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ABSTRACT. Let p be a prime. We calculate bu, (BZ/p)", the connective unitary K —theory of the
n—fold smash product of the classifying space for the cyclic group of order p, as a graded group
using a Kiinneth formula short exact sequence for n = 2 and inductively for any n > 2. While this
smashing is in progress some other spectra appear, for instance, the spectrum HZ/p A (BZ/p)"
for r < n. In order to producing a new homotopy equivalent to bu A (BZ/p)™, we need to find a
homotopy equivalence which simplifies the spectrum HZ/p A (BZ/p)".

Keywords: The connective unitary K-theory;a Kiinneth formula short exact sequence.

1. Introduction

Let bu, denote connective unitary K-homology on the stable homotopy category of CW spectra
[1] so that if X is a space without a basepoint its unreduced bu-homology is bu, (XX, ), the
homology of the suspension spectrum of the disjoint union of X with a base-point. In particular
by (X°°S8Y) = Z[u] where deg(u) = 2.

For a prime number p, in [4], we calculate the connective unitary K-theory of the smash product
of two copies of the classifying space for the cyclic group of order p, bu.(BZ/p N BZL/p), using a
Kiinneth formula short exact sequence, which is isomorphic to b-u.*(\ff:_ll Y2 BZ/p) in odd degrees
and isomorphic to 7 (X2 HZ/plu, v, w]/wP~!) in even degrees.

In this section we shall merely introduce the IKiinneth formula sequence which implies our results,
in case n. = 2, upon taking homotopy groups.

In §2 we construct the maps which induce the isomorphisms in 1.3. Inductively, by replacing
BZ/p N BZ/p by (BZ/p)™", the n—fold smash product of BZ/p, for n > 2, we derive a homotopy
equivalence of spectra involving bu A (BZ/p)™", which in the left-hand side and other spectra
appearing while this smashing is in progress, for instance, the spectrum HZ/p A (BZ/p)™" for
< n. In order to produce this homotopy equivalence, we need to find first a homotopy equivalence
which simplifies the spectrum HZ/p A (BZ/p)"". and start with r = 1.

Following this homotopy and by a helpful corollary 3.6 in §3 we apply m.(—). the homotopy
group, for this homotopy equivalence to compute bu, (BZ/p)"" as a graded group for any prime p.

Let us fix some notations that we will use for this paper.

Notation 1.1.

e For n > 1, we write P, for (BZ/p)"". the n—fold smash product of BZ/p. In particular,
Py = BZ/p.
e For i, j >0, we write A; ; for 20 +2j — 2.

Volume 12, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm 1981



http://www.scitecresearch.com/journals

Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Theorem 1.2. [4] For any CW-complex X, we have a natural exact sequence [which is called the
Kimnneth formula sequence]

0 = bus(Pr) @z, ) bus(X) = bun(Pr A X) — Tory, ) (0 (P1) b (X)) [—1] —

Corollary 1.3. [1]
bugeir (Pa) =2 bugeyr (VIZ lizlpl) and
biiga(Ps) = mou (VP25 Vjkso DA PRHT p).

In order to compute bu,(P,) as a graded group we need to construct the maps which induce
the above isomorphisms and inductively, extend these results to construct a spectrum which is
homotopy equivalent to bu A P, for each n = 2.

2. The homotopy equivalence

2.1. As we have just seen, by the Kiinneth sequence we can compute buy(P>), which is isomorphic
iy . . . . _— .

to bu, (VP2 X2°P;) in odd degrees and isomorphic to 7, (X2HZ/plu. v,w]/wP~1) in even degrees.

In this section we will construct the maps which induce these isomorphisms. we will extend these

results to construct a spectrum which is homotopy equivalent to bu A P, for each n > 2.

Remark 2.2,
o VisoSNMHZ/p ~ HZ/p[v], where deg(v) = k and VP2 Y2 HZ/p ~ HZ/p[v]/(vP~1) where
deg(v) = 2.
e For deg(v) = 2(p — 1), VIZ2S2HZ /p[v] ~ HZ/p[u] where deg(u) = 2. So
VI 2V oo SN iy s NP2 s SRR g7 o Y2HT plug, ug. us) /(Wb ),
where deg(u;) = lorr(uz} = deg(us) = 2. We are not claiming any ring structure related to
Z/pluy, ug, uz]/(uh ) it is just a nice way to keep track of all the copies.

