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The Banach Fixed Point Theorem for mappings in
general (< R, Ry >, ) -spaces

Andrzej Mach

Abstract.

The paper includes theorem giving the sufficient condition to the existence of a fixed point for
mappings in arbitrary set equipped with the family of binary reflexive and symmetric relations
satisfying some conditions. The result obtained is a generalization of the main theorem from [7].

Introduction

Let (X.d) be a complete metric space. The contraction ([1], [2]) is a mapping F :
X — X such that there exists L €]0,1] for which d(Fx, Fy) < L - d(xz,y), for all
x,y € X. The well known Banach Fixed Point Theorem formulated for (X, d) ([1], |2])
reads as follows. If I : X' — X is a contraction, then there exists exactly one fixed
point, i.e. the solution of Fa = x. The Banach Fixed Point Theorem is an important
tool in mathematical analysis and has been investigated under various conditions and
developed in different directions (|3], [4], [5], [6], [8]. [9],[10]). In the paper |7] it was
defined the notion of (R, p)-space with Banach Fixed Point Theorem in it. In the
presented paper is given a generalization of definitions and the main theorem from [7].

1 Notations, definitions, lemma

Let X, T be the arbitrary sets, ¢ : 1" — 1" be a fixed bijection and Fg be an eqiuvalence
relation in X, so Rg 2 I = {(z.x) : = € X}. Moreover, let R = {R;}er be
a family of binary reflexive and symmetric relations in X forming a chain such that
User Bt = X x X, ey Bt = Ro. Additionally we suppose that the family R satisfies
the following condition of p-transitivity

VtelT Vr,y,z€ X1 [(v,y) € Ry, (y.2) € Ry = (1,2) € Ry |-

The examples of such families are given in the next part of the paper.

12000 Mathematics Subject Classification: Primary 47H10; Secondary 534H25, 55M20.
Key words and phrases: fixed point, binary relation, e-transitivity, contraction, Banach fixed point
theorem, (R, ¢)-space, general (< R, Rg >, ¢)-space, << R, Ro >-contraction.

Volume 12, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 1828



http://www.scitecresearch.com/journals

Journal of Progressive Research in Mathematics(J PRM)
ISSN: 2395-0218

Definition 1.1. A set X with the family of relations described above will be called
in the sequel by general (< R, Ry >, ¢)-space.

Below is defined the notion of convergent sequence in (< R, Ry >, ¢)-space X.
Definition 1.2. We say that a sequence (2, )pen of elements of general (< R, Ry >, ©)-
space X is R-convergent to xg € X in X, which is denoted by lim, . x, = x¢ (or
Ty — xg), if and only if

VteT AN(t) eNVn > N(t): (r,.x0) € Ry.
In this case xp will be called R-limit.
Lemma 1.3. Fach sequence in general (< R, Ry >, ¢)-space X has at most one R-limii
with respect to Ro, i.e. for every such limits o, :1:6 we have (xq, ;zrb) € Ro.
Proof. Let us suppose “ad absurdum” that a sequence (z,)neny has two distinet R-
.. ' ' . . — e
limits x0 # xg and (xo,xq) € Ro. Since (V,ep Bt = Ro then there exists ¢ € T for
which (:1:0,;1'3) ¢ Ry. Let us take tg € T such that ¢(tp) = . By R-convergence of

’ ! v
the sequence (i, )pen to g and to xy we have (x,,x9) € Ry and (2, 2y) € [y, for
sufficiently large n € N. Hence, by supposition of ¢-transitivity, we get the contradiction

!
(0, ;I.‘O) € Ri.o(foJ = I C

Definition 1.4. A sequence (x,)ney of elements of general (< R, Ry >, ¢)-space X
is R-Cauchy sequence it and only if

VteT IN(t) eNVYn,m > N(t): (rn,xm) € Ry

Definition 1.5. A general (< R, Ry >, ¢)-space X is called complete if and only if
every R-Cauchy sequence is R-convergent in X,
The next definition are the generalization of definitions from |7].
Definition 1.6. For gencral (< R,y >, ¢)-space X, a mapping f : X — X is called
i o

< R. Ry >-contraction if the following condition is satisfied for all .,y € X

VteTl: [(;r.'_.y) e R = (EI??E T: (flx), fly)) € Rf and Ry C Rt)l.

and

if (x,y) € Ro then (f(x), f(y)) € Ro.

Definition 1.7. A general (< R, Ry >, p)-space X is called strong if and only if the
intersection of every sequence (I, )pen of shrinking relations equals Ry and

Vti.ta €1 Rtl - sz = Bcp(tl) - Rc,o(t-z) [l,l)
and for every n € Non > 3, for all £y, ta. ...ty €T it Ry | C Ry, ... C Ry then
(r1,72) € Ry, (w2, 23) € Ry, oo (01, 00) € Ry, oy = (21,1) € B (1.2)

for all 1, ....2, € X.
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Definition 1.8. A point 2*is called Ro-fized point of fif (z*, f(2*)) € Ro (Evidently
it Rp = I then [-fixed point is the classical fixed point of f).

