Journal of Progressive Research in Mathematics(JPRM)

ISSN: 2395-0218

O SCITECH
iy il RESEARCH ORGANISATION

Volume 12, [ssue 1

Published online: April 24, 2017 |

Journal of Progressive Research in Mathematics

www.scitecresearch.com/journals

Some g-Hypergeometric representations of the multiple

Hurwitz zeta function

Fadhle B.F.Mohsen and Fadhl S.N. Alsarahi

Department of Mathematics, Faculty of Education, Aden University, Aden, Yemen.

Abstract

In this paper, The main object to give some new representations of the g-analogue of the multiple Hurwitz

zeta function are derived.
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1. Introduction, definitions and notations

The Hurwitz or generalized zeta function at integer points[13]

g(s,a):i L , 0<a<l,

has a g-analogue defined by

(n+a)(s-1)

Sazi
n=

[n+af
The series (1.2) is convergent for Re s >1 .

In [14] the g-analogue of Hurwitz zeta function is defined as

n=0 a+:Lq

csa)=a Y g M >> q"}s
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,0<0g<] O<a<l

(1.1)

(1.2)

(1.3)
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Barnes [4] (see also[1,2,3]) introduced and studied the generalized multiple Hurwitz zeta function

- (S,a/Wl,---,Wn) defined, for R(s)> n, by the following series:

Gsam,.w)= Y L (RGs)>n :neN . (1.4)

where N denotes the set of positive integers Q =KW, +...+K W, .

Barnes-Changhee multiple g- zeta functions are defined by (see[9],[10]).

WD +Ny+.. 4N,

é’q,n(s’w/al’aZ"'”ar): Z q (1-5)

o(w+na +na, +...+na,)

Nyl
R(w)> 0, q e CWith [0 <1, which , for a, =a, =...=a, =1, yields

o qw+nl+n2+,..+nr

Coan(sW/LL,... )= Zi (

S
W+, +N, +...4N )

Moreover, if W=Tand S=1-n (N€Z"), we have

Can(N=1r/11,...0)=(-12) % B! ,(r;q),

where B\") _(r;q) is called g-Bernoulli numbers.

We also note that

lim¢,,(n-1r/11...1)= {n(n—1,r/1,1,...,1):(—1)r((n;l)!B(r) (r)

gl n+r —1)' n+r-1
(see[9],[20]).

Where the g-number [Z]q is defined through

,2eC ,qg=1. (1.6)

= >q,

0<i<n-1

A special case of (1.6) when ze N |s
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Which is called the g-analogue of ne N, since

k=i 2y =

The Pochhammer symbol ()k also called the shifted factorial, defined by

k=

(2), :lj(z+j) k=1 ,(2), =1,(-2), =0,if z<k,

J:

which in terms of the Gamma function is given by

(2), =@  k=0123,...2#0-1-2,....
VA

And |, F, denoted the ordinary hypergeometric series ([4],[11]) with variable Z is defined by
a,,...a = (a,,...,a,), z¥
rFs ' r/ZJ: 1—rk_1 (17)
(bl,...,bs kzz(;(bl,...,bs)k k!

being(a,,...,a,), zg(ai ), » With {ali }ir:l and {bj}sjz1 complex numbers subject to the condition that

b; #-Nn with ne N — {0} for j==1,23,...,s.

Here we will give some usual definitions and notations used in g-calculus, i.e. the g-analogues of the

usual calculus.

Let the g-analogues of Pochhammer symbol or g-shifted factorial be defined by [5,7]

1 ,n=0
I 1.8
<a’q>n ﬁ (1_qa+m) ,h=123,... (9
m=0

The relation to Watson’s notation, which is also included in the method, is <a; q>n = (qa; q)n
where

1 ,n=0
(a;q)n = ﬁ (1_aqm) , n:1,2,3,...
m=0
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0 k>n

and <_n;q>k - <l;q>n (_1)kq[|§)_nk . k<n - (1.9)
<1;q>n—k

also(a;0),., =(a;0), (aq";q), (1.10)

and lim (qz;q)k =(z
dlim g0k =(a).

The g-binomial coefficient is defined by

nl o (ga), (&), een ke
{kl_(q;Q)k(Q;Q)n_k_<1;q>k<1;q>n_k ,0<k<n, kineN (1.11)

and for complex z is defined by

mq i ((gtq—q(;) (2", ken (L12)

Let {ai }ir:l and {bj }S_ . complex numbers subject to the condition that b, # q " with ne N\ {0} for

j=123...s.

