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Abstract

In this paper, we deal with the zero distribution of g-difference polynomials P(f)A’,;f—a(z) and
[P(f) Akf1™™ — a(z), where P(f) is a nonzero polynomial of degree I, g € C\{0,1} is a constant,
I,m € N, and a(z) is a small function of f.
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1. Introduction And Main Results

In this paper, it is assumed that the reader is familiar with standard symbols and fundamental results of Nevanlinna
theory. For example, the proximity function m(r, f), counting function N(r, f), characteristic function T(r, f), the first
and second main theorem etc.,(see [6,18,19]). In particular, we use S(r, f) to denote any quantity satisfying the
condition: S(r, f)=o(T(r, f)) for all r outside a possible exceptional set E of the finite logarithmic measure

1
lim —dt < oo,
T2 J(1,rnE

We also use S; (r, f) to denote any quantity that satisfies S;(r, f) = o(T(r, f)) for all r on a set F of logarithmic
density 1; the logarithmic density of a set F is defined by

1
. f(l,r]nF ?dt
lim sup ———
r—0 logr

)

and the lower logarithmic density of a set F is defined by

1
L f(1,r]np?dt
liminf ——
r—0 log r

A meromorphic function a(z) is called a small function with respect to f(z), if T(r, a)=S(r, f). The order of a
meromorphic f is defined as

logT(r,f)

p(f) = limsup logr

The g-difference operator for a meromorphic function f is defined as

B.f(2) = f(q2) — f(2)(q # 01), Ak*If(2) = A, (8kf(2)),k €N,

During the last decades, many mathematicians and mathematical researchers were denoted to studying the value
distribution of meromorphic solutions of the non-autonomous Schroder g-difference equation
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f(qz) = R(z,f(2)),
where the right-hand side is rational in both arguments(see[4,8,916]). But in recent years, they are interested in

establishing difference and g-difference operator analogs of Nevanlinna theory in the complex plane C. By using it,
a number of papers studied the value distribution of difference and g-difference polynomials.

For a transcendental meromorphic function f, Hayman[7] first proposed the conjecture that if n > 1, then
f(2)"f (2) takes every finite nonzero value a € C infinitely often. This conjecture has been successively solved by
Hayman, Mues, Bergweiler and Eremenko(see[6,15,1]). In 2010, Zhang and Korhonen [21] studied the value
distribution of g-difference polynomial of meromorphic (resp.entire) functions and obtained: if

n > 6(resp.n = 2),then f(2)" f(qz) assumes every nonzero value a € C infinitely often and g is a nonzero zero
complex constant.

Afterwards, Zhang et al.[22] proved the following result.

Theorem A. Let f(z) be a transcendental meromorphic function of finite order. Suppose that n, k are positive
integers and ¢ is a non-zero complex number such that A¥ £ (z) # 0, a(z) # (0, ) is a small function with respect
to f(z). If n > 3k + 5,then f(2)"A¥f(z) — a(z) has infinitely many zeros.

In [17], Xu-Liu-Cao considered the zero distribution of g-difference polynomials P(f)f (qz +n) and P(f)[f(qz +
n) — f(2)], and established the following result.

Theorem B. Let f(z) be a zero-order transcendental meromorphic(resp. entire) function, g € C\ {0},n € C. Let
P(z) = aiz' + aj_1z"" 1 + -+ a;z + a, is a nonzero polynomial, where ay, a4, ..., a;(# 0) are complex constants,
and t is the number of distinct zeros of P(z). Then for I >t + 4(resp.l > t)(I >t + 6(resp.l >t + 2)),
P(AHf(qz+n) =a@)P()f(qgz+n) — f(2)] = a(z))has infinitely many solutions, where a(z) € S(r, f)\{0}.

Motivated by Theorem A, Theorem B and g-difference Nevanlinna theory, we investigate the zero distribution of
high order g-difference polynomials, and obtained the following theorem.