2 Main theorem

Theorem 2.1. Let X be a general, strong and complete (< R, Ry >, p)-space and let
the mapping f : X — X be an < R. Rg >-contraction. The above suppositions imply the
existing of exactly one (with respect to Ro) Ro-fired point x* of f. so (x*, f(x*)) € Ro.

Proof. Choose xg € X. Define the iterative sequence
tn = flep,—1), forneN,

so x1 = f(wg), v = f(x1) = fQ(.-rrg)._ o s 1 = flrg_0) = f”_l[;zfo)._ Ty = flap_1) =

f™(xo).... . Let nym € N.n < m. We have

(Tn,xm) = (f" (o), f™(x0)).

Let us assume that (xg, x1) € Ry,. Since the mapping f is < R, Ry >-contraction then
we have

(r1,79) = (f(wo), f(21)) € Ry, and Ry, © Ry,
(wg,03) = ([(1), f(22)) € Rey and By, © Ry,
Continuing

(-1, 2n) = (Flon=2). flop—1)) € By, and By, | C Ry _,.

(T, Tpg1) = (flop=1), flxn)) € By, and Ry, C Ry,

(Tm—1. ) = (flep—2). fley—1)) € By, _,and R, _, T Ry _,.
From the above by (1.2)
(:I:n..'i!.‘.m) € Ri,o(fn).'

which means -by (1.1)- that (z,)pen is an R-Cauchy sequence. Let x* be its R-limit.
We have

VteT : (ap. ") = (flzn-1),2") € R, for all sufficiently large n € N.

Similarly,
Vit el : (xp_1.2%) € Ry, for all sufficiently large n € N

and since f is a < R, Ry >-contraction then we have also

VieT : (flop—1), [(«7)) € Ry, for all sufficiently large n € N.
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From the above, by ¢-transitivity
VteT: (x% f(a%)) € R,
and considering that (V,op Rypy) = Fo we get f(2*)Rox™. Now, we will prove that this
is the only one (with respect to Rg) Ro-fixed point. Let us suppose that f(z7)Rox].
f(x8)Roxs. By definition 1.6, we get casily
(], fM(x])) € Ro. for all n e N

and

(25, f"(25)) € Ro. for all n € N.

Let ts; € T'be such as (@7, 23) € Ry, . By the same definition 1.6 we get (f(27). f(23)) €
Ry, and Ry C Ry, 50

Wi €N (f(}). "(a3)) € o, G R,
From the above ¥n € N (23, f"(2])) € R, ) and
Vn €N (a1.23) € Ro2, y = (21,25) € Ro,

and the proot of theorem is finished. [

3 Examples, Remark, Problem

Example 3.1. Let X ;= R. Define 7' := Ry and ¢ : 1" — 1", o(t) := 2t. Let
A={(22.2241).(22+1.22): z€Z}. Rp:=TUA and

Veel: R:={(x.y) € X2, |z —y| <t} UA. (3.1)

Then R forms the complete (< R. Rp >. ¢)-space.

Example 3.2. Let X =R, T :={...,2",...,64,32,.16,8.4,2. 1, 2 4 8 2?1, -} We
put ¢ : T"— T as p(t) := 2t. The set A and the relation RD are the same as in example
3.1. Let us define the family R = {R; };er of reflexive and symmetric binary relations

in X as in (3.1). The set X forms the complete and strong (< R, Ro >, ¢)-space.

Example 3.3. Let X :={f: R — R} be the set of functions such that f(z) = 0 for
x € U, where U is a neighborhood of zero. Let

111 1 1 1
T =220 29 64.32.16.8, 4,2, 1,2, =, = . . ——. ——. ...
{ 27478 7997 2107 11"

We put ¢ : T"— T as ¢(t) := t. Let us define the family R = {R;her of binary
reflexive and symmetric relations in X as follows

VieT: Ry:={(f.g) € X?: Yoe|[-tt] f(x)=glx)}
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Moreover
Ro := Rg10 = {(f. g)eX?: Vre [— 210.210] flz) = y(:}:)}.

The set X forms complete and strong (< R, Ry >, ¢)-space. One can observe that the
mapping ¢ : X — X defined as follows

f %;rr . for x € [-219,210],

f(x). for » ¢ [—210 210].

(/) () =

is an < R. Ry >-contraction. One can observe easily that every function of the form

f() 0, for o € [-219,210),
r) = .
g(x), for x ¢ [-210,210],
where g(x) is an arbitrary function, is the fixed point of ®. Evidently, for arbitrary two
such functions f1, fo we have (f1. fa) € Ryp.
Remark 3.4. One can observe easily that if we put Ry := [ in theorem 2.1 we get
the main theorem from |7].
Problem 3.5. Let me suggest to the readers as the problem. Find interesting examples

of (<R, Ry >.¢)-spaces, < R, Ry >-contractions and other applications of the proved
theorem.
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