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Abstract

Let N be a near-ring and & is a mapping on N. In this paper we introduce the notion of generalized
(8, 8)-3-derivation in near-ring N. Also we investigate the commutativity of addition of near-rings

satisfying certain identities involving generalized (£, &)-3-derivation on prime near-rings.
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1. Introduction
Let N be a near-ring and & is a mapping on N. This paper consists of two sections. In section one

,we recall some basic definitions and other concepts, which be used in our paper, we explain
these concepts by examples and remarks. In section two, we define the concepts of generalized
(&, 8)-3-derivation in near-ring N and we explore the commutativity of addition and ring

behavior of prime near-rings satisfying certain conditions involving generalized (&, 8)-3-
derivations .

2.BASIC CONCEPTS

Definition 2.1:[1] A right near-ring (resp. a left near-ring ) is a nonempty set N equipped with
two binary operations + and . such that

(i) (N, +) isagroup ( not necessarily abelian )
(i) (N, .) is a semigroup .
(iii) For all x,y,z €N, we have

(xty)z =xz + yz (resp. z(x+y) =zx + zy)

Example 2.2:[1] Let G be a group ( not necessarily abelian ) then all mapping of G into itself
form a right near-ring M(G) with regard to point wise addition and multiplication by composite .
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Lemma 2.3:[1] Let N be left ( resp. right ) near-ring , then

(i))x0=0 (resp.0x=0) forall x EN .

(i) — (xy) = x(-y) (resp. — (xy) = (-x)y ) for all x,y EN .

Definition 2.4:[2] A right near-ring (resp. left near-ring ) is called zero symmetric right near-
ring ( resp. zero symmetric left near-ring ) if x0 =0 (resp. 0x=0), forall x EN .

Definition 2.5:[2] Let {N; } be a family of near-rings (i€l , I is an indexing set ) . N = N3 x N,
X...x N with regard to component wise addition and multiplication , N is called the direct
product of near-rings N;.

Definition 2.6:[2] A near-ring N is called a prime near-ring if aNb = {0}, where a,b €N,
implies that either a=0orb=0.

Definition 2.7:[3] Let N be a near-ring . The symbol Z will denote the multiplicative center of N
,thatis Z={xeEN/xy=yx forall yeN}.

Definition 2.8:[3] Let N be a near-ring . For any x,y €N the symbol (x,y) will denote the
additive commutator x +y -x—y.

Definition 2.9:[3] Let N be a near-ring . For any X,y €N the symbol [x,y] = Xy — yx stands for
multiplicative commutator of x and y .

Properties 2.10:[3] Let R be aring , then for all x,y,z ER, we have :

1-[xyz] = y[x,z] + [x,y]z
2-[xy.z] = x[y.z] + [x,z]y
3-Ix+y.z] = [x.z] + [y.Z]
4-xy+z] =[xyl + [x,Z]

Definition 2.11:[4] Let N be a near-ring .An 3-additive mapping d: N X N x N — N is said to
be 3-derivation if the relations

/ / /
d( X1X1',X2,X3) = d(X1,X2,X3) X1' + X1 d(X1',X2,X3)
d(Xl,szzl,Xs) = d(X1,X2,X3) X2/ + X2 d(Xl,le,Xs)

N _ / /
d(X1,X2,X3X3) = d(X1,X2,X3) X3 + X3 d(X1,X2,X3)

hold for all X; 1" X2 X2 X3, X3 EN .
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Definition 2.12:[4] Let N be a near-ring and n be a fixed positive integer . An n- additive
mapping d : N x N x...x N =+ N is called (o, t)- n-derivation of N if there exist functions

a,T . N— N such that the relations
d( XaX1' Xa,. ... Xn) = (X1, X2, .., Xn) T (X1) + T(X1) A(X1' Xa. ... Xn)

d(X].)XZXZ/:»' .. "7Xn) = d(XlaX27' . "7Xn) HEXZI) + T(XZ) d(X].aXZ/:‘ . '7Xn)

d(X1,Xz,. .o XnXe) = A(X1, X, ... Xn) (Xn) + T(Xn) (X1, X2.... X0 )
hold for all X1 ¢/, X2 X' ,......xn X' EN .