Lemma 2.3.
. . D=1 i . . . .
or a prime number p, there is a map bu A I e b A Py, which induces an isomorphism
F ] , tl bun Py — ViZ Y% bu A Py, which ind i
on homotopy groups in odd degrees,

Proof By [3] , we have a homotopy equivalence bu A BS* ~ Vo b A S%n . Denote by p :

bu A BST — szl 528 A bu the projection. Therefore we can construct the required map by the
composition of the following maps

pAPy

buAinP.
buninty, bun BS*A P, —— VIZ lzhb“/\n

bu A Py
where v 1 BZ/p — BS? is the classifying space of the inclusion map Z/p — S*.

Let f, : S?"tY — bu A P, represents the generator of bugp11(P2), so we have a composition
F,: S S bunPy — \/f;ll ¥2hu A Py which represents the generator of b-u.g.nﬂ(vf:_ll Y2hun Py),
and this shows that the map buA Py — vf;fz?i‘- bun Py induces an isomorphism in homotopy groups
in odd degrees as in 1.3.

g

For an abelian group &, we have (HG),, = K(G.n) for n > 0 where K (G, n) is the Filenberg-
MacLane space. By [2, p.393], for all CW-complexes X and all n > 0 there is a natural bijection
T:[X.K(G,n)] 2 H"(X:;G), where T has the form 1'([f]) = f*(x) for x € H"(K(G.n); G).
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Lemma 2.4.
For a prime number p, there is a map bu A Py — Vi_
isomorphism on homotopy groups in even degrees.

2
0

Vijso YM 2R HZ /p, which induces an

Proof

Let t = a® 3 € HMat2R(Py: Z/p) and g, : Py, — 8T HZ/p) where «a, 3, respectively,
represent generators of mod p cohomology of P of dimension m and n such that m+4+n = A; ; 4+ 2k,
and g; represents t, where

HY o428 (Py: T Jp) = [Py, S TR HE /]
Let 7 be the composition of
/ pAl / In
bunHZ/p ——— HZ/pANHZ/p ——— HZ/p

where p : bu — HZ/p represents a generator of (HZ/p)°(bu) = Z/p. The required map is the
composition of the following maps,

—2
buA(VEZgVi.i=00:)

bu A Py bu A (\/g;g Vi oo SN t2R 7/ p) ~

VEZ2Vy 508t i TRy

VP22 V4 gs0 St 2Ry A HZ/p s VRTE Vo SRR T p,

and using 1.3, we see that this map induces an isomorphism on homotopy groups in even degrees. U
By 2.3 and 2.4 we have the following result.

Theorem 2.5. For any prime number p. there is a homotopy equivalence

buA Py = VI S2hu A Py v (VP22 Vo AT HTZ ),

Remark 2.6. From 2.2, the homotopy equivalence in 2.5 can be written as
bu A Py = VPZIN2 by A Py v X2HZ/plu, v, w]/(wP™Y)
, 2= Vi , 1 /! Lovy)/ )
where deg(u) = deg(v) = deg(w) = 2.
Inductively, by replacing Po by P, for n > 2, we get another homotopy equivalence, where the
left-hand side is buA I?,. While this smashing is in progress some other spectra appear, for instance,
the spectrum HZ/p A Py for # < n. In order to conclude this section by producing a new homotopy

equivalence, we need to find first a homotopy equivalence which simplifies the spectrum HZ/p A P,.
Let us start with r = 1.

