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Abstract

In this paper we will show some new results about extended b- metric space. Given an extended b-metric
space (X,d,) ,we may define a new extended b- metric space with Pompeiu- Hausdorff metric H on the
set H(X) of the collection of all nonempty compact subsets of X. We will show that if (X,d,) is a complete
extended b- metric space then the Hausdorff extended b-metric space (H(X), H) is also complete.
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1. Introduction

The Pompeiu Hausdorff distance measures the distance between subsets of a metric space. It was initiated by D.
Pompeiu in [6]. Further Felix Hausdorff [7] studies the notion of set distance, in the natural setting of metric spaces
and made a small modification. Informally it gives the largest length out of the set of all distances between each
point of a set to the closest point of the second set. It is well known that given any metric space, the Pompeiu
Hausdorff distance defines respectively a metric on the space of all nonempty compact subsets of the metric space.
The idea of generalizing metric spaces into b-metric spaces was initiated from the works of Bourbaki [4], Czerwik
[5.] In [1] the idea of b-metric space was generalized further by introducing the concept of extended b-metric space.
In this paper we will extend the Pompeiu Hausdorff metric in an extended b- metric space.

Definition 1.1. [1] Let X be a nonempty setand &: X x X —)[l, +oo[ . Afunction d, : X x X —)[O, +oo[ is

called an extended b-metric if for all X,Y,Z € X it satisfies
1.d,(Xx,y)=0=x=y

2.d,(x,y)=d,(y,x)

3.d,(x,2) <O(x,z)[d,(x, y) +d, (Y. 2)]

It is obvious that the class of extended b-metric spaces is larger than b-metric spaces, because if &(X,y) =Db, for
b >1 then we obtain the definition of a b-metric space.

Definition 1.2. [1] Let (X,d,) be an extended b-metric space.

1.A sequence {X.}in X is said to converge to X € X , if for every &£ >0 there exist N = N (&) € N such that
d,(x,,X)<eforall n>N.
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2. A sequence {X }in X s said to be Cauchy, if for everye >0 there exist N =N(&)e Nsuch that
d,(x,,X,) <& forall n,m=N.

3. An extended b-metric space (X, dg) is complete if every Cauchy sequence in X is convergent.

Denote B(a,r)={xe X;d,(x,a)<r} and B[a,r]={xe X;d,(x,a) < r}. We call them respectively the
open ball and the closed ball.

Definition 1.3. Let (X,d,) be an extended b-metric space . A subset A of X is called open if for any a € A |, it
exists & > 0,such that B(a,r) — A . A subset of B of X is called closed if for any sequence {X,}, such that
limx, =X and X, €Bforall neN, then xeB.

nN—oo
In a b-metric space (X, d) are well known the following results

1. d, is not necessarily continous in each variable
2. Anopen ball is not necessarily an open set.

In an extended b- metric space (X, dg) we can say the same thing, since every b- metric space is an extended b-
metric space.

Lemma 1.1.[2] Let (X,d,) be an extended b-metric space. If d, is continous in one variable then d, is
continous in the other variable.

Lemma 1.2.[2] Let (X,d,) be an extended b-metric space. If d,,is continous in one variable then for each
ae X and r > 0we have

1. B(a,r)isopen
2. Bla,r]is closed
Definition 1.4: Let (X, d,) be an extended b-metric space . A subset A of X is called
1. compact if and only if for every sequence of elements of A there exists a subsequence that converges to an
element of A.
2.bounded if and only if S(A) =sup{d,(X,y):X,y € A}<oo.

3. totally bounded if and only if for each & > Othere exists a finite collection of open balls B(X,,&) such

that Ac | JB(x;,€).

i=1
Denote d,(x, A) =inf{d,(x,a):a e A} and H (X) the collection of all nonempty compact subsets of X .
Lemma 1.3. Let (X,d,) be an extended b-metric space where d,is a continuous function in one variable.

Let Xxe X and Ae H(X)then there exist @, € A such that d, (X, A)=d,(x,a,).

Proof: By definition of an infinum we can let {a, } be a sequence in A such that

d,(x,A)<d,(x,a,) <d,(x, A)+1 :
n
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Since A is a compact set then there exist a subsequence {ank}of {a,} that converges to an element & € A. Then
we get

1
d,(x, A) <d,(x,a, ) <d,(X, A)+— . (1)
r]k
By the continuity of d, it follows that lim dg(x,ank) =d,(x,a,). Ontaking limit as N, — oo in (1) we obtain
n—o0

d,(x,A)<d,(x,a,)=<d,(x,A).

O
Lemma 1.4. Let (X,d,) be a complete extended b-metric space and A a closed subset of X then the set Alis
complete

Proof: Is straightforward.

Lemma 1.5 (X,da) is a compact space if and only if it is a complete extended b-metric space and totally
bounded.