Definition 2.13:[4] Let N be a near-ring and n be a fixed positive integer . Let d : N x N x....x
N — N bea (o, t)-n-derivation of N . An n- additive mapping f: Nx N x....x N —= N is called

a right generalized (o, T)- n-derivation associated with (z, T)- n-derivation d if the relations
f( X1Xt' Xo,. ...Xn) = F(X1,Xa,....,Xn) (X)) + T(X1) (X1 Xa,. ... Xn)

f(Xl,szzl,-----,Xn) = f(X1,X2,. . ..,Xn) l5T(X2/) + T(X2) d(Xl,le,---,Xn)

(X1, X0, .. osXoXrt) = F(X1, X2y oo oesXn) G(Xe) + T(Xn) (X1, X2, ... X11)
hold for all X; ,X1'Xo X2’ ,......xn, X/ EN .

An n- additive mapping f: N x N x....x N =+ N is called a left generalized (o, T)- n-derivation
associated with (&, 7)- n-derivation d if the relations

f( Xlxll,XZr .. .,Xn) = d(XlaXZa cee ,Xn) J(X]./) + T[X1) f(xll,XZr .. -oxn)

f(X11X2X2/5~ .. ~-9Xn) = d(XlaXZa s 'aXn) J(XZ/) + T(XZ) f(xlvleo- . an)

f(X11X23~ .. ~3ann/) = d(X].!XZa (R "7Xn) lg-[Xl"ll) + T[Xn) f(XlaXZr . -aXn/)

hold for all X3 ,X¢',Xo X2’ ,......xn, X' EN .
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Lastly an n- additive mapping f : N x N x....x N =+ N is called a generalized (o, 1)- n-
derivation associated with (o, T)- n-derivationd if it is both right

generalized (o,T)- n-derivation as well as left generalized (o,7)- n-derivation of N
associated with (@, t)- n-derivationd .

3.GENERALIZED (8, 8)-3-DERIVATIONS

First we introduce the basic definition in this paper

Definition 3.1: Let N be a near-ring and & is a mappingon N. Let d : N XN XN —= N be a
(¢, 8)-3-derivation of N . An 3 - additive mapping f : N Xx N x N = N is called a right
generalized (&, &)-3-derivation associated with (8, 8)-3-derivation d if the relations

f( X2X1' X2,X3) = f(X1,X2,X3) (X)) + B(x1) (X1, X2,X3)
f(X1,X2X2 , X3) = F(X1,X2,X3) B(x2) + B(x2) d(X1,X2',X3)
f(X1,X2,XsX3) = F(X1,X2,X3) B(X3) + B(Xa) d(X1,X2,X5)
hold for all x; X1/ Xo %5 X3, X3 EN .

An 3- additive mapping f : N X N x N = N is called a left generalized (&, &)-3- derivation
associated with (& ,& )-3-derivation d if the relations

f( XXt X2,X3) = d(Xe,X2,X3) B(X1)) + B(Xy) F(X! Xa,X3)
f(X1,X2X2', X3) = d(X1,X2,X3) B(X2) + B(Xz) f(X1,X2',X3)
f(X1,X2,X3X3) = d(X,X2,X3) 8(x3) + B(Xz) F(X1,X2,X3)
hold for all x; X1/ X> %2 X3, X3 EN .

Lastly an 3-additive mapping f : N X N x N =+ N is called a generalized (&, 8)-3- derivation
associated with (8,8 )- 3-derivation d if itis both right generalized (& ,€ )- 3-derivation as
well as left generalized (& ,6 )- 3-derivation of N associated with (& ,8 )- 3-derivationd .

We now explain this definition by the following example

Example 3.2 : Let R be a commutative ring and S be zero symmetric left near-ring which is not
a ring such that (S,+) is abelian , it can be easily verified that the set M = R x S is a zero
symmetric left near-ring with respect to component wise addition and multiplication . Now
suppose that
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0.0 (xx) y)

N=4[(00) (00 (©0) |, (xx), (ny'),(z2z/),000eM;.
0,0y (0,00 (zzN

It can be easily seen that N is a non commutative zero symmetric left near-ring with respect to
matrix addition and matrix multiplication .

Defined, f:NXNXxN =N and & : N —= N such that
((U:ﬂ} (x1,x1) O ;}) ((U:ﬂ} (x2,%27) (¥2. 72 ;}) ((‘lﬂ} (x3,x3) (Va.va ”})
da| | (0,0) (0,0) (0,0) |, (0,0) (0,0) (0,0 || (0,0) (0,0) {0,0)
(ﬂiﬂ} (ﬂ,ﬂ} (Z:L; L I} (ﬂ,ﬂ} (ﬂ,ﬂ} (Zg, £3 I} (GJG} (ﬂ,ﬂ} (ZEJ £y I}

(GJG} (x1x2x3:ﬂ} (ﬂ,ﬂ:}l
=| (0,0) (0,0) (0,0)
(0,0) (0,0) (0,0)