Then the basic hypergeometric or g-hypergeometric, ¢, series with variable . is defined by
a,...a, /. (B 830), ( aywesox Grsrfs) z¥

r¢s( /q,sz (-1 q TN
b,....b Z;(b1 ..... b,;q), (-1 (0;9),

where(8,,...,a,;q), = H(aj;q)k

I<j<r

In addition, for brevity, let us denote by

a,...,.a, / n_ of Bqsendy /o B
{r%[bp---,bs /q,zﬂ =& (bl,...,bs /q,zJ,n—1,2,3,... . (1.13)

Analogously to the ordinary hypergeometric,, F, series, the g-hypergemoetric,. @, series is

called k-balanced if bb,...b, =q‘aa,...a ,,.
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The q-hypergeomwtricrqﬁS series is a g-analogue of the ordinary hypergeometric , F series defined

il e F )

Taking into account the following relations [14,p.18,19]

2¢1|:_ n’b/q1qn+c b:| M, n=0,1,2,3,... (114)
c (cia),

by

where (—n;q), =0, whenever n <Kk,

and

<a; q>n =, ¢1|:_ n’l_ a q; qn+a:| — Z <_ n, q>k<l_ a, q>qu(n+a)

1 1 > 1q) &
< q>n k=0 < q>k< q>k (1.15)
_ <_ n;q>k<l_a’q>qu(n+a)
0<k=n 1;Q>k<1;q K
<1’q>n _n’a .y N < q> <a q> n+
(a+1q) =24 a+1/q'q 1 :kzl(l a), (a+1Lq), a
" - (1.16)
— —nq k a;q>k qk(n+l)
o5 (L a) (@a+1;0),
In [14] the following two relations are given by
<a;q>n :<a;q>n+1 +qn+a<a;q>n (117)
n 1 1.
(e, = (), g TR .15

= La) La),

2. Main Results
In this section we establish some representations for the g-analogue of the multiple Hurwitz Zeta

function which defined by
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(Wr +...+1, )(s-1)

&swa)= Y

o 0<g<l O<w<l | (2.1)
rl,...,rnZO{W+|1+...+rn}

q

where {Z }q denotes a g-analogue of a complex number defined by

=29, qec\f

The series (2.1) we can be rewritten as

w;q)”
sw:q)= w(s-1) wis < n+.4n A (rn+..+r)(s-1)
Gals i) =" Hw r1,.Z,r:‘>o<w+1;q>s | ' (22)

I +...+r

Theorem

Let S be an integer number, with $>1,[g/<land 0<w<1. Then the g-analogue of the multiple

Hurwitz zeta function (1.3), admits the following representations

- SJer —k,2 1-w+k s-1 _k’l .
. Cn(s,W:q)=qw(5‘”{w};52(—)kq() m{ W+1N/q:q }vﬁl{ /q,q}

k=0 w+1

¢k+1,k+1,k+w,...,k+w g Lk+l+r k+1+n,k+w.. k+w /[
P el kwat [T e T k+w+.. k+w+l &4

LK+1+n 4.4 K1+ n+ 40 KAWL+ KW+ 41 ot (2.3)
I A r KWL T KWL T ’

S 5 rwk _k’2 1-w+k _k’ - w+k
i é“n(s,w;q)=qw(s‘”{W};SZ(—)kq(z) 2¢1|:W W/q;q }24 g W/q;q }

k=0 +1 1
4 K+w,...,k+w g Lk+w,...,.k+w o
P fewat, o krwat/ TD e T+, k+w+... k+w+1 4.4
LK+WAHr+.+r o KW+ 4T o
) a9 |, (2.4)
I+r+..+0  K+wWHI+r+o 40 KWL+ 41
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w(s— SN\ W _k’W+2 - s _k'l
i £, (5, w;q) ="V {w};* ”%{ /Q?qk 1} o { w+1/q;q }

o w+1

K+Lw+Lk+w,.. .k+w / Lk+l+n k+1+r k+w+r,. k+w+r /o
Lk rwa ket wel P kWAL, kWL &4

LKHL+n+o o+ KL+ 0 KW+ T KW+ T s-1 (2.95)
e q;q ’ .
I A KAWL 4T KWL T

Lw,...,w s

|v§swq=( Q)q_l { /q;q}
Lwr,..,wtr s LW+t gy WHL AT 0
¥} 1{ WAL, ,W+1+I’/’q ‘|"'s¢sl %4

WHLH L+ AT WL T
wsies o LW, w LWAL A AT, WL 4T
+0" ul, sm{ 1/q;qs}--s+14 ’ 1 1 /q;qsi. (2.6)

W+l W+ WAL+ WL+ 4T

Proof.

From (2.2) and using relation (1.15), we get

(wa),

s,w.q)=g""Hw
é/n( q) | { }q b r>O<W+1q>

La),, . ger-nls)

n+..4r

<_ (rl oot rn )’ q>k<l_W; q>k qk((r1+...+rn)+w)
0<K<H,.. T, <1; q>k <1; Q>k

Then, using (1,9) with replacing n by r, +r, +...+71, , we get

X

-s qu+ AT 1_W’q 1'q +.. 41+ 1’q i+ 41+
e A o N RN S
k20 .00 <W +1; q>r1+..‘+rn+k <l; q>k <1; q>k <1; q>r1+‘..+rn

y (_ qW )k q(§)+(r1+...+rn+k)(s—l)

="Vl Y (-1)f q@wk (Lovia), (wa), g

k=0 (W+La), (w+; q), -

(1+ k;q>r1 <1+k q> <k+w q>
f,..020 <:Lq>r+ o, <k+W+1 q>

Rty (o4 )(s-1)

X

L+ 41,
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By using relation (1.14), we obtain

:qw(s‘l){w}jZ(—l)kq(§)+Wk2¢1{_ 2u /q; q}qﬁ{_ o /q;q}

0 w+1 w+1

. . . s_l
XZ (1+ k,q)r1 (1+k; q)q(k +W,q>r1 o)
@ (L) (krwLa),

<1+k+r12Q>,2<1+k+rliQ>r2<k+W+rl;q>:1 o
i <1+r1;q>r2<k+w+1+r1;q>;
) <1+k+rl+...+rn_l;q>rn<1+k+r1+...+rn_l;q>rn<k+w+rl+...+rn_l;q>:1 (o1
o A+ 50) (KewHl+n+.4150)

which is required (2.3).