Proof: The proof is analogus to the case where (X, dg) is a metric space. The reader may find further details in [4]
orin[7]

Proposition 1.1. Let (X, d,) be an extended b-metric space where &: X x X — [1,+o0[ is a bounded function
(i.e., there exist s>1 such that for all (X,y) e X xX , (X,y)<s).If {x} isasequence in (X,d,) with

1
the property that d, (X, X,,;) <—— forall k , then {X,}is a Cauchy sequence.

(s+1)

S 4 €&
Proof: Let & >0 and choose positive integer N >1such that (—)"* < 7 Then forall N>m>N we

S+1
find that

d, (X, %) <sd, (X, X ) +S7dy (X gy X ,)+e+8" " (X, X, ) +S" ", (X, X,)

n-1
1 2 1 et Sn—m—l 1 + Sn—m—l 1 S ( S J im

<s m +3S m+1 + n-2 n-1 = m-1 +
(s+1) (s+1) (s+1) (s+1) (s+1) s+1) s

S S n-1 S m-1 S n-1 g z
< —+ <|—] +|—| <=t+==¢
(s+D" s+1 s+1 s+1 2 2

It follows that {X, }is a Cauchy sequence.

2. Main Resuls
Definition 2.1. Let (X, dg) be an extended b-metric space. For A, B € H(X), let

H, (A B) =max sup(d,(a, B)),sup(d,(b, A)) ;. The mapping H is said to be the Pompeiu-Hausdorff metric
aeA beB

induced by d,.
Definiton 2.2. For any A € H(X), and any positive number &, let
A ={xeX:d,(x,y)<¢forsomeyeAl= {xeX:d,(x,A)<e}.
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Remark 1: Notice that sup(d,(a, B)) <& if and only if Ac B, . By this last one we can give an equivalent

acA
definition for the mapping H as following

H,(AB)=inf{c:AcBandBc A }.

Proposition 2.1.[2] Let (X, d,) be an extended b-metric space. For any A,B,C,D sets of H(X) we have
a. sup(d,(a,B))=0ifand only if Ac B

acA

b. If B< C then sup(d,(a,C)) <sup(d,(a, B))

aeA aeA

¢. H(AUB,CuUD)<max{H(A,C),H(B,D)}

Proposition 2.2.[2]. Let (X,de) be an extended b-metric space and CB(X) denote the set of all closed and
bounded subsets of  X. Then (CB(X),H,) is an extended b-metric space where the mapping
0:CB(X)x CB(X)—[1,+00) s such that

O(A,B)=sup{f(a,b):ac AbeB}

Definition 2.3. An extended b-metric space (X, dg) is complete if every Cauchy sequence must converge to a
point in X.
In order to show that the space (H(X),H,) is complete whenever (X,d,) is complete we will choose an

arbitrary Cauchy sequence {A } in H(X) and show that it converges to some A€ H(X)

Let A be the set of all points X € X such that there is a sequence {X,} that converges to x and X, € A, for all

N e N . We will show that A is the desired point of convergence of the sequence {A1}
But first we give some important propositions.

Proposition 2.3. If d, is continuous then the set A, is closed for all Ae H(X) .

Proof. Let A€ H(X),&>0 and X be anarbitrary limit point of A_. Then there exists a sequence {X,} € A,
that converges to X . Since {X,}€ A_ for all n , by the definition of A_it follows that d,(x,, A) <& foralln.
By Lemma 1.3 there exist &, € A such that d,(x,, A) =d,(X,,a,). Therefore d,(X,,a,) <& forall n.By
the compactness of A it follows that each sequence {a,} has a subsequence {ank} that converges to a point
ae A . Also since {X,}converges to X then also its subsequence {X, }converges to d,(X,a). Thus by the
continuity of d,we have that d,(X, ,a, ) converges to d,(x,a). Since {a, }and {X, }are subsequences of
{a,Yand{x,} respectively, it follows that d,(X, ,a, ) <& for all k. Therefore d,(X,8)<é&,s0 XeA .

Note that since X was an arbitrary limit point , then A_is a closed set since it contains all of its limit points.
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Proposition 2.4. Let (X, d,) be an extended b-metric space where &1 X x X —> [1,+o0[ is a bounded function

by a number s>1 . Let{A1} be a Cauchy sequence in H (X)and let {nk } be an increasing sequence of positive
integers. If {Xnk}is a Cauchy sequence in X for which X, € Au , for all k, then there exists a Cauchy

sequence {a,}in X suchthat &, € A, forall nand a, =X, forall k.