0,0 (xux) O’ (0,0 (x2x2') (y2,¥2") (0,0) (xa,x3") (va,33")
fl{ oy (00) (0,00 |.|(00) (0.0) (0,0) },{(00) (00) (0,0) =
(ﬂ,ﬂ} (ﬂ,ﬂ} (211 ] I} (ﬂ,ﬂ} (ﬂ,ﬂ:}l (22 »E3 "f} (ﬂ,ﬂ:}l (ﬂ,ﬂ:}l 1:2.'3, £y ;}

{0,0) (0,0 (0,0)

(0,00 (0,0) ({]Jﬂ})

(0,00 (0,00 (0,0)

And

((ﬂjﬂ} (x, x/) D-u}-'*’}) ((ﬂjﬂ} (x, x/) D-u}-'*’})

g | (0,0) (0,0) (0,0) |=|(00) (00 (0,0)
0,00 (0,00 (z,z 0,00 (0,00 (z,z

It can be easily seen that d is (8,8 )- 3-derivation of N and f is a nonzero generalized
(6,6 )- 3-derivation associated with d ,where & is an automorphism on N .

The following lemmas help us to prove the main theorems :

Lemma 3.3 : Let N be a prime near-ring , d a nonzero (& ,8 }- 3-derivation of N and xE N ,
where £ is an automorphism on N .

()If d(N,N,N) x ={0},thenx=0.
(inIf x d(N,N,N) = {0} ,thenx=0.
Proof : (i) By our hypothesis d(N,N,N) x = {0}
i.e.: d(Xy,X2,x3) X =0 , forall X;, X, , X3 N (3.1)

Putting x;x:’ in place of x; , where x,/ € N, in (3.1) and using [2 ,Lemma 4 ] we get
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d(X1,X2,X3) B(x) X + B(x1) d(X/,X2,%5) x =0, for all X, X1, X, XsE N .

Using (3.1) in previous equation , we get

d(X1,X2,X3) E[xll) x =0 ,forall x; X/, %, X €N .
Since & is an automorphism , then we have
d(x1,X2,X3) N x = {0}, forall x; , X, Xx3&€ N . Sinced # 0, primeness of N implies that x=0.

(if) 1t can be proved in a similar way .

Lemma 3.4 : Let N be a near-ring admitting a generalized (&, 8)-3- derivation f associated with
(8,8 )- 3-derivationd of N , where & is an automorphism on N, then

(d(X1,X2,%s) B(x1') +8(x1) f(X1' X2, X3) ) Y = d(X1,X2,X5) B(Xa)y +6(x1) F(xs' Xz, X3)y
(d(x1,X2,X3) B(X2) + B(X) T(xe, X2 X3) )y = d(Xe,X2,X3) B(X2) Y + B(%2) F(X1, X7 X3)y
(d(x1,%2.X3) B(Xs) + B(xs) f(x1.X2%s) )y = d(X1,X2,X3) B(X3)y + B(Xs) (X1, X2, X))y
hold for all x; X1’ x> X2 X3, X3 EN .

Proof : Forall x;, X/, xi’ , s, Xxs€ N, we have

£(( xex2)Xe" Xa,%3) = F(x2xX1 %o X3) B(x1") +8(x1x) d(x1” X2 X3)

Therefore
F(( Xex2)X1" Xo,X3) = (A(X1,X2,X3) B(X1) + B(x1) F(x' X2 X)) B(x") +
6(x1) B(x1") d(x1" X2, %s) (3.2)
Also
F( Xo(X2'X1"), X2,X3) = d(X1,X2 ,X3) B(X'X1") + B(x1) F(x'X1" X2 )
Thus , we get
f( Xo(X2'X1) Xa0,X3) = d(X1,X2 ,X3) B(x1)) B(x") + B(x1) f(xd' %z x3) B(x.) +
B(xy1) B(xy) d(xs” x2,%3) (3.3)
Combining relations (3.2) and (3.3) , we get
(d(Xe, X2 X3) B(x) + B(x0) (Xt Xz X3) ) B(x1") = d(X1,%2 ,X3) B(x1)) B(x") +

B(xy) f(xi Xz X3) B0x") , forall xq,x/, %" X2, xs€N .
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Since & is an automorphism , putting y in place of E?(xl”) , we find that
(d(Xe, X2 X3) B(X) + B(x1) F(Xe Xz X3) ) Y = d(X1,X2 X3) B(X1) y +
B(xy) f(x/ X2 x3) y , forall Xy, %y , X, X3, yEN .

