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Abstract 
 
     In this note we consider a generalization of the notion of duo modules namely supplement 
duo modules. Where an R module M is called a supplement duo module if every supplement 
submodule of M is a fully invariant. Many results about this concept are given. Also we study when 
the direct sum of supplement duo modules is supplement duo, and relationships between a 
supplement dou module and other modules.  
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Introduction 
 

Throughout this paper all rings are commutative rings have an identity and all modules 

are untital. R is a ring and M a left R-module. A submodule N of an R-module M is called 

small denoted by N ≪ M, if whenever N + L = M for some submodule L of M, then L = M .A 

submodule N of M is called fully invariant if f(N)  N for every R-endomorphism f  of M. 

Clearly 0 and M are fully invariant submodules of M. The R-module M is called a duo module 

if every submodule of M is a fully invariant. The ring R is a duo ring if it is duo as R-module. 
Asubmodule N is called a supplement of L if N + L = M and,    N ∩ L ≪ N, M is called 
supplemented, if every submodule of M has supplement in M.  

  An R-module M is called a weak duo module provided every direct summand submodule of 

M is fully invariant [1]. 

In this paper we introduce supplement duo module, where an R- module M is called a 

supplement duo if every supplement submodule of M is fully invariant  

It is well-known that every direct summand of a module M is supplement then every 

supplement duo module is weak duo. In this  paper we study supplement duo module, and 

we give some conditions under which supplement duo and weak duo are equivalent. 

We need the following lemmas 

Lemma 1  [2]:  Let  M  be  an  R-module  and  N  be  a  supplement  submodule  in  M. Then  

every supplement submodule in N is a supplement submodule in M. 

Lemma 2 [3]: Let M be an R-module and let N and A be submodules of M such that N⊆A. If N is 
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supplement in M then N is supplement in A. 

Lemma 3:  Let M be an R-module, and let N⊆A be submodules of M such that if N is a supplement 

in M and 
𝐴

𝑁
 is supplement in

𝑀

𝑁
 , then A is supplement in M. 

Lemma 4: [4]  If A and B are supplement submodules of K and L in R-modules M and N 

respectively, then A⨁B is supplement of K⨁L in M⨁N. 

Definition (1): 

An R-module M is a supplement duo module if every supplement submodule of M is a 

fully invariant. 

 
Remarks and Examples (2): 

1-It is clear that every duo module is supplement duo and every supplement duo is weakly duo, 

but the converse are not true in generals, for example: 

The Z-module Q is not duo, for the submodule Z of Q is not fully invariant, 

But Q has only two direct summands namely (0) and Q. Hence Q is a supplement duo and a 

weak- duo Z-module. 

2- The direct sum of supplement duo modules may not be supplement duo  

     The Z-module Z2Z2 is not weak-duo, since there exists f: Z2Z2  Z2Z2 

defined by f(x, y) = (y, x),  x, y  Z2 . So if N = Z2  (0) (which is a direct 

summand of Z2Z2), then f(N) = 

a supplement duo module. 

(0)  Z2  N. Also, Z2Z2 is not

 

Proposition (3): 

A direct summand of supplement duo module is a supplement duo module. 

 
Proof: 

Let N be a direct summand of a supplement duo R-module M. Then M = N  W for some 

W  M. Let K be a supplement submodule of N and let f:N  N be an R- homomorphism 
module. Since N is a direct summand, then N is a supplement submodule in M, hence K is a 

supplement submodule in M[Lemma 1]. 

Define h: M  M by h(x)=f(x) for every x in N  and zero otherwise  

h is a well-defined R-homomorphism. It follows that h(K)  K, since M is a supplement duo 

module and K is a supplement submodule in M. But h(K) = f(K). Hence f(K)  K; that is K is a 
fully invariant submodule of N. Thus N is a supplement duo module. 

 

An R-module is called quasi-projective if for each R-module N and every epimorphism            

g: M  M and every R-homomorphism f:M  N, there is f  End(M) such that g∘f  = f, 

[5] 
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Proposition (4): Let M be  a supplement duo R-module. If M is a quasi-projective then for any 

supplement submodule K of   M ,   
𝑀

𝐾
 is a supplement duo R-module.  

Proof: 

Let  
𝐻

𝐾
 be a supplement  submmodule in   

𝑀

𝐾
  and  let h:  

𝐻

𝐾
 →   

𝑀

𝐾
   be an R-homomorphism. 

