Boson Journal of Modern Physics (BJMP)
ISSN: 2454-8413

q OO SCITECH Volume 1, Issue 1
A o RESEARCH ORGANISATION July 13, 2015

Boson Journal of Modern Physics
www.scitecresearch.com

Analytic Solution of Dirac Equation for Extended Cornell
Potential Using the Nikiforov-Uvarov Method

M. Abu-Shady
Department of Applied Mathematics. Faculty of Seience, Menoufia Umversity, Egypt.

Abstract

The extended Cornell potential which the harmonic oscillator potential is included in the original Cormell
potential. The Dirac equation is solved by reducing the Dirac equation to the form of Schrodingsr equation. The
Mikiforov-Uvarov method is applied to obtain the energy eigenvalues and corresponding wave functions. The
obtained results are important to calculate many characteristics of fermion relativistic particles.
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Introduction

The solutions of fundamental dynamical systems are interesting phenomenon in the many fields of physics. Thus, the
description of atomic and subatomic physical systems using the relativistic quantum mechanics is important and impressive

ficld. The Dirac equation plays a major role in the deseription of relativistic particles with spin 5 [l] . In rccent years. the

Dirac equation is solved for different potentials such as in Refs. [2 - B]. In Ref. [2] the analytical solutions of the Dirac
cquation with the Corncl] potential with identical scalar and vector potentials using perturbation method arc investigated. In
Ref. [3] . the approximate solutions of the Dirac equation with scalar and wector generalized isotonie oscillators and

Comell tensor mferaction using the ansatz approach arc obtained. In Ref. [4], the bound energy spectrum and the
corresponding generalized hypergeometric wave function of the Dirac equation for modified-Hylleraas potential under
spin and pseudo spin symmetry limits in the framework of the Alhaidari-formalism are obtained. In Refl [5], the exact
solutions of Dirac equation with pseudosealar Comell potential using the Nikiforov-Uvarov method are obtained. In Ref.
[5] . the exact solution of Dirac equation for the Hartmann potential are obtained using the Nikiforov-Uvarov method. [n

Ref. ['_:'] Kian-Quen et al. solved Dirac equation with new ring-shaped non-spherical harmonic oscillator when the scalar
potential 13 equal to the vector potentail. In Ref [8} . the Dirac equation with position-dependent mass 1s approximately

solved for the gencralized Hulthen potential with any spin-orbit quantum number & using the Nikiforov-Uvarov method.
The Comell potential which consists of Coulomb plus lincar potentials has reccived a great deal of attention in particle
physics. The Comell potential was used with considerable success in models deseribing systems of bound states of quark

and anitquark such as m Bef. [‘-1] and references therem.

In this work, the Comell potential is extended to include the harmonic oscillator potential which 1s not considered in the
recent works such as in Refs. [1 — 3] i1 the framework of the Dirac equation. The Nikiforov-Uwvarov method 15 used to
caleulate the energy eigenvalues and the corresponding wave functions.

The paper is organized as follows: In Sec. 2, the Nikiforov-Uvarov method is bricfly cxplained which is used as the

technique in the present paper. In See. 3, The encrgy cigenvalues and the wave functions of the Dirac equation arc
calculated. In Sec. 4, the summary and conclusion are presented.
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Theoretical Description of the Nikiforov-Uvarov Method

In this section, the Nikiforov-Uvarov method is briefly given, which is used as the technique to solve second-order
differential equation as follows

- ls.) . G (s)
Y (s)+ o) WV(s)+ o2(5)

where &(s) and G(s) are polynomials of maximum second degree and T(5) is a polynomial of maximum first

¥(s)=0. ¢)

degree. The Nikiforov-Uvarov method is given in Ref. [9] The second-order differential equation which takes following
form by taking the F(s) as follows

F(s)=D(s) x(s). @
()1 () +7(5) 2(s)+ 2 (5) =0. 6)

Eq. (1) is written as in Ref. [1 (}]. where

Ny D05)
c(s)=x(s) o) 4
and

r(s)=7(s)+27(s). 7 (s)<0. (5)
A=A, =—n rr(s)—”(”T_Uau (s).n=0.1.2.... (6)

7(s)= )_/n(:‘.'} is a polynomual of 7 degree which satisfies the hypergeometric equation, taking the form

B d"
- .S' — n
() P, ds”

(o (5)p(s)). ™

where B, isanormalization constant and 0(5) is a weight function which satisfies the following equation

D o) =25 sy, ofs) = () (). ®
ds a(s)
79=2 O, \/ GO TO _505)+ ko), ©)
and
A=K+71(s). (10)

the 7(s) is a polynomial of first degree. The values of K in the square-root of Eq. (9) is possible to calculate if the
function under the square is square of function. This is possible if its discriminate is zero.

