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Abstract

In this paper, the existence of at least two solutions for periodic boundary value problems is obtained by the critical
point theory. The interest is that the nonlinear term includes the first-order derivative and may not satisfy the classical
Ambrosetti-Rabinowitz condition.
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1. Introduction

This paper considers the existence of at least two periodic solutions for the following kind of boundary value
problems (for short BVPS)

(6 (x () = (@), (x(D) + f (&, x(DNg(x (©)), t € [0, TI\{ty,+, 11}
AG(x (t)) = L;(x(t)),i = 1,-++,k(1.2) (1.1)
x(0)—x(T) =0, x (0)—x(T)=0.

— p-2

Here, p > 1, T > 0, ¢, (%) = [x[P2x, G(x) = fox%ds

The periodic BVPs have received a lot of attention. Many works have been carried out to discuss the existence of at
least one solution, multiple solutions. The methods therein mainly depend on lower and upper solutions with
monotone iterative™™ and fixed point theorems'?, etc. Reciently, variational methods have been used to study the
existence of periodic solutions, such as [3,4]. Moreover, Ambrosetti and Rabinowitz™™® established the existence of
nontrival solutions for Dirichlet problems under the well known Ambrosetti-Rabinowitz condition: there exist some
u>2 and R > 0 such that

0< ,ufoxf (t,s)ds < f(t, x)x

forall t € [0,T] and |x| = R. Since then, the AR-condition has been used extensively. By the usual AR-condition,
it is easy to show that the Euler-Lagrange functional associated with the system has the mountain pass geometry and
the Palais-Smale sequence is bounded.

Since it is not easy to verify the corresponding Euler functional satisfying (PS)-condition, few papers consider the
boundary value problems with the nonlinear term including the first-order derivative. G. A. Afrouzi and S.
Heidarkhani'® proved the existence of at least three weak solutions for the Dirichlet problem
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{y” +Ah(yY)f(t,y) =0, a<t<b
y(a) =y() =0,

where a,b € R, 1> 0. Based on the three critical points theorem in !, the authors did not need to verify
(PS)-condition of the corresponding Euler functional.

To the best of our knowledge, no people consider the existence of at least two solutions for periodic BVP with the
nonlinearity including x by using variational methods. As a result, the goal of this paper is to fill the gap in this area.

The outline of the paper is as follows. In the forthcoming section, we present some general results. In section 3, we
exhibit the existence of at least two solutions. Thoughout, assume a(t) € C([0,T];(0,4+)), F(t,x) =

[ F (twdu, G(x) = fo"%ds and

(A)f(t,x):[0,T] x R - R is continuous.

(A2)g(x):R = R is continuous and there exist constants M > m > 0 suchthat M > g(x) = m, x € R.
(A3);(x):R - R iscontinuous, i =1, -, k.

_ -2 4
Remark 1.1 From the expression of G(x), one has %G(x) = @DIPdx _ g (Gp D) %lep <GOx <

. ) ) glx) dt g9(x)
ZxlP. = x|P X — |xIP
L v L Jy G(s)ds < o 1P

2. Preliminary
The Sobolev space W1P[0,T] is defined by
wl?[0,T] = {x:[0,T] - R|x is absolutely continuous, x" € I? (0,T; R), x(0) = x(T)} (2.1)

and is endowed with the norm

1
I x ll= (fOT | x(t)|Pdt + fOT | x (t)|Pdt)r. (2.2)
Then, from [3], W1P[0,T] is a sparable and reflexive Banach space. Next, we show some basic knowledge.

Theorem 2.1 For the functional F: M c X — [—o0,+00] with M # @, min,cy F (1) = a has a solution in case
the following holds:

(i) X is a real reflexive Banach space;

(if) M isbounded and weak sequentially closed, i.e., for each sequence {w,} in M suchthat u, = u as n — oo, we
always have u € M;

(iii) F is weakly sequentially lower semi-continuous on M.

Theorem 2.2P Let E be a Banach space and ¢ € C1(E, R) satisfy (PS)-condition. Assume there exist x,, x; € E,
and a bounded open neighborhood Q of x, such that x; \ Q and

max{ @ (%), ¢(x1)} < _inf @ (x).

Let
[' = {h|h:[0,1] = E is continuous and h(0) = xy, h(1) = x;}

and

© = jaf gy 0 (RO

Then, c is a critical value of ¢, that is, there exists x* € E such that <p'(x*) = and ¢@(x*) = c, where ¢ >
max{ ¢(xp), p(x1)}.

