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Abstract

The principal aim of this paper is to discuss Lyapunov-type inequalities for fractional differential equations
with fractional boundary conditions. Some new Lyapunov's inequalities are established, which almost
generalize and improve some earlier results in the literature.
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1. Introduction
We recall the well-known Lyapunov inequality for Hill's equation
X"(t)+q(t)x(t) =0 (1.1)
where (t) € L'[a,b] is a real-valued function. If X(t) is a nontrivial solution of Eq. (1.1) such that
x(a) = x(b) =0, where a <b are two consecutive zeros of X(t), then the following inequality holds:

j:|q(t)|dt > b%a, (1.2)

where the constant 4 is sharp ( , and Ineq. (1.2) is known as Lyapunov inequality.

The Lyapunov-type inequality and its generalizations have been used as a useful tool in oscillation theory,
eigenvalue problems, disconjugacy, and many other areas of differential and difference equations, see for instance
[2-5, 8-10] and the references cited therein.

The study of Lyapunov-type inequalities for fractional differential functions has begun recently. Ferreiral”d first
study Lyapunov inequality in this direction, where he derived a Lyapunov-type inequality as follows.
Theorem 1.1 (see [7]) Consider the fractional boundary value problem

DX()+q(t)x(t)=0,a<t<b,
x(a) = x(b) =0,

where , D is the (left) Riemann-Liouville derivative of order o € (1,2] and q(t) :[a,b] — R is a continuous

function. If Eq. (1.3) has a nontrivial solution, then

J}la@ds > r@)= ) 14

In 2017, Agarwall et al. 8 studied Lyapunov type inequalities for mixed nonlinear fractional differential equations
with a forcing term

(1.3)
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D (x(®) + pE) X" x(®) +a@®) [x @) ~ x(¥) = f ),
x(a) = x(b) =0,
where O0<a<2,0<y<l<u<?2.

In this paper, we obtain Lyapunov-type inequalities for the Riemann-Liouville fractional nonlinear differential
equations with a forcing term

D7 (r(t)DZ x(t)) + Z p, (t) |x(t)|”k‘1x(t) = f(t),a<t<b,

x(a) =x'(a) =x'(b) =0,D x(a) = D?.x(b) =0,
where 0< g4, <2,1<k<n,ae(2,3], S @ 2].p(t), f(t):[a,b] > R are continuous functions for all

k=12,---,n, and r(t) e C[a,b] such that r(t) >0.

The organization of the rest of this paper is as follows: the next Section recalls some definitions and Lemmas which
will play an important role in the proof of our main results. In Section 3, we establish some new Lyapunove-type
inequalities for Eq. (1.5), and a example illustrating the result is also given in Section 4.

(1.5)

2. Preliminaries
In this section, we introduce some preliminaries.
Definition 2.1 The Riemann-Liouville fractional derivative of order & > 0 is defined by

(D2 £)(t)= F(t)

and

ey LAy £(S)
(OLNO=F0—m @ gyt Ll

where N =[a]+1.
Lemma 2.21 If Ais positive, and B, z are nonnegative, then
AZ? — Bz% + (2 — )/ g¥/(a-d p-al-a)g2iz-a) 5 g
for any « € (0,2) with equality holding if and only if B=2z=0.
Lemma 2.3 Let @ >0, if D?u eCla,b], then

12D u(t) =u(t) +Zn:ck (t—a)*™*,
where N =[a]+1. -
Lemma 2.4'"! Let 2<a <3 and y €C[a,b]. Then the problem
Diu(t)+y(t)=0,a<t<b,
{u(a) =u'(a)=u'(b)=0
has a unique solution

u® = [, 6(t.9)y(s)ds,

where
b-s.\,» a1 a1
1 (E) (t—-a)* —(t—s)*",a<s<t<b,
G(t,s)=——
(@) (E;S)“(t _a)ta<t<s<h.

