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Abstract

In this paper, we define the quasi semi 2-metric and quasi 2-metric functions, and after that we give
some ways to decompose a 2-metric in two conjugated quasi 2-metrics.
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1. Introduction

It is well known that, if one attempts to omit the requirement of symmetry in a semi metric or semi norm, then the
structure of the space is drastically changed. Such unsymmetrical spaces have been studied by Wilson [1] who used
the term quasi semi metric when the feature of symmetry is omitted in a semi metric. Many classical results of the
analysis have been extended to such non-symmetric spaces like in [2], [3],[4].

In [5] J.M. Hernandez and C.H. Castaneda gave some ways to decompose metrics and norms. In this paper we will
try to do the same for the 2-metric function.

Let us first give the definitions for the quasi semi 2-metrik and quasi 2-metric.
Definition 1.1

A quasi semi 2-metric function is a mapping: o: X X X x X —» R* such that:

(QSM1) ¥x,y e X, 3ze X, sothat o(X,y,z) #0,
(QSM2) o (X, Y, z) =0 if at least two of three elements are equal.

If further (QSM3): o (X, Y,2) =o(X, z,y) =o(z, Y, X) holds, then & is the semi 2-metric function.

Definition 1.2
A 2-metric is a mapping o: X X X X X - R* such that:

1) o(xy,z)#0

2) o(X,Y,2) =0 when two of the three elements are equal

3) o(x,y,2)<o(xy,u)+o(x,u,z)+o(u,Y,2)

4 o(XY,2)=0(x,2,¥)=0(Y,z,X) forevery X,y,Z,ue X .

If we try to omit the requirement of the symmetry in definition 1.2 (the 4-rth property) we will obtain the concept of
the quasi 2-metric:

Definition 1.3
A quasi 2-metric is a mapping p: X x X x X — R* such that the following properties hold:

1) p(xy,2)#0
2)  p(X,Y,2z) =0 when two of the three elements are equal
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3 pX Y 7)< p(xyu)+p(xu,z)+ oY, 2).
The pair (X , p) is called the quasi 2-metric space.

E e LAR i ) ith o ) xy if xy=0
xample 1.4 R Is a quasi 2-metric space, wit X,V,Z) = . .
p q p p(x,y _% if xy <0

A quasi semi 2-metric o on X , has its conjugate & defined as:
o(X,y,2)=0(X,Y,2) forevery X,y,z€ X .
It is easy to show that &(X, Y, Z) is a quasi semi 2-metric. Mean while the function ¢*: X x X — R such that:

o*(x,y,z) =max{o(X,Y,2),6(X,y,2)} isasemi2-metric.

Definition 1.5

If o is a 2-metric on X and for some quasi 2-metric p # o is satisfied that ©° = o then the pair (p, p) is
called the decomposition of the 2-metric o .

2. Main results

Theorem 2.1

Let (X,O') be a 2-metric space. If f:X > R is a function satisfying: o(U,Y,z)>0o(X,Y,2) and
o(X,y,u) > o(X,Y,z) whenever f(X)< f(y)< f(u),then there exists a decomposition of o .

Proof.

Let: p(x,y,2) = ps(x,y,2) = {ao(x, %) i fif ff(gc);)fff(%)'

Let us prove that o is a quasi 2-metric, we will start showing the triangle inequality by cases, for X,Y,Z,U e X .
Case 1: If f(X)> f(y)

,O(X, Y, Z) =0< ,O(X, Y, U) +,0(X,U, Z) +,O(U, Y: Z) .
Case 2: If f(X) < f(y). There are 3 subcases:
Subcase 1: If T(X)< f(y)< f(u)

p(X, y,u)+p(x,u,2)+ p(u, y,2) =o(x, y,u) = o(x, y,2) = p(X, Y, 2) .
Subcase 2: If f(X)< f(u)< f(y)

p(X,y,2)=0(X,Y,2) <o(X, y,u)+o(X,u,z)+o(u,Vy,z)

=p(X y,u)+p(x,u,2)+ p(u,y,2).

Subcase 3: If T (u) < f(x) < T(y)

pX y,u)+p(x,u,z)+ p(u,y,2) =o(u,y,z) 2 o(x, Y, z) = p(X, ¥, 7).
In addition it is clear that o(X,Y,Z) >0 and if p(X,Yy,u) = p(x,u,z)=p(Uu,y,z) =0 then o(X,y,2)=0
that means: X=Y or Y=Zor X=12.