Similarly, From (2.2) and the relation (1.16) with replacing n by r, +r, +...+r, we obtain

wis s <W; q>i+ o (h+..+1, )(s-1)
Gu(siwsa)=a w3 S

Iyl 20 <W+11 q>r1:r,..+rn <1’ q>r1+...+rn

<— (rl +...+ rn )) q>k <W! q>k qk(r1+...+rn+l)
ok, (L) (WHLQ),

X

s.Wig)= W(s—l)W—S 1 [kgl) <W;q>k <W;q>k <W;q>iil
&o(s,w;q)=q" M {wj, g( 1)'q waza), &), (wesal?
(k+wa)

X
20 <1’ q>r1+...+rn <k + W+1’ q>

k(s-1)

(Rt 41,k )(s-1)

= d

L+ AT,

Which by using relation (1.14), we find
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¢ (5, w; q) - qw(sfl){w};s

Bl b |

<k+w;q>fl o) (k +w+ rl;q>:2

rp(s-1)
" 20 (La), (k +w+1;q>:1_1 w0 (L 1;0) (k+w+l+r; q)‘:1
) (k+wr+..4r50), (o)
o (L 0+, 41, 50) <k+w+1+r oA q)
which is required (2.4).
Now, by using expression (1.18) in (2.2), we get
] (W) s B e
é/n (S,W;Q)=qw(s_1){W} s r1+4..+rns+ .. A+
i ; LIRRUEY <W+1;q>r1+”.+rn+k <1’q>k
% (q)(w+1)k <_1;Q>k<W+1;q>rl+_,,+rn (R +r+k )(s-1)
<1’ q>r1+...+rn
By using expression (1.10), we find
(-La), (La), (wa) .
S,W; ( )w+1 k k k - (s-1)
ol =a o), ), twr i)
% <1+k.q>r+ 4, <W 1.q>r+ 41, <W+k q>r1+ AT q(r1+,..+rn)(s—1)
el 20 <1 q>r+ A4, <W+1+k q>r+ 41

By using relation (1.14), we obtain

(w+1)k k’W+2 . k-1 s-1 _k’l .
¢y (s,w;q)= g;(q) { - /q,q }4151 {WH/M}

5 (1+k;q) (w+Lq) (w+k; q>:_l
X 1 1 1
=0 (La), (w+l+k;a),

r,(s-1)

(L+k+1;0) (w+l+r;q) <w+k+rl;q>sfl
R R r q(Fz)(Sfl)

>0 {L+r;a) <W+1+k+r1;q>1
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(LK et ) (WAL G+ 0) (WK et rnl;q>:n1q(r o
x n
=0 L+t 50) (WHLHK G+ q)

which is required (2.5).

Finally, using relation (1.17) in (2.2), we get

i wia) L (wa)
s, W:q)= w(s-1) W s < h+. 41, N+ AL+l (h+..41, )(s-1)
&o(s,wiq)=g"* Y }q e, <W+1;q>:li+r (w+1q) q

[+
s

<W’ q>r1+...+rn (n+..41)s

gl
a { }q rl,..‘,rn20<W+l;q>

S

L+ 4T

since (W+1;q) =

RSP

— (W q>r1+.“+rn

1— qr1+...+rn+w
1-q

and <W+l' q>r1+...+rn+l = <1_ qr1+"'+rn+w><w; q>r1+...+rn

we deduce

s-1

S W’q n+.. .+ h+.. 41, )(s—
. (5,w;q)=[1—9")g" Y fw}; %( o )(5-1)
om0 (WH150)

L+ 4T,

S

s W’q L+ AT h+..41,)s
< >1 n q(l v)

+q9" W
a { }q rl,...,rn20<W-|-:|.;q>s

L+ AT,

By using relation (1.10), we get

. (w; q)s_1 (W+r; q)s_1
swig)=(1- w ) w(s-1) whs 1 [I(rl)(s—l) [ (r,)(s-1)
afowia) ( | )q { }q r1§<W+1;q>:l o (W+1+ rl;Q>:1q
s—1

<W+ n+...+0., q>rn q(rn)(s—l)

. 1
(WL 15

s W’q: r)(s W+|’;q: r,)(s

B RN S G T S

r120<W+1;q>r1 r220<W+.1.+r1;q>|,2

| <W+rl+...+rn,l;q>fn s
o (WH+1+ 1+ + 1 5q)

fn
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which is required (2.6).
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