Theorem 1. Let f(z) be a transcendental meromorphic (resp.entire) function of zero order, ¢ € C\ {0,1} is a
complex constant such that A% f(z) # 0, P(z) and t are as in Theorem B, a(z) # (0, %) is a small function of f(z).
Thenforl > 3k +t+4(l = t+2), P(f)ALf(2) — a(z) has infinitely many zeros.

Theorem 2. Let f(z) be a transcendental meromorphic (resp.entire) function of zero order, g € C\ {0,1} is a
complex constant such that A’,;f(z) # 0, P(z) and t are as in Theorem B, a(z) # (0, ) is a small function of f(z),
ifn>k(l+t+1D)+t+1+4(n= 1+t+2) then f(2)"P(ALf(2)) —a(z) has infinitely many zeros.

Remark 1. Theorem 1 is a generalization of Theorem B. It is easy to see that Theorem B is of case k=1.

The zero distribution of differential polynomials is a classical topic in the theory of meromorphic functions. Liu et
al.[12] investigated the zero distribution of difference polynomials [f(2)"f(z + ¢)]™ —a(z) and

[f(2)"A.f(2)]™ — a(z), where a(z) is a nonzero small function with respect to f(z). Recently, Cao et al.[3]
considered zeros of g-difference differential polynomials and obtain the following theorems.

Theorem C. Let f(z) be a transcendental meromorphic (resp.entire) function with zero order and a(z) is a nonzero
small function with respect to f(z). Ifn > m+ 6(n > m+ 4), then [f(2)"f(qz + ¢)]™ — a(z) has infinitely
many zeros.

Theorem D. Let f(z) be a transcendental meromorphic (resp.entire) function with zero order and a(z) is a nonzero
small function with respect to f(z), f(qgz+c) # f(2). fn= m+8(n= m+4), then [f(2)"f(qz+c) —
[(2)](72)—a(z) has infinitely many zeros.

In this paper, we will study the zero distribution of g-difference differential polynomials of the following form:

Theorem 3. Let f(z) be a transcendental meromorphic (resp.entire) function of zero order, g € C\ {0,1} is a
complex constant such that A’;f(z) # 0, P(z) and t are as in Theorem B, a(z) # (0, ) is a small function of (z).

Thenforl> 3k + m+t+5(1= m+t+3), [P(f) AL f(2)]™ — a(z) has infinitely many zeros.

2. Some Lemmas

Lemma 1. [19] Let f be a meromorphic function in the complex plane, a;(i = 1,2,3) are distinct complex constants.
Then
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T(r,f) < iﬁ(r,}%) + S0, ).

i=1

Lemma 2. [13] Let f be a non-constant zero order meromorphic function, and g € C\{0}, then

< f(qz +¢c)
mlr,—————

f(Z) > = Sl(rtf) = O(T(T,f))

on a set of lower logarithmic density 1.

Lemma 3. [21] Let f be a non-constant zero order meromorphic function, and g € C\{0}, then

T(r,f(qz)) = (1 +o()T({, f)

on a set of lower logarithmic density 1.

Lemma 4. [21] Let f be a non-constant zero order meromorphic function, and g € C\{0}, then
N(r,f(qz)) = (1 +o(1))N(r, f)

on a set of lower logarithmic density 1.

Lemma 5. [18] Let f be a non-constant meromorphic function, and P(z) = a;z' + a;_1z""! + -+ + a,z + a,, where
ag,ay, ..., a;(#* 0) are meromorphic functions and satisfies T(r,a;) = S(r, f)(i = 1,2,...,1). Then

T, P(H) =T f)+STf).

Lemma 6. [10] Let f be a non-constant meromorphic function, s, m are positive integers, then

)+ 56,

N, (r. %) <T(r, f™) =T(@, f) + Nyym (r, 7

( f(m)) = mN(r f) +Ns+m( '%) +S(T’,f),

where N; (r, ]%) denotes the counting function of the zeros of f, and the zeros of f with multiplicity k is counted k

. . . . . =1\ _ 1
times if k < s and s times if k > s. Obviously, N (r, 7) =N (r,f).