Lemma 2.7.  For any prime p, HZ/pA Py ~\/,_, X" HZ/p.
Proof Let f; : S — HZ/p A Py represents a generator of m(HZ/p A 1) =2 H;(Py,Z/p) =

(S HZ/p A P, and let [\, 8" = HZ/p A Py such that f|ge = f;. We construct F as the
composition of these maps

Viso HL/p A S' =\, o S HZ/p 222, Hz/p A HZ/pA Py 2225 HZ/pA P
Let g represents a generator of m;(\/,_ HZ/pAS?), s0g: ST — Vi-o HZ/pAS? and the composition

S \/HZ/pAS" - HL/pA P,

i>0
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represents a generator of w;(HZ/pAPy) = [S?. HZ/pA P1]. Thus the map F induces an isomorphism
Fy: Mokt (\/bo HZ/pnS") 2 Z)p = wops1 (HZ/p A Py) for all k., and Whitehead's Theorem shows
the required result. O

Remark 2.8.  For r = 1, smashing P, with the Eilenberg-MacLane spectrum of the group Z/p
gives a wedge of suspensions of this spectrum of the same group. This can be written also as
HZ/pA Py =~ HV;y, where H refers to the reduced case, Vy = Z/plaq] and deg(ag) = 1. Next we
will explain the corresponding result for » > 1.

Corollary 2.9. Forr > 1, HZ/pA Pr =V, ny . n oS T2 T 07 /p,

Proof It follows by induction from the previous result that

HZ/pNP.=HZ/pNPo_y NPy
= Vo na,. ey >Ozn-1+ng+---+n,-_1 (HZ/'})/\ )

Ty gt ,
& Vo, ngne>00 T "HZ/p.
O
Theorem 2.10.
For n > 2 and a prime number p,
p—1 n—1
bu AP, ~ ( \/ W22t 2in_1 g, A Pl) vV V Zn—H-—lHI_,;m
i) igeenin_1=1 i=1
- p—1 p—1 -1 .
where Vi, ; = Z/plur, ua. .. ., Uiga, U1, V2, . . ., -f.-'n_g__l}/(uf .-u.g ..... u.f ). deg(u;) = 2 and deg(v;)

1 for all j.

Proof The proof is by induction on n, where the case n = 2 is considered in 2.5 and 2.6 and the
result agrees with the above statement.
Now let us assume that the statement is true for n — 1. By 2.6 we have

bun P, =bun Py _o~= (\/?;i Y by A Pn.—l) v (E2HZ/’[J[H1. g, ug] /(127 A Pn—2)

[ SN in_o=

s VPR (VT L SRy A PV VIS Y, )V (SPH Vg A P)
By 2.2 we have

n—2 -1 yn+i—2425 7 n—2 ,,p—2 vy n+i+2j 7
ViCEVIZ ST HY, s = VIEEVECS ST HY,

n—2yn4i ) , , - p—1 =1
~ VIS HZ plug, . ., Uig3, U1, ... Un—i—2] /(0] ", ... ujy)
where the right side spectrum is equal to v?;212”+i_1H Vi And by 2.9, for r = n — 2, we have

S2HVo 1 APy = X"HZ/pluy, ug, uz, vy, g, .. ., -t.-‘n_g};’(-u.?_l)
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where the right side spectrum is equal to Y"1V, ; when i = 1. Therefore

p—1 n—1
bu A Pn ~ ( \/ ZQ%-1+2-i2+---+2‘i-?1—1bu_ A Pl) \ \/ Zn.+i71HI-";1!.l . \/ Zn'+i'71HI-";3!1
i1z in_1=1 i=2 i=1
p—1 n—1
=( \  mmrEmeEeguap) v\ Y,
i1,i2,0din_1=1 i=1

3. buy () as a Graded Group

3.1. In this section we are going to compute bu,(F,) as a graded group, first for p = 2 and after
that for any prime p. This calculations follow the homotopy equivalence in 2.10.

Notation 3.2. For n > 2 and p = 2, the homotopy equivalence which is in 2.10 can be written
as

i—1

buA Py = Y20 Dby A PLV VT Vi by ke iy >0 D2 O ik 117,79
where A = 241 4 2j2 — 2, see 1.1.

To compute bu,(P,) as a graded group, we apply m,(—) for the previous homotopy. In [4] the
eraded group 7 (X2 Ybua Py ) is computed, which is non-zero just in odd degrees. So to complete
this calculation we need to compute the homotopy group of the rest of the wedges of the ahove

Cthat e n—1 2(n—i—1)+A+2 1k, /
homotopy, that is, T, (ViZ] Vi o ks ks ki 150 2 ( ) i=tT HZ,/2).