Proof. Let {Xnk} be a Cauchy sequence in X for which X, € A1k , forall k. Define n, = 0. For each n that

satisfies N, ; <N<n,, use Lemma 1.3 to choose &, € A, such that d,(X, , A,) =d,(X, ,a,). Then we find
that

d, (%, ,8,) =d,(x, ,A)<sup{d,(a, A)}<H(A, A).

ach,

Note that since X, € A, , then d,(X, ,a, )=d,(X, ,A, )=0. It follows that X, =a, forall k. Let

&>0. Since {X } is a Cauchy sequence in X , there exists a positive integer P such that

Mg

for all k, j>P. Since {Ah} is a Cauchy sequence in H(X), by definition there exists a positive integer

&

(s+2s%)

integers j,K > P suchthat n,_, <n<n, and n;; <m<n,. Note that

N >n, such that H,(A,, A,) < for all n,m> N . Suppose that j,k>P. Then there exists

d, (@, a,) <sdy (@, %, ) +5°dy(x, , X, ) +5°d, (X, ,a,)

=sd, (%, , A) +5°0, (X, , X, ) +5°dy (%, , A,)

< ssup{dg(a, A])‘a € Ank}+szd9(xnk : xnj)+szsup{d9(a, An)‘a cA, }
<sH(A,, A)+5°d, (X, . %, ) +s"H(A, | A,)

& 2 & 2 &
<s s~+S s~ +$ o=¢&
(s+2s9) (s+2s9) (s+2s9)

} is a Cauchy sequence in X such that &, € A, for all nand a, =X, forall k.

Thus {a

n

O

From now on, the space (X,d,) is an extended b-metric space where €: X x X —>[1,+0[ is a bounded

function by a number S>1 and d,is a continuous function.
In the next Proposition we will show that A is closed and nonempty in order to show that Ais in H(X) .

Proposition 2.5. Let (X, d,)be a complete extended b-metric space and let {A1} be a sequence in H(X) and
let A be the set of all points X € X such that there is a sequence {Xn} that converges to X and satisfies

X, €A, forall n.If {A]} is a Cauchy sequence, then the set A is closed and nonempty.
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Proof. At first we will show that A is nonempty. Let {A]} be a Cauchy sequence, thus it exists an integer n,

1
suchthat H, (A, A) < —1 for all m,n > n,. Similarly there exists an integer N, >N, such that
S+

H, (A, A)<—= 1) for all m,n = n,. Continuing this process we have an increasing sequence {nk } such

(s
1
that H,(A,, A,) < 521y

X,, €A\, suchthat d,(x, X, )=d,(X,,A, ). Notethat

forall m,n=n, . Let X, be afixed point in A, . By Lemma 1.3 we can choose

dy (%, %,) =d,(x,, A, ) <sup{d,(a, A, )[ae A} <H, (A A) <

Simiarly we can choose X, , € A1 such that

dy (%, %,) =, (x, ., A,) <sup{d,(a, A, )[ae A | <H,(A,,A,) < (5+ 1)

By continuing this process we are able to obtain a sequence {Xnk }Where each X, € A1k for all k and

dy (%, %) =dy(%, , A, ) <sup{d,(a A, )

ach,J<H(ALA ) <

By Proposition 1.1 {Xnk } is a Cauchy sequence. Thus, since {Xnk } is a Cauchy sequence and X, € Aqk for allk ,
by Proposition 2.4 there exist a sequence {a }in X suchthata, € A, forall nand a, =X, forall K. Since

X is complete, the Cauchy sequence {an}converges toapointae X . Since a, € A, for all n, then by the
definition of the set A it follows that @ € A. It means that A is nonempty.

Now to prove that Ais closed, let abe a limit point of A. Then by the definition of the limit point there exists
sequence Yy, € A\{a}that converges toa. Since each Y, € A there exists a sequence {a “} such that

ank converges to Y, and an" € A for each n. It follows that there exists an integer N, such that X, € A11 and
1
de(xnl’ y,) <1. Similarly there exist an integer N, >N, and a point X,, € A, such thatdg(xnz, Y,) < 5 By

1
continuing this process we can construct an increasing sequence N, of integers such that d‘g(xnk ) yk) < E for all

K . Therefore ,we have that
d,y (X, @) <s(d, (X, Vi) +d, (Y, ).

Note that by taking limit as K — coto the above inequality it follows that the distance between {Xnk}and
aconverges to zero. Thus {Xnk}converges to a. This means that {Xnk}is a Cauchy sequence for which
X, € AWk for all K. By Proposition 2.4 there exists a Cauchy sequence {an}in X such that a, € A, for all

Nand &, =X, .Soitfollowsthata e A, thus Ais closed.
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O

Proposition 2.6. Let {A,} be a sequence of totally bounded sets in X and let A be any subset of X . If for each

& > Othere exists a positive integer N such that Ac A + &, then A is totally bounded.