Similarly other (n-1) relations can be proved .

Lemma 3.5 : Let N be a prime near-ring admitting a generalized (&,8)-3- derivation f
associated with a nonzero (8.6 )- 3-derivation d of N and xe N, where & is an automorphism
onN.

MIf f(N,N,N)x={0},thenx=0.

@iIf xf(N,N,N)={0},thenx=0.

Proof : (i) By our hypothesis we have

f(X1,X2,x3) X =0 , forall X3, X2, X3€ N (3.4)
Putting xux:' in place of x; , where X,/ € N, in (3.4) and using lemma 3.4 we get

d(X1,X2,X3) E(xll) X + 8(x;) f(Xll,Xz,X3) x=0,forall x; X/, X, XsEN .

Using (3.4) in previous equation , we get

d(x1,X2,:X3) B(x) x =0 , forall X, X', X2, XsEN .

Since & is an automorphism, then we have

d(x1,X2,x3) N x = {0} , forall x; , X2, X3E N . Since d # 0, primeness of N implies that x=0.

(i) It can be proved in a similar way.
Now , we will prove the main theorems :

Theorem 3.6 : Let N be a prime near-ring and f; , f, be any two generalized (&, &)-3-
derivations of N with associated nonzero (8.6 )- 3-derivations d; and d, respectively ,
where & is an automorphismon N . If[f; (N, N, N), f2 (N, N, N)] = {0}, then (N, +) is
abelian.

Proof : Assume that [f; (N, N, N),f, (N, N, N)] = {0} . If both zand z + z commute
element wise with f, (N, N, N), then forall x; , X2, Xx3€ N we have

Z fo(X1,%2,X3) = fo(X1,X2,X3) Z (3.5)
And
(z+ 2) fo(X1,X2,X3) = Fo(X1,X2,X3) (Z + 2) (3.6)
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Substituting x; + x; instead of x; in (3.6) we get

(z+ 2) a0+ X1, Xz ,X3) = Fa(Xa+ X1, Xz ,X3) (z +Z) forall Xy X', X2, XsEN .
From (3.5) and (3.6) the previous equation can be reduced to

Z fo(xa+ X1 - X1 - X1/, X2 X3) =0 forall x; X, X2, XxsE N.

ie;zf( (X1, xd), %2 x3) =0 forall x; Xy, X2, xs €N .putting z = fy(y1 ,y2 ,y3 ) , We get
fl(y]_ Y2 ,Y3 ) fz( (Xl, Xll) , X2 ,X3) =0 forall X1 ,X]_/, X2, X3, Y1,¥Y2,Y3 cN . By Lemma 3.5 (|) we
conclude that  fo( (X1, X¢), X2 X3) = 0

for all x; X1/, X, Xs€ N. (3.7)

Since we know that for each W € N, W(Xy, X1') = W (Xa+ X1’ - X1 - X¢/) =w Xy + W X/ - w g -

wxi/ =( wx¢,wx{ ) which is again an additive commutator of a near-ring N , putting
W(x1, X1) in place of additive commutator (X1, xy') in (3.7) we get

fo(W (X1, X1), X2, X3) =0 forall Xy X/, X, Xg, WE N.

e dy (W, X, Xg) B(Xs, X¢) + B(W) faof (X3, X1), X2 Xs) =0 forall xu xi', X2, X3, WEN.
Using (3.7) in previous equation yields d, (W, X, , X3) 8(x1, X/) =0 forall x; ,xi', X , X3, W
€ N . Since @ is an automorphism , using Lemma 3.3 we conclude that (x4, ;)= 0. Hence
(N ,+) isabelian.

Theorem 3.7 : Let N be a prime near-ring and f; , f, be any two generalized (&, &)-3-
derivations of N with associated nonzero (& ,8 )- 3-derivations d; and d, respectively , where
8 is an automorphism on N . If fi(Xy X2 ,X3) f2 (Y1 .,¥2.,y3) + fa(X1, X2, X3) fi(y1,y2,y3) =0
forall Xy, X2, X3,V¥1,Y2,YsE N ,then (N, +) isabelian.

Proof : By hypothesis we have ,

fa(X1 X2 ,X3) T2 (y1,Y2,y3) + fo(X1, X2, X3) fa(y1,y2,y3) =0
forall Xy, X2, X3,¥1,Y2,Y3EN . (3.8)

Substituting y; +y1’ instead of y; in (3.8) we get

f1(X1 X2 ,X3) 2 (1t Y1/ Y2.,¥3) + fao(X1, X2, X3) fa(yrt Y1/ Y2,y3)= 0 forall X1, X2, X3, y1, Y1/
Y2, Y3EN .