Now we are going to introduce and prove a supporting corollary for this calculation.

Corollary 3.3. Let Xin.kl.kz....,kn _ @Umﬂ—*(E2m.+.»\«;,j+EZ:1kaHZf2)1 where n,m,and k, > 0
and A;j as in 1.1. Then, for £.£ >0

~muky ke, ke ; t—m+£
@kl'kz"“!k” >0 odd EBJr<’2£+1_----.kn =0 even «X% "= (Z/.Z)( 1 )

and
sk ke, ke ‘ t—midl
eBk1,k2,...,k2é‘+1)D odd @kgngg,....kﬂ =0 even ‘X23+1 "= (Z/Z)( nd )

Proof Inductively, we will prove the first claim. in degree 2¢, and the analogous calculations for
the other claims are similar.
Firstly,
o R
Xg:.j\.l.;\.z,___.kﬂ _ [Zf?)( Zla_l 3 )
and analogously.,

—mal_yn_ ko
‘X;?ff~k2u--:kﬂ — (Z/Q)(r m+3 Za=172 )

So

r—m—l—z’;:z %‘L(S n kg

- g 2 : t—m— —a
@k1>0 even«X;?Rl’h’"”R” = (Z/?}EQ:O 1) = (Z/Z)( 5 2 )
Then. inductively, if we assume that

t—m—_E"

Lk ko, k ¢ !
@kl,kg....,ks‘)ﬂ even)i;r;' e "= (Z}{Iz)( A+1 )
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then we have

ko
t—m =Rl 5

Xm hka,s == (—BI@_3+1 >0 even [Z;’Q)( B+1 )

@kl.kz kg 410 even~

kg k
wiTmels ~Xli—p42 3 s t—m- 0 5425
(ZQ) (s41) — (Z/‘Q)( e )
Similarly, we can calculate that,
K1k, k (“"”“k =
. rm ..... o ¢
@k‘l.kz =0 odd ija.k.; Jey >0 even «X T "= qjkl.k’z =0 odd(Z;’Q) n—-t
14ky

) f—Mm——g= o
- @k‘]_)ﬂ Ddd(Z.foJEE:D (ﬂ_lj

-+

= Bk, >0 odd(ZIfQ) (t—m -
= (2/2)7= () = 2/2) ()

Hence
26 ka
. fmk e ke . fom—Eamy 5
Bhey kg kg >0 0dd Bhypyy,de, >0 even Xog 0" = By kg, kg >0 och(Z/Q( noairi o)

[~

(r m— ):2f 1—2¢+l)
= Bky k... kor_1>0 0dd (Z/2) no2t4a

26—-2 kg
t—mm— Ea I +1)

= By ka,....kas_2>0 odd(Z/?)( n=2043

(!: m— Ezf 2”4214»?})
- @kl.kz k’zf_zn}"o Odd(Z./Q) " 2£+2??+1

When 5 = 7 — 1, the right side is equal to

r—m—Eﬁ_ %L+£‘—1j

Bl oz >0 0 (Z/2) et
This completes the proof. O

z:—m+£)

= (Zf?)( nt1

Lemma 3.4. Let ny > 0. Then

bug(Py,) =2

n— my—1 i t—n4ji4i
(Z;’Q}Ef:ﬂz 2o (@) (T, when s = 2t, n =2n; or n =2n; + 1,
Z)2tn 2 g (Z/Q)Zﬁ;‘f T AT When s = 2t + 1, n=2n;,
Zj2t 2 gy (Z)2) %~ ST ) (TR when s = 2t +1,n=2n +1,

i+l
0, otherwise .

Proof If we apply homotopy groups to the homotopy equivalence in 3.2, we get

o 2(n— n— ~n—i—1,k1,k2,..., Fei—
by (Pr) 22 buy (N2 VP @ @77 By kg0 Xi R
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The factor bu, (Y2 =Y P} is concentrated just in odd degrees, see [4], whereas the factor

. Fn—i—1.k1.ko.... ki1
By ko, ki1 >0 '

is concentrated just in even degrees when ¢ = 1 and in both odd and even degrees when i > 1. By
3.3, the result follows. O

3.5. When p is odd we write bu for the conmective unitary K-theory with p-adic integers coefficients
where bu =~ \/f:_g Y%y, and lu is called the Adams summand, lu, (25" = Z,[v] and deg(v) =
2p — 2. By [4] we have luap(p—1)42i-1 (X BZ/p) = Z/pt fori=1...., p—1.