&
Proof. Let & > 0. Choose a positive integer N such that Ac A, +F. Since A, is totally bounded, we can
S
“ &
choose a finite set {X; :1<1i<Kk}where X, € A such that A, < U By, (Xi,4—82). Note that for each a € A
i=1
&
from Lemma 1.3 there exists X € A such that d,(X,a) < e Furthermore there exists X, € A, such that
S
&
d,(x,x) < e So we have that
S

== @

&

. £
This means that for some i, B, (X,—)"A#. By reordering theX,’ s, we may assume that
A
£ . £ . .
Bdg(xi,z—s)mA;t@ for 1<i<p and Bdg(xi,z—s)mAzgfor i>p. Then for each 1<i<p, let
p
&
Y, €By, (Xi,z—) M A. We will show that A< U By, (Vi,€) . Let @€ A. As we mentioned before there exist
S

i=1

&g g
Xand X; such that satisfy inequality (2) and X € B, (X; ,2—) .Let y; € By (X ,2—) M A 1t follows that
S S

d,(@ %) < 5(d, (8, %)+, (%, ¥)) <5+ = .

Finally since for each @€ Awe found Y;for some 1<i< psuch that ae By (Y;,&), it means that Ais

totally bounded.

Theorem 2.1. Let (X,d,) be a complete extended b-metric space, then also (H (X), H) is complete.

Proof. Let {A1} be a Cauchy sequence in H(X). By Lemma 1.5 we know that {A1} are totally bounded and
complete sets. Define Ato be the set of all points X € X such there is a sequence {Xn} that converges to X and
satisfies X, € A, for all n. We need to show that A€ H(X) and {A]} converges to A. By Proposition 2.5, the
set Ais closed and nonempty. Let £ > 0. Since {A]} is Cauchy then there exists a positive integer N such that
H,(A,,A,) <& forall m,n> N .ByRemark 1 then A g(A])g forall m,n > N . Now we will show that
Ac(A,), forall n>N . Fix n> N and let @a € A. By the definition of the set Athere exists a sequence

{x}such that X, € Afor all iand {X}converges to @. By Proposition 2.3 the set (A, ) is closed. Since
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X, € (A,), forall i >N, then it follows that @ e (A,),. This means that Ac (A,), . By Proposition 2.6, the
set Ais totally bounded. Furthermore by Lemma 1.4 the set A is complete. Finally since it is totally bounded and
complete it is compact. Thus we proved that A€ H(X). Now to prove that {Aj} convergesto A let £>0.

We must prove that there exists a positive integer N such that H, (A, A) <& forall N> N . By Remark 1 we

need to show that Ac (A,),and A, < A . But from the first part of our proof we know that there exists

&
N suchthat Ac (A,), forall N> N . Now to prove that A, — A ,let ye A andlete >0. Lete‘l:—l
S+

We must prove that there exist a e Asuch that d,(y,a) <& . Since {A1} is a Cauchy sequence we can choose
a positive integer N such that H,(A,, A,) <&for all m,n>N . Additionally since {Aq} is a Cauchy

sequence in H(X), there exists a strictly increasing sequence {n.}of positive integers such that

&
H,(A, A) <(S+—le)”l for all m,n>n, and n, > N . Note that by using Lemma 1.3 and the fact that
&
A c (AH)&then there exist X, € A, such that d, (Y, X, ) < S—il' Also since A, < (A,) ,  then there
s+l (s+1)?

. & - .
exist X, € A suchthat d, (X, ,X, ) <-—=— . Continuing this process we can choose a sequence {X, } such

(s+1?

: &
that X, € A, for all positive integers fand d,(X,,X, )< —( ;_)m . By Proposition 1.1 we know that
| | 1 I+ S+

{x, }is a Cauchy sequence. Since (X,d,) is a complete extended b-metric space then the sequence {X, }is also
a convergent sequence. So there exist @ € X such that X, converges to a. By Proposition 2.4 we find that there

exist a sequence {Y, }such that converges to a, y, € A forall n and Yy, =X . This means that ae A.

Furthermore we notice that

o (Vs %, ) <y (Y, %, ) +dy (%, %, )+ (X, X0, ) 2 dy (%, 0 X, )

2 3 i-1 i-1
_s&e  SE s, s STy

< ot L_ | :
s+1 (s+1)? (s+1)° (s+1)'"  (s+1)

S (1 ( S )i—lj S
A 4 i— & i
s+1 s+1 +_slq Jlsel, Sa

. 1. S s+ ;S (s+D

s+1 s+1

<es+e =g(s+l) =sil(s+1) -
+

By using the fact that d, (Y, X,) <& forall iand d,is a continous function, it follows that d, (Y, a) <& thus
y e A . Therefore we know that there exists N such that A < A for all N>=N. So we have that
H,(A,, A) <gforall n> N, meaning that {A,} convergesto A€ H(X) . This completes the proof.
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