For x € C[0,T], suppose Il x llo= max,ejory | x(O), | X ll,= mineepo 7y | x()].

1 1
Lemma 2.1 If x € WP[0,T], then, I x ll,< C Il x | where C =T » + Tq.

Lemma 2.2 There exists a positive constant ¢p such that
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Gplx—ylP, p=2,(2.3)

(22— P2y, x - 21 Jr—yP 2.3)
¢, 2L 1<p<2(24
Pl + yDE? 24

forany x,y € RV, |x| + |y| # 0. Here, (x,y) = x-y'.

In the following, we state the (C) condition®]. Let ¢ be a Frechet differential functional and H be a Banach space,
(C) Every sequence (x,),eny S H such that the following conditions hold:

() (@(x,))nen is bounded,

GO+ 2, 1) 1@ (%) lly=— 0 as n — oo

has a subsequence which converges strongly in H.

3. Existence of at least two solutions

Define

T 1 x' k x(t;)
o (x) :fo [F(t,x)+5a(t)|x(t)|p +f0 G(u)du]dt+;f0 I, (Hde, (3.1)

Obviously, ¢ is continuously differentiable on W'P[0,T] and by computation, one has

T

! T T ’ ’
<@ x),y= -[0 f (¢, x)ydt +j;) a(t)p,(x)ydt +f0 G(x)ydt

+ X L ()Y, xy € WHP[0,T](32)

Lemma3.1If x € WTl"’ is a critical point of ¢, then, x is a solution to BVP(1.1).
Lemma 3.2 Assume (A1), (4,), and the following conditions
(B1) there exists some constants u > p and y4,y, satisfying

pF(t,x) —xf(t,x) 2 y1x? —y2, x€ER;

flx) _

[x|p-1 —oo, limy,, o,

ftx) .
[x[p—1 =+, t€ [0' T]'

(BZ) limx—>+oo

_ 1 1
(B)umin{ Il @ llp, 3} > pmax{ ll @ lleo, 3
(BDO < L;(x) - x,I;(x) < b; + cx™ L, 1 <p,b;,c; ERY,i=1,,k
hold, then the functional ¢ satisfies (C)-condition.

Proof. Let (x,),eny beasequencein WP[0,T] suchthat ¢(x,) isboundedand Il ¢ (x,) X (141 x, ) = 0 as
n — oo, Then, there exist a constant C; > 0 and a sequence (&, )nen, €, = 0 @ n — oo such that

|¢(xn)| < Cl! | < (p’(xn)'xn > | < En- (3-3)
Suppose |l x,, - o, n —» . Set y, = "i"" for all n = 1. Obviously, Il y, I= 1, that is, (y,),en iS @ bounded

sequence in WP [0, T]. Going to a subsequence if necessary, we may assume that
Yo =y inWHP[O,T], y,(t) = y(t) in[0,T].
From (3.3),

Jy a@®lxalPdt+f] GG )xa'dt | T f(tx2)7n T 1O ()% () €n
L <
| I I Jo e At + TND < (34)

Moreover,
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T T ’ i
1 [ a@pxnPde+ ] 60e )x, de
mln{ﬁ, lal,}<]| PN

Let Qf = {t € [0,T],y(t) > 0}, Qp = {t € [0,T],y(t) < 0}, then, x,,(t) = +oo for t € QF, x,(t) » —oo for
t € Qy, n — co. By the hypothesis,
[ x, (1)

(e (D))P 1

| < max{=, Il @ ll,,}(35)

- —00, tEQF, n—o oo

If measQf > 0, then,

O (O)P W - —oo, tEQ], n- .

If measQy > 0, then,

D () % = 5% Ol (t)lp‘”l% - —00, tENF, N>,
Moreover,

ICEN f (&%, ()

= J & X (D) [t x, (1))
o Ix, P71 dt = Lg(y" ©) (x, (£))P1 dt + QO_(Yn )

Gy 1%

f (@& 2, (£)) % (6)

N 50,
prn@juay 1%l

Then, from (B,), there exists some constant k > 0, f(t,x)x < 0 for |x| > k. For |x| <k, f(t,x) is bounded by

i [ xn (£)xn (1) ; . . .
continuity, hence, f[o_T]\(quﬂa)Wdt is bounded or negative. By (B3) and the discussion above, one has
RACEV
rET— t > —00, n— oo,
o lxq P

This reaches a contradiction, that is, measQf = measQy = 0. Then, one can conclude that y(t) = 0 for a.e.
€ [0,T]. Hence, y(t) =0, t € [0,T].