The Dirac Equation for the Extended Cornell Potential

The quark mass 71, where the index @ refer to kind of particle (#, d , and 5 quark in the present casc) in the

presence of a confining potential F7(7) in the Dirac equation is given [2]

[a P+ fGm,, + % (1+ ,ﬁ’)V(;*):|‘P(1'} =E_\W(r). (11)
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where @ and [ are the usual Dirac matrices. By decomposing the above equation in the spherical coordinates, we have
the component wave function

1 u(riol 6.0 A
) =(20 )= ( O (04) ] (12)

r\ !'v(r)ﬂﬁ‘kl;e_p} ]

substituting Eq. (12) into Eq. (11) and then separating radial parts, the following radial equations are obtained

du) _ _k u(r)+[E,, +m, (). )
dr r
(ﬁn’( Dk —v() = [E,, —m, V() (). "
P

where the E_, is an energy eigenvalue of particle ¢ and the eigenvalue of quantum number (£ ) is related to the total

angular momentum quantum number ] by the following form

{1 e 1
- ==+ f j=l+—
.32| +) i ks

k= (15)

1 L1
|i+5 [ f j=l—

Eqs. (13) and (14) are reduced to the Schrodinger equation as in [2] as follows

2
% k(k +1) KA+ 250 (gl V(',.n]”(ﬁ,) -0 16)

1
where &, = E(E o T ma) and & = (Em —n, ) The extended Cornell potential is suggested as in Ref. [1 1]. Thus,

b
the potential takes the following form Vir)=ar——+car’. ()]

»
where @.D. and ¢ are arbitrary positive constants. The potential has distinctive features of strongly interaction,
namely, the asymptotic freedom and the confinement are represented in the first and the second terms, respectively. The
combined two terms are called the Cornell potential. The third term cr? is called the harmonic oscillator potential which
defines the particle with mass 71 oscillates with frequency @ where the parameter ¢ is proportional with 7 and ®’
. The harmonic oscillator potential plays important role on the effect of the quarkonium properties as in Refs. [1 1.1 2] By
substituting Eq. (17) into Eq. (16), we obtain

d’ b 5 k(k+ 1)

— 42, (g —ar+——cr — () =0. 18
—+2a(a - 26 N u(r) = (18)

Let assume 7= — and 7; a characteristic radius of the meson. Then the scheme is based on the expansion of — na
X X

|
power series around 7;. i.e. around § =— in X space (for details, see Ref [10] and the references therein). Eq. (18)

To
takes the following form
d* 2y d e
L2 200 (4 Be— G u(x) = 0. 19)
e xFade x*
3a 6(’ a a ¢ k(k+1) )
where, 4=—¢,(g — 5 52 =&(— ~2 —+b),and C; = (53 +5—4+27£0). By comparing Eq.

(19) and Eq. (1). we find T(s)=2x. o(s)= x°, and g(5)=2g,(—A4 +B.T—C1.T2 ). Hence, the Eq. (19) satisfies
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the conditions in Eq. (1). By following technique is mentioned in Sec. 2 as well as in Ref. [10]. the energy eigenvalue of
Eq. (18) is given

3a Sc 2
26 (=+b+—)°
“(52 53)

(20)

[(2n+1)+ J] + 8;';” FAk(k+1)+ 2‘;';"‘” P

[

In Ref. [10] , the Cornell potential is only used to obtain the energy eigenvalues. Hence, the energy eigenvalues in Ref.

[10] is a particular case from Eq. (20) when the parameter ¢ = (. By following the steps in the section 2. The radial of
wave function of Eq. (18) takes the following form

. B4 d one 2B
u (r)=C, r 4 em'(—}*zd—}"(r T2 g22dry (21)
»

( 2
where Cn ; 1s anormalization constant that is determined by ﬂ Rnk[ ,r-] adr=1 and

3a G6c 3a 8c
A=—g(e6,———-—=). B=g,(=+b+—). 22
{J( 1 S 52) 0(5_ ‘53) ( )

Summary and Conclusion

In this work, the modified Cornell potential is suggested, which plays an important role for describing the interaction
between quark and antiquark at short distances in the bound state of meson as in Refs. [] 1.12]. The Dirac equation is

solved for the modified Cornell potential, where the Dirac equation is reduced to the Schrodinger equation as in Ref. [2]

The Nikiforov-Uvarov method is applied to obtain the energy eigenvalues and corresponding wave functions. The
advantage of the present work that the modified Cornell potential is not considered in the many recent works that
mentioned in the section (1) by using the Nikiforov-Uvarov method.

We conelude that the obtained results are important to calculate many characteristies of fermion relativistic particles.
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