Let  π:M → 
𝑀

𝐾
  be a natural epimorphism .Since 

𝑀

𝐾
   is quasi-projective then  there exists g:M→ M 

such that  ποg =hοπ.Then g(m)+K= h(m+K) for every  m in M .  
𝐻

𝐾
  supplement  submmodule in   

𝑀

𝐾
  and 

K supplement submodule of  M, then  by lemma 3 H is a  supplement   in M .So g(H)H  ,but M is 

supplement duo module ,thus h(  
𝐻

𝐾
)=g(H)+K. 

Then 
𝐻

𝐾
  is supplement duo module. 

 
 

Proposition (5): 

Let M be an R-module such that every cyclic submodule is supplement. Then M is a 

supplement duo module if and only if for each f  End(M) and for each m  M, there exists r 
 R such that f(m) = rm. 

Proof: 

) Let f  End(M), m  M. Since <m> is supplement, then f(<m>)  <m>. Then we are done. 

) The stated condition implies f(N)  N for every f  End(M). It follows that M is a duo 

module. Hence it is a supplement duo module. 

Proposition (6): 

Let a module M = M1  M2 be a direct sum of submodules M1, M2 such that M is a 

supplement duo module. Then Hom(M1,M2) = 0. 
 

 

Proof: 

Since M1 is a direct summand  of M, then M1 is a supplement submodule in M. But M is 

a supplement duo module, so M1 is a fully invariant submodule in M. Hence Hom(M1,M2) = 0 

[1,lemma 1.9]. 
 

Theorem (7): 

Let M = M1  M2 be a direct sum of submodules M1, M2 such that annM1 + annM2 = R. 

Then M is a supplement  duo module if and only if M1 and M2 are supplement duo modules and 

Hom(Mi,Mj) = 0 for i  j, i, j  {1,2}. 

 
Proof: 

) It follows by proposition 3 and proposition 6. 

) Let N be a supplement submodule of M. Since annM1 + annM2 =R, then by [6,Theorem 

4.2N = N1N2   for some N1  M1 , N2  M2. It is esey  to show , N1 is a supplement submodule 

in M1 and N2 is a supplement submodule in M2.by lemma(1,2,3) Let h:M  M be an R-

homomorphism. j∘h∘ij:NJ    NJ  ,  j = 1,2, where j  is the canonical projection and ij is 

the inclusion map.Since  M1 ,  M2 are supplement duo modules Hence j∘h∘ij(Nj)  Nj, j = 1,2, 

and since  Hom(Mi,Mj) = 0 for i  j, i, j  {1,2}. 

Then h(N)=h(N1)+h(N2) j∘h∘ij(N1) +j∘h∘ij(N2)  N1+N2=N. 
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Lemma (8): 

Let M be an R-module such that

 

 

 M =  Mi , Mi  M. If N is a fully invariant 

submodule of M, then N = (N  Mi ) . 

 
Theorem (9): 

Let a module M =  Mi     

 

 

of submodules Mi(i  I). Then M is a supplement duo  

module if and only if 

(1) Mi is a supplement duo module for all  i  I. 

(2) Hom(Mi,Mj) = 0 for all i  j, i, j  I. 

(3) 

         

N = (N  Mi ) for each supplement submodule N of M.

Proof: 

) It follows by proposition 3, proposition 6 and lemma 8. 

) Let N be a supplement submodule of M. By (3),N = (N  Mi ) then N  M j is  supplement 

submodule of  in Mi. Let f:M  M. For any j  I. Let ij: M j M  , f:M  M  and            

j :M j  M where ij is the inclusion and j is the canonical projection. 
 Hence j∘f∘ij: Mj Mj   and  so  j∘f∘ij   (N    Mj)    N    Mj   for  each j    I.  By 

condition  (2),Hom(Mi,Mj) = 0  i  j.  

Hence f((N    Mj))   ( j∘f∘ij   )(N    Mj) ( N    Mj ). 
Then Mi is a supplement duo module for all  i  I.

 

Proposition (10): 

Let M be a supplement duo module. If K is a direct summand of M and L is a supplement 
submodule of M, then K  L is a supplement  submodule of M. 

 

Proof: 

Since K is a direct summand of M, M = K  H for some H  M. Since M is a supplement duo 

module and L is a pure submodule, then L is a fully invariant. Hence L = (L K)  (L  H). 