Lemma 7. Let f be a transcendental meromorphic function of zero order, g € C\{0,1} is a complex constant such
that A% f(z) # 0, P(z) be stated as above. Then

(UI=-K)T@r ) +S.(. )< T(r,P(f)A’,;f) SU+k+ DT, f)+S.(r.1).
If f is a transcendental entire function of zero order, then we have
IT(r,f) + S1(r,f) ST(r, P(HALS) < (L+ DT(r, f) + Si(r, ).

Proof. SetF(z) = P(f(z))A’;f(z). If f is a transcendental meromorphic function of zero order, from the Valiron-
Mohon'ko lemma and Lemma 2, we have

T(r,F) <T@, P(f)) + T(r, Ak f) = 1T (r, f) + m(r, AL f) + N(r, AL F) + S1(r, f)
k

<IT(r,f) + m(r Aff) +m(r,f)+ (k+ NG, f) + Si(r, )
<ITr, ) +T ) +EN@ ) +S.(r ) <U+k+ DT, )+ S, ).
On the other hand,

I+ DT, f)= T, fH4Y) < T( A}j‘];> +S,(r, f) <T(r, F)+T( A]kcf) +S,(r, f)
AR Ak
<T(r, F)+T<r Tf>+0(1)+51(r f) <T(r, F)+N< ff

<T@ F)+N (r%) +FENG P4, f) < T(r F) + (k + DT, £+, (r, ).

)"‘51(7” f)
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Then
(U=RT@, fH)+S.(0f) < T(r,P(f)A’;f) SU+k+ DT, f)+S.(rf).
If f is a transcendental entire function of zero order, from Lemma 2, we have
Ak
T(r,P(AALF) = m(r, P(HALF) < m(r,P()f) + m (r, %)
< U+ Dm(r, )+8:.(r, f)
=+ DT, f)+S,(, ).

On the other hand, we have
™ ™ fl+1 fl f
— + — +
A+DT, )= T, ') = m(r, f'*1) < m(r, F )+ m(r,F) < m(r,P(f)> +m(r,A§f> +T(r,F)
Akf Ak f
< T(rF)+T (r%) +0()+S,(r, /) <T@, F)+N (r, %) +8,(r, )

<T(rF)+N (r, %) + KNG, )48, (r f) < T(r, F) + T(r, f)+S,(r, ).

So
IT(r, ) +S1(r, f) ST, P(NAGF) < L+ DT, ) + 51(r f).
Similar to Lemma 7, we have the following Lemma.

Lemma 8. Let f be a transcendental meromorphic function of zero order, g € C\{0,1} is a complex constant such
that A% f(z) # 0, P(z) be stated as above. Then

m—kl—=DT(r,f)+S(rf) < T(r,f"P(A’gf)) SMm+kl+ DT, )+ S.(rf).
If f is atranscendental entire function of zero order, then we have
(n=DT(@r, ) +S:(r, f) ST, fPPAES)) < (n+ DT, f) + S1.(r, ).

Lemma 9. Let f be a transcendental meromorphic function of zero order, g € C\{0,1} is a complex constant such
that A’g f(z) # 0, P(2) be stated as above, z;, z, ..., z; are distinct zeros of P(z). Then

1
NGTUMH

Proof. By the First Fundamental Theorem and Lemma 3, we have

) S+ DT0, f) + kN, ) + S.(r, ).

1 o1y (1 S /1
N(T,W)SN(T‘,W>+N<T)A§—]€)SZN(T,]TZj)+T(T,A$f)+0(1)

<tT(r,f) +m(r,Af) + N(r, Ak f) + 0(1)
k

<tT(r,f)+m (r, A}—f> +m(r,f)+(k+1DN@G, ) +0Q)
<@+ DT, )+ kNG, f) +S.(r, f).

Lemma 10. Let f be a transcendental meromorphic function of zero order, g € C\{0,1} is a complex constant such
that A’; f(2) # 0, P(z2) be stated as above, z, z,, ..., z, are distinct zeros of P(z). Then

_ 1 1
N (r, W) <N (n ]—c) +tkN(r, f) + tT(r, ) + S, (r, ).