Furthermore, p(X, Y, 2) = p(Y, X, Z) = {“O(y'x'z)if if ffé});)jff(%)’

ps (X1 Y, Z) = max {p(X, Y, Z)! ,B(X’ Y, Z)} = O-(X’ Y, Z) -u

thus:

Theorem 2.2
Let (X, o) be a 2-metric space. If card (X) <N, then there exists a decomposition of o .

Proof. If card(X) <N, then there exist f: X - R an injective function. Given K >1 we define:
ox,y,2) if f(x)=f()

pXY,2) = p (x,y,z>={”,,z | |
‘ h 2D if ) < F)
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Z):a(y,x,z) 0

Itis clear that if: o (X, Y,2)=p(¥,X,2)=0=o(X,Y, "

=0=>x=Y.

or: o(y,X,2) = w

For X,Y,Z,ue€ X we have the following cases:
Case 1: If T(X)> f(y)=>f(u)
p(X Y, 2)=0(X,y,2) <o(X y,u)+o(Xu,z)+o(,VY,z)
=p(x y,u)+ p(x,u,2)+kp(u, y, z)
<k(p(x y,u)+p(x,u,z)+p(u,y,z)).
Case 2: If T (x) > f(u)> f(u)
p(X Y, 2)=0(X,y,2) <o(X y,u)+o(Xu,z)+o(,VY,z)
= p(X y,u)+p(x,u,2) + p(u,y,2).
Case 3: If f(U) > f(X)> f(y)
L%y, 2)=0(XY,2) <o(X y,u)+o(x,u,z)+o(u,y,z)
= p(x, y,u)+ko(x,u,2) + p(u, y,2)
<k(p(x y,u)+p(x,u,z)+pu,y,2)).
Case 4: If f(x) < f(y)<f(u)
7) = a(xky, 2)

= %[kp(x, y,u)+kp(x,u,z)+ p(u,y, )]

2%, Y, k[cy(x y,u)+o(x,u,z)+o(u,y,2)]

— plx, y,u>+p(x,u,z)+%p(u,y, 2)

< p(xy,u)+p(x,u,2)+ p(u, y,2).
Case 5:If T(X)< f(u)< f(y)
5 o06y2)

X’ )
o (X, y "

k[a(x y,u)+o(x,u,z)+o(u,y,z)]

:%[kp(x, y,u)+kp(x,u,z)+kp(u,y, z)]

=p(X, y,u)+ p(x,u,2) + p(u, y, 2).
Case 6: If f(U) < F(X) < f(y)
o(xy,2) _
k

= %[kp(x, y,u)+p(x.u,z) +kpu,y,z)]

o.(Xy,2)= k[a(x y,u)+o(x,u,z)+o(u,y,z)]

- p(x, y,u>+%p(x,u,z)+p(u,y, 2)

< p(xy,u)+p(x.u,2)+p(u.y,2).
Because of the definition of py it is easy to show that p;, = o .m

Theorem 2.3
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Let (X,O') be a 2-metric space with card (X) <N, let K,1 >1 and f,g:X — R be injective functions. Then

Prx = Py, (2-metrically).
Proof. Let X, Y,z € X, we may assume that kK <l . If p,, and p_ are given by:

(o(X,Y,2) if F)=F@) =0

if f)—f <0

S
=
I
————
Q
~—~
x
=
N
~—

and:

Case 1: If f(X)—f(y)=0 and g(x)—g(y)=0,then p;, =c(X,y,2)=p,,.
Case 2: If f(X)—Tf(y)<O0 and g(x)—g(y) <0, then:
_o(ky.2)_ ok y.2)

f k K | Py
Case 3: If f(X)—f(y)>0 and g(x)—g(y) <0, then:
X, Y,Z
pf,k:O'(vaaZ)>w:pg,|-
Case4: If f(x)—Tf(y)<O0 and g(x)—g(y)=0, then:
X, ¥,2
Pt x :¥>O—(X1Yaz):pg,l-

And finally, if we perform a similar analysis to the Theorem 2.3, we obtain that for all X,Y,Z e X :

Kog (X, Y,2) 2 Pyl (X,Y,2) and ng,| X Y,2)2 p; (X, Y,2).
Hence:

1
kpf,k (X,y,2) 2 Py, (X,y,2) 2 ipf,k (X,Y,2).

Therefore: p;, =p, | .m
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