Thus L  K is a direct summand of L, so L  K is a supplement submodule  in  L.  But L  is  a 

supplement submodule  in  M, hence  L   K is  a  supplement submodule in M. 

 
The following remark is clear. 

 
 

Remark (11): 

      Let M be a semisimple R-module. Then the following statements are equivalent: 

(1) M is a duo-module. 

(2)  M is a supplement duo module, 

(3) M is a weak duo module. 

 

Recall  that  an  R-module  M  is  called  a  fully  stable  module  if  every submodule 

N of M is a stable submodule of M, where N is called a stable submodule if f(N)  N for any 

R-homomorphism f:N  M,[6]. 
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Note that every stable submodule is a fully invariant submodule. Hence we get the 

following result. 

 
Corollary (12): 

Let M be a semisimple R-module. Then the following statements are equivalent: 

(1) M is a supplement duo module, 

(2) M is a duo-module. 

(3) M is a weak-duo module. 

(4) M is a fully stable module. 

Recall that an R-module M is said to be extending (or CS), if every submodule of M is 

essential in a direct summand of M, [7]. 

Or  equivalently,  An  R-module  M  is  extending  if  and  only  if  every  closed submodule 

is a direct summand, [8]. 

 
Recall that an R-module M is called a supplement extending module if every submodule of 

M is essential in a supplement submodule of M [9]. 

It is clear every extending module is a supplement extending module. 

A submodule N of an R-module M is called closed if it has no proper essential 

extension.  
 

Proposition (13): 

Let M be a supplement extending R-module. Then the following statements are 

equivalent: 

 
(1) M is a supplement duo  

(2) Every closed submodule of M is a fully invariant. 

(3) M is a weak duo module. 

 

Proof: 

(1)  (2) Let N be a closed submodule of M. Since M is a supplement extending module, N is 
essential in a supplement submodule (say H). Hence N = H, that is N is a supplement submodule. 

It follows that N is a fully invariant, sinc M is a supplement duo module. 

(2)  (3) Let N be a direct summand of M. Hence N is a closed submodule of M [10] and so 

that N is a fully invariant submodule of M. 

Corollary (14): 

Let M be an extending module over a PIR. Then the following statements are equivalent: 

(1) M is a supplement duo module, 

(2) Every closed submodule of M is a fully invariant submodule of M. 

(3) M is a weak-duo module. 
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Proof: 

(1)  (2)  (3) It follows by proposition 15. 

(3)  (1) Let N be a supplement submodule of M. Since R is a P.I.R then by 

[11,excersice15,p.242], N is closed, and since M is extending N is a direct summand and so 

by(3) N is a fully invariant submodule of M. Thus M is a supplement duo module. 
 
 

References 
 

[1] A.C.Özcan, A.Harmanci, Duo Modules, Glasgow Math.J.48 (2006) 533-545. 

[2] J. Clark, D.V. Huynh, When self-injective semi perfect ring Quasi-frobenius Journal of 

Alg.165(1994),531-542. 

[3] A.C. Ozcan , Modules with small cyclic submodules in their injective hulls, Comm.  Alg , 

30(4)2002,1575-1589. 

[4] M. Harade , Non-small modules and non-  cosmall  modules, In Ring Theory Proceedings of the 

1978 Antwerp Conference, F.  Van Oystaeyened .New York: Marcel Dekker. 

[5] Anne   Koehler,   Quasi-Projective   and   Quasi-Injective   Modules,   Pacific Journal of 

Mathematics, 1971, Vol.36, No.3. 

[6] M.S. Abas, On Fully Stable Modules, Ph.D. Thesis, College of Science, University of Baghdad, 

1991. 

[7] Manabu Harada, On Modules with Extending Properties, Harada M.Osaka J.Math., (1982), 

Vol.19, pp.203-215.  

[8] Saad  H.  Mohamed,  Bruno  J.  Muller,  Continuous  and  Discrete  Modules, Combridge 

University Press, New York, Port Chester Melbourne Sydney, (1990). 

[9] Sahira M. Yaseen ,Mustafa M.T., Supplement Extending Modules,Iraqi journal of science ,2015 

no.56,pp.2341-2345. 

[10] K.R.Goodearl,  Ring  Theory,  Non  Singular  Rings  and  Modules,  Marcel Dekker, Inc. 

New York and Basel, (1976). 

[11] T.Y.Lam, Lectures on Modules and Rings, Berkeley, California Springer, 1998.  