Proof. From the First Fundamental Theorem and Lemma 3, we have

Volume 12, Issue 1 available at www.scitecresearch.com/journals/index.php/jprm 1751




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

_ 1 1 O 1
)+N(r'7P(A§f)) < N(r,?) +;N<r'7A’,§f—zj>
+tT(r, A f) +0(1) <N (r, %) +tm(r,ALf) + tN(r, Ak f) + 0(1)

k
+tm (r,Ajc—f> +tm(r, f) + t(k+ DN, ) + 0(1)

+tkN(r, f) + tT(r, ) + S (, f).

N

F(r—1 \<i
vamwo‘ (v

IA IA

= =
—_/

= =
I LA

IA
=

N N S

(-
The proof is complete.
3. The Proof Of Theorem 1 and Theorem 2

Proof of Theorem 1. Set F(z) = P(f)A’gf. From Lemma 7, we know that T(r, F) = T(r,f) and S; (r, F) =
S17,/. Next we will consider the following two cases.

Case 1. If f is a transcendental meromorphic function of zero order, by Lemma 1 and Lemma 9, we have

1
=) + 50 ) 1
< NG + N (185 @) + &+ DTE ) + NGO + (1

)+5,6.) h

T(r,F) < N(rF) +N(r,%) +1V<r,

)+ 510

1
F—a
)+Sl(r,f).

< @k + 2N ) + (¢ + DT, f) + N (r,

< @k + e+ 3TC )+ (r—

From Lemma 7, we obtain

(A= IOTT )+ 5. f) < @k +t +3)T(r, f) + N (rﬁ) + 5, ).

Then P(f)ALf — a(z) has infinitely many zerosas | > 3k +t + 4.

Case 2. If fis a transcendental entire function. By using the same argument as in Case 1, we have

_ 1
T ) +S,(r, f) < (6 + DT(r, f) + N (r, m) + 5, ).

Then conclusion holdsas [ > ¢ + 2.

Proof of Theorem 2. Similar to the proof of Theorem 1, and using Lemma 7 and Lemma 9, we can prove Theorem
2 directly.

4. The Proof Of Theorem 3

Proof. Set F(z) = P(f)A%f. From Lemma 7, we know that T(r, F™ = T(r,F) = T(r, f) and S, (r, F™ =
Si1(r,F) = S;(r, f). Next, we will consider the following two cases.

Case 1. Iff is a transcendental meromorphic function of zero order, we first suppose that [P(f) A% f1(™ — a(z)
has finitely many zeros. By Lemma 1 and Lemma 6, we have

_ | _ 1
T(r,F™) < N(r, F®™) + N (r, W) +N (r, m) +S(r, Fm)
<N F)+T(r, F™) = T(r,F) + Ny iy <r, %) +S(r, Fm).

Combining this inequality and Lemma 7, we obtain
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A=1T@, )+ S0, f) <T@, F) S N@, F)+ Nypyq |7 ( 1) + S(r, Fm)

S NG, f) + N(r, AL f) + Ny (r'P(f)> + N,y iq <r Akf) +5.(r.f)

S(k+2)1v(r'f)+zlvm+l (T ) m+1 (T fAkf)+Sl(r'f)
j=1

Akf) +51(7" f)

k k
Jor &m0 5

< (k+ 2N, ) + tT(r, f) +(m+1)1v( )+1v ]lc>+kN(r A4S0
Sm+2k+t+4T0, )+ S.(r, ).

< (k+ 2N(r f) + T f) + (m+ DN ( )
V(7

< (k+2)N(r,f)+tT(r, f) + (m+ DN

By assumption, we get a contradiction for | > m + 3k + ¢ + 5. Then [P(f) Ak f]™ — a(z) has infinitely many

ZEeros.

Case 2. If f is a transcendental entire function, by the same method, we get

IT(r,f)+Si(r, ) <(m+t+2)T(r, f) + S:.(r, f),

which is a contradiction with [ = m + t + 3. Thus, we complete the proof of Theorem 3.
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