So we get

fa(X1 X2 ,X3) T2 (Y1, Y2,y ) + f1(X1 X2 ,X3) T2 ( Y1/ Y2, Y3) +fa(Xe, X2, X3) Fa(ys,Y2,y3) +
fo(x1, X2, X3) fu(yr' , y2,y3) =0 forallx;, X, X3,y1,y1,y2, Y3EN .

Using (3.8) again in last equation we get

Volume 12, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm 1736




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

fa(x1 X2 X3) T2 (Y1, Y2 Y3 )+ Fi(Xa X2 Xa) F2 (Y1, V2, ya )+ Fa(xe o Xa) F2 (<Y1, Y2.y3) +
fi(Xe X2 X3) o (-1, y2,y3) =0 forall Xi, X2, X3, V1, ¥1, Y2, YsEN .

Thus , we get
f1(x1 X2 ,X3) T2 (Y1, Y1/) ,Y2,y3) =0 forall x;, X2, X3, Y1, Y1/ Y2, Y3EN .
Now using Lemma 3.5 (i) we conclude that fo( (y1, V1), Y2 ,ys) =0 forally:,yy,y>,ysEN .

Putting w (y1, y1) in place of (y, yi') , where W& N | in the previous equation and using it
again we get d (W, Vo, Vs) @(ys, vi) =0 forally, ,yi', yo,ys, WEN .Since 8 isan
automorphism , using Lemma 3.3 we conclude that (y1, y;)=0. Hence (N ,+) is abelian.

Theorem 3.8 : Let N be a prime near-ring , f; and f, be any two generalized (&, 8)-3-
derivations of N with associated nonzero (& ,& )- 3-derivations d; and d, respectively , where
& is an automorphism on N, such that

fi(X1 X2 ,X3) & f2 (y1,Y2,y3) + & fo(X1, X2, X3) Fi(y1,Y2,y3) =0 forall Xi, X2, X3,¥1,¥2,Y3
€N ,then (N, +) isabelian.

Proof : By hypothesis we have ,

fi(X1 X2 ,X3) B F2(y1,Y2,Ys) + 8 fa(X1, X2, X3) fa(y1,y2,y3) =0
forall X1, X2, X3,¥1,Y2,Y3EN . (3.9

Substituting y; + Yy , where y/ € N for vy, in (3.9) we get

fi(X1 X2 ,X3) € f2 (Y2t yl’,yz Y3) 8 f(xq, X2, X3) fi(yrt Y1/,Y2 Yy3)=0 forall xi, Xz, X3, VY1,
Y1/,Y2,Y3EN-

Thus , we get

fi(Xe X2 Xa) 6 T2 (y1,Y2 y3) + fa(Xa Xz Xs) @ F2(y1, ¥z, y3) + 8 Fa(X1, Xz, Xa)

fi(y1, Y2, ¥a) + 6 faxs, X2, Xa) Fu(y1'y2.y3) =0 forall Xy, Xo, X3, y1,y1', Y2, Ys€EN .
Using (3.9) in previous equation implies

fi(X1 X2 ,X3) @ T2 (y1,Y2 Y3 ) + fi(X1 X2 X3) € T2 (Y1/, Y2, VY3 )+ fi(xe X2 X3) € o (-y1,¥2,y3) +
fi(x1 X2 ,X3) 8 f, ('Y1/, y2,Y3) =0 forall Xi, X2, X3, Y1, Y1/ Y2, Y3EN .

Therefore
fi(x1 X2 ,x3) 8 Fa( (y1, Y1), ¥2,y3) =0 forall X, Xz, X3, y1,y1,y2, y3EN .

Now using Lemma 3.5, in previous equation , we conclude that
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6 fa( (1, V1), ¥2.¥5) =0 forall yi,yi',y,,ys€EN .
Since & is an automorphism of N, we conclude that f,( (ys, yl’) ,Y2,y¥3) =0

For all vy, yl’ , Y2, Y3 € N. Putting w (y1, y1’) in place of (yi, yl’) , Where w € N, in the
previous equation and using it again we get da (W, Y2, ys) 8(y1, y1i') =0 forally; ,yi', y2,ys
, WE N . Since & is an automorphism, using Lemma 3.3 we conclude that (yi, yl’) =0.
Hence (N ,+) is abelian.

Conclusion

In present paper we define the notion of generalized (&, 8)-3- derivations in near-rings . Also
we study and discuss the commutativity of addition of prime near-ring with generalized (&, &)-
3- derivations .
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