For n > 2 and any prime p, the homotopy equivalence which is in 2.10 can be written as

p—1
bun P, ~ ( v 22“+2’32+'"+2?‘”*1bu./\P1)
i1,02,..in_1=1
n—1 p—2 2(n—i—1)4A4 o+ S T ke +28" 20N .
V VI Vi o ks ks k150 V)\l,)\z.---.)\n_«FDE ( )+ NGy e+ E S ke +2X, 0, aHZ;{'p_

where A, 4, = 271 + 272 — 2, see 1.1.

And again to compute bu, () as a graded group for any prime p, we apply m.(—) for the previous

. 2 dod o p—1 - 2y 42t 4 +2in_1}, o Pl p—2
homotopy. The graded group &7, Tary (X buANP) =@y, B,
Z/pFtt where t = k(p— 1)+ > 4 ig+j+iand i =0,1,2,..., p — 2, which is non-zero just in
odd degrees. So to complete this calculation we need to compute the homotopy group of the rest
of the wedges of the above homotopy, that is,

—

n—1.,, p—2 2(n—i—1)+Aj, o +E T ke +287T0 A _
“*(V-izl VJ1:J2~k1=k2=----kz‘—1>0 VAI,AE....,)\,‘_FOE 12 A= o=t GHZ/}))'

Similarly, we need to introduce a supporting corollary for this calculation.

Corollary 3.6. Let X[WFthzknd — g o on (R2mAAe 450z ke +25020e HZ, /), where
n,m, o, kgand A, >0 and A; ; as in 1.1. Then, for £,£ >0

ket ke K, A PN A s AT
@kl,kz,...,sz)ﬂ odd @k2£‘+1~---,kn>0 even X gy 1:Rz e, A (Z/I))( i )
and
o
1k ke R A ' e e e e
Dy ka,....k2e41>0 odd Pharya.....kn >0 even ‘X2t+1 "= (Z/[))( n+1 )

The proof is similar to 3.3, where

temoyn_ Ra _wo oy
e =12 =17
‘X;Lk‘l.kz....,kn.)\ _ (ijj( a=1; a )
and
ka [as
cm kg kg ke A f-mtF-Tio STt ta
X;T;_Hl S [Z/p ( 1 )
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By applying the homotopy group to the homotopy equivalence in 3.5, and by 3.6 we get the
following result.

Theorem 3.8. Let ny > 0. Then for a prime p,

bug(F,) =

4 Dzﬂl—l (23'1)(Y—?l+j+‘i+2—2:_:;f_1)\a')

(Zf})}z A i+ when s = 2t, n = 2n,
orn=2mn;+1,
n—2 nl 2 i t—n4j+it+3— Eﬂ lx\a
Lk t) D (Z/pjzf 0 T dngos=0 Dida - (aiha)( i+t ) when s = 2t + 1,
n=2n,
n 1 i t—ntijt+it3 EZ= 1/\“_
]_"(k f) (Z/I))Zj 0 ZAI Agieii Ay —i— l_Dz 0 (2;+1)( i+l ! ) -whe-n § = 2?* + 1:
n="12n +1,

L0, otherwise .

Example 3.9. Let p=2 and n =05, then by 3.3 we have
b"fl-Qt(Pﬁ) — (2/32)23 ozf =0 (2)2)(: ?11‘+£)
Similarly, we can caleulate that
()"11.23+1(P5} o Z/Qt_S fas (Z/Q)E_?:D Yieo (zfﬂ. 1)($+;1§72)
For t = 5, we have buio(Ps) = (Z/2)%, the direct sum of 69 copies of Z/2. And buy1(Ps) =
Z/ADB(Z)2)195. whereas, in case p = 3, buy  (P3) = (Z/3)* @ (Z/3%)* @& (Z/3)%° = (Z/32)* & (Z/3)*
and buio(Ps) = (Z/3)5.
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