Moreover,
Xn/

lmin{ lal i} Il x, IP< fT[la(t)|x 17 +f G (w)du]dt
p mrM n - 0 p n 0

<= @t} 1 2y 1P
_pmax{ a oo,m} x, 17,

1 T i 1
min{ || a ”m’M} Il x, IP< f [a(®)]|x, (O + G(x, )x, ]dt <max{ |l a IIOO,E} I, 1IP.
0
0 < L;(x, (&) - xn (&) < bylxen, (8| + ¢l (8] < by | %y I+ 12, NI°

xn(ti)

If I; @dt] = 1;(S) - % (t)| < b2, (€] + cilxn ()] < by Il % 1| +cFe; Nl X, I
0

1 1

Here ¢ = T » + T4. Hence,

k
1 1
~C— o max( @ o, 1 %, "”—Z“bi I x, Il +c7e; 1l x, 17
i=1
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T 1 1
< f F (t,%,)dt < C; —=min{ | a ll,,,~} | x, I,
0 p M

—&, + min{ || a IIm,M} Il x,

T
—f f (¢t x)x,dt
0
1 k
< &+ max{ 1@ oy} 1 3, 1P+ Z(Cbi I, I +ctc, Il x, 1),
i=1
Then, one has
uC 7 1
—— T max{ | a ll,—}
lx, I” p m
T
F(t, x 1
< f Mdt < —Emm{ I a IIm, Z( T— €' —),
o lxg IP p II Xy, IIP "I x, IIP Il x, IP~F
+ min{ |l a ll,,,
l Xn IIP { m M}
Tt x,)x, 1
s — —dtSmax ||a||oo, Z T'—.
L L t IIP (cb IIP T, 1 LII Xp IIP‘T)
Moreover,
K a1l @ llo—3 + ming | a I~
pmax{ a °°'m} min{ || a m,M}
T
F(t,x,) — t,x
< i [HEOI 0O
n—-+oo JQ |xn|p
_H 1 1
< . min{ || a IIm,M} + max{ |l a "°°’m} <0. (3.6)
By (B1),
F(t,x t,x xP —
lim u ( n) nf( n)l nl > lim Y1xy Y2 |yn|p _)0’
———" | |P note | Xnl?

which is contradictive with (3.6). Hence, (x,,).en is bounded in WP [0, T]. By the compactness of the embedding
WlP[0,T] & C[0,T], the sequence (x,),cy has a subsequence, again denoted by (x,,),ey for convenience, such
that

x, = x weakly in WP[0,T],
x, = x strongly in C[0, T].

From (3.2), for m,n € N,
< (p/ (xn) - (l’, (xm)lxn —Xp >

1 1
- fo () = £t xm)) (o — X )t + fo 0 (6) (B () — By Cn)
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1
(tn — X )dt + f (G0) = GO m)) (X n =X m)dt
0

k
+Z. (i (xn (8)) = 1; (e (£))) G () — 23 (80))-
i=1

Since (%, )nen isaCauchysequence in C[O T], f(t,x) is continuous in x, G(x) is continuous, and | < ¢’ (x,,) —
@ (A — X > <o (xn) I+ @ (xm) ()] || X, || Il x, —x,, I is bounded in WP[0,T], I
@ () I+l @ () l= 0, n,m — o0, one has < ¢ (xn) (p (X)) Xy — X,y >— 0. Hence

f(G(xn')—G(x'm))(x'n—x'm)dt—>0, n,m— oo,
0

Moreover,
T S “ Dl
J| (@) =06 e s = 2 e = f(f B ds) (e = )it
> Mfo (B0 ) = By o N’ = 3, )t
>0
then,
Jo (89 (xa) = by Gom N’ = 2 )t 0, asm,m = oo, (3.7)

If p = 2, from Lemma 2.2, there exists a positive constant c,such that

I3 (p () = (i N = % VL 2 ¢, [ 12, = %, [Pt (38)

If p <2, by Lemma 2.2, Hélder inequality and the boundedness of (x,,),cy in WP, one has

o, , T x, —xy |P p@-p)
| %, —xp |Pdt = ; p(z_p)(|xn |+ 1%, ) 2 dt
0 O (lxn |+ |x D

i P
<[ gl w1 T

— ) , p (- 1)(2 P)
<c fo(qb,,(xn)—cp,,(xm) G’ = 2 )0)52

T -
n’ P m’ Pydt) =
(foux P+ | 7))
» T , , INCENED
< sz ( o (¢p(xn )_ ¢p(xm ))(xn — Xm )dt)Z
UM, 1P 41 %, 7)) 2 (3.9)

