(5) #(S)

Due to the solution (19) including an arbitrary function ¢, we can obtain different forms of solution with selection ¢ .

We shall select the arbitrary function ¢ to be Jacobian elliptic and hyperbolic functions as the explicit example. The

motivation behind this choice of arbitrary function stems from the fact that the limiting forms of these functions happen
to be localized functions [18]. Here, we take (2+1)-dimensional extension system as example and choose the arbitrary

function ¢ as
¢ =dn(&,m), (20)

where K and C are arbitrary constants, M is the modulus of the Jacobi elliptic function. We can obtain the solution U,
of the (2+1)-dimensional system

_ km*cn(&, m)sn(&, m)
Lo dn(&, m)

In the left panel of Fig. 1, the solution U, of (21) with the parameters K =C =1 and m = 0.1 Furthermore, the solution

, (1)

U, is obtained

U = tanh(&)dn(&, m) +m?en(&E, m)sn(&, m) +dn(&, m)

! dn(&, m) @)

by selecting
¢ =dn(&, m) —tanh(&)dn(&, m). (23)

The corresponding solution U, of (22) is plotted with the parameters kK = ¢ =1 and m = 0.7 in the right panel of Fig.
1. Solution (22) describes a kind of periodic-kink interaction solitary wave which has been obtained [19]. The left panel
of Fig. 2 shows the exact solution U, by selecting

¢ =cosh(&) —cn(&, m), (24)

and choosing the parameters k = ¢ =1 and m = 0.1. While the field ¢ reads as
¢ =1—sech(&) +sech(&)?, (25)

the solution U, is shown with the parameters k = ¢ =1 in the right panel of Fig. 2.
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Figure 2: With selecting ¢ as (24) and (25), the similar kink solution and the soliton solution U, at t =0,
respectively.

Conclusion

In summary, we have extended the (1+1)-dimensional Schwartz CDG equation to the arbitrary dimensional system. With
the standard WTC method, we have shown that the new system satisfies the Painlevé property and invariant under the
Maobius transformation. By the Painlevé-Bécklund transform, the traveling wave solutions are obtained for the (n+1) -
dimensional system. Meanwhile, the properties of the soliton solutions for the extension system are shown by some
figures. More properties of the (n+1) -dimensional integrable system such as multi-soliton solutions, infinitely many
conservation laws and symmetries are worthy further studying.
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