From (3.7)-(3.9), we have f01 | %, — X, |Pdt > 0 as n,m — oo. Then, |l x, — x,, = 0, that is, (x,)nen IS @

Cauchy sequence in W'P[0,T]. By the completeness of WP[0,T], one has (x,),ey has a convergent
subsequence.rnu

Theorem 3.1 Assume (41), (4;), (B1), (B2), (B3z) and the following condition

(Bs) there exist positive constants 14,1, R, < p, such that for || x [[= R
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—F(t,x) < l{|x]|° + 15,

and
1
o min{ |l a ll,,,—}
Tl pllRU + lzT < meRp,
hold, then, BVP(1.1) has at least two periodic solutions x,, x; and |l x, I< R.

Proof. First, we show for the constant R > 0 given in (B,), ¢ has a local minimum point x, in By = {x €
WLP[0,T]: Il x lI< R}. There are two steps.

Step 1, we show x, € Bg. Obviously, By is bounded and weakly sequentially closed. In the following, we show ¢
is weakly sequently lower semi-continuous on Bj. Let

T 1 x' T k x(t;)
p1(x) = j [ma®)|x(®)|P +J G (Wduldt, ¢,(x) = j F (t,x)dt + Zf I; (t)dt.
o P 0 0 =i Jo
Assume x, - x in W'P[0,T], then, Il x,” —x  ll,»— 0, Il x, — x ll;»— 0. Hence,

1 T T ,x,
016) = 01COl < 5 Nl [ [l = fePlde+ [ 1] " 6 @dulae
0 0 x

1 T 1 (T, :
<-—lalle f | xn [P — le”ldt+—f x| = x [P]dt.

p 0 mp Jy
Define h(x) = |x|P, p > 1. It is obvious that h € C'[0, T]. By applying the Mid-value Theorem, there exists {(t)
satisfying 0 < {(t) < 1 such that

1w P = X' 1P = plx (©) + SO (x5 (&) =X ()P X x o () — X (©)]-
Moreover, there exists § > 0, such that
X' () + () (x5 (&) —x @)IP < S[Ix O+ |x, () — ' (©)]P~*] € L1([0,T]).

Hence,

T xnl 6 T r 1 ’ r T r r
— P— — — p
fo Ifx, G (wduldt < [mpfo lx (P o (1) —x (1f)|dt+j0 | %, () —x (O)|P]dt

<2 q f X P f Y (6 —x (O dey + f N (6 — X (P Jde
mp - Jy 0 0
—0,n—00

1 1 . . . T .
Here, 3+z_r = 1. With the same discussion above, one has fo [ 12, [P — |x|P|dt - 0 as n = o. Hence, ¢ is

continuous. Since ¢, is convex, then, ¢, is weakly lower semi-continuous. Assume x, — x in W1?[0,T], then,
x, = x in C[0,T]. Hence, ¢, is weakly semi-continuous. Therefore, ¢ is weakly lower semi-continuous. From
Theorem 2.1, ¢ has a local minimum x, € Bj.

Step 2. If xy € dBp,

T I
©(xy) = f F (t,xp)dt +
0

a "m le (t)lpdt + 1 le ’ |pdt
X —_— X
p 0 ° pM J, °

. 1
min {Ilallmﬁ

> [} F (tx)de + 5 xg 1P, (3.10)
Moreover, ¢(xy) < ¢(0) = fOTF (t,0)dt = 0, that is,

. 1
min {llally, 7}

Jy 1= F(t,xp)]dt = RP. (3.11)

From (B,),
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T T o a
f [ — F(t, xp)]dt < llf |%0]7dt + LT < T %l Il xp I°+ ,T =T  #L,R + I, T,
0 0

together with (3.11), we reach a contradiction. Hence, x, € Bp, that is x, is a critical point of ¢.

In the following, we show there exists x; satisfying Il x; II> R and ¢(x;) < min,eyp, ¢ (x). From (B,), for
VM > 0, there exists C;; > 0 such that

F(t,x) < —M|x|?, |x| > Cy.

1 k2
;a(t)dt+zi=1f0 I (t)dt

Tl k
s;tpf 5a(t)cit—1\/1,11f’T+z (b + ¢ 22) = —co,
0 i=1

L

Forlarge A > 0, M > 0, one has
T

o) = fOTF (t,l)dt+/1pfo

Hence, by the mountain pass theorem, one obtain another periodic solution x;.
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