Lemma 25 Let yeCla,b],1< f<2<a<3,r(t) >0 and r(t) € C[a,b]. Then the problem
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D7 (r(t)DZ x(1) +y(t) =0,a<t <b,
x(a) =x'(a) =x'(b) =0,D x(a) = D x(b) =0

has a unique solution

xt) =-[ G, s)(% [(H(s.2)y(do)s,

where
1 (—)‘“(t a)“' —(t-s)"",a<s<t<b,
Gt.s)= F(a) b S
( )2 (t-a)*ta<t<s<b,
b S\ 1 P 1
1 (—) " (t—-a) " —(t—-s)’",a<s<t<bh,
Hts)=——{ P~8

FUB) | (B=Syra(t_ay,a<t<s<b.
b-a
Proof. From Lemma 2.3 we have
B-1
r(t)D? x(t) = j ( r(;g)

where C;,i=1,2, are real constants. The condition D, x(a) =0 implies that r(a)D_.x(a) =0, which

y(s)ds+c, (t—a)’* +c,(t—a)’?,

concludes €, = 0. Then the condition D X(b) = Oimplies that (0) D7 x(b) =0, which yields

[Ty e,

RN

Then

¢ (t )AL _a)Al

r(t)D;X(t):_L (tr(f;) Y(S)ds+(t1_(aﬂ)) _[ (b S)'B 'y(s)ds,

this is,

rODx®) = [ H(t 0)y(r)dr.
Therefore,

a l b _

Da+x(t)—@ j H(t,7)y(r)dr =0.

Setting

mo——{s H (G, 2)y()dr,
we have

DIx()+Yy,(t) =0,a<t<b,
x(a) =x'(a) = x'(b) =0.

Finally, applying Lemma 2.4, we obtain the desired result.

3. Main results

Our main results are the following Lyapunov-type inequalities.
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Theorem 3.1 If Eq. (1.5) has a nontrivial continuous solution, then

b(b— *2(s— 2 P -1 -1 C b -1
[ O T -9 -2y Y (o[ o)

(s-a)" 3.7, [P (9) | (<) >

I (a)l2(B)(b—a)*™ .

4

where 7, = (2 )y C 027 k=12,
Proof. Let X(t) be a nontrivial continuous solution, from Lemma 2.5, we have

X0 =[Gt [ HE ALY P X X(0) - f (o).

r(s)

Let |X(C)| = trTEal>)(]|X(t)| From [4] we have
€la,

0<G(t,s) <G(b,s),(t,s) e[a,b]x[a,b],
O0<H(t,s)<H(s,59),(t,s) €[a,b]x[a,b].

As a consequence, we have

|x(c>|=‘—j: G(c,s)(% j:H(s,r)[é P (DX X(2) - F ()]dz)ds

G ! b : Hy
<[ SR [ (s ALY b o) +| (e
2 G(b, )

a r(s)
°G b’ b . Hy
=[] %ds [ H (s,s)[kZ:;| P (S)|[X(S)[™ +|f (5)[1ds

<

[(He I p DX +]f (D[drds (3.2)

< Zn:Qk ()" +F,

where

a-[ G(b,s)

1) dsj:H(s,s)|pk(s)|ds,k=1,2,---,n,

b G(b, b
F=] r((s)S) ds["H (s, )| f(5)ds.

In Lemma 2.2 with A= B =1, implies that

x()[* <|x(c)|2 +7,k=12,---,n,

Using this inequality and Ineqg. (3.2) we find the following quadratic inequality:
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> QXO - + X 4Q, +F >0

But this is only possible when

ZQk(ZVka +F) >_

which is the same as (3.1). This completes the proof of Theoren 3.1.

Theorem 3.2 If Eq. (1.5) has a nontrivial continuous solution, then

47T (o) (B)
(b—a)?2

» 33)

b (b— 2(s— 5 (b b
J‘ ( sr(s)(s a)ds] L;|pk(s)|dsja[;yk|pk(s)|+|f(s)|]ds>

where 7, = (2_ﬂk)ﬂk#kl(z_ﬂk)ZZ/(#k_z) k=12,---,n
Proof. Let (s)=(b—s)(s—a),s [a,b]. Observe that the function 1/(S) has a maximum at the point
a+b

§, =——, thatis,
2

(b-a)*
TR

Ve (8) =W (S) =

The desired result follows immediately from the last equality and inequality (3.1). This completes the proof of
Theoren 3.2.

Theoren 3.3 If Eq. (1.5) has a nontrivial continuous solution, then

G W ) e i
_2)2a 4(b_a)2(a+ﬁ 2)

, (3.4)

(" rt)) DILXOLINWARC OIS

where 7, = (2_ﬂk)ﬂkllk/(zfﬂk)zﬂ(ﬂwz)’k =12,---,n

Proof. Let
#(s) = (b—s)“?(s—a),s [a,b],
then
#'(s)=(—-s)"’[b-s—(ax—2)(s—a)],s <[a,b].
When S, = wal—Z)' the function has ¢'(S,) = 0. So the function ¢(S) has a maximum at the point
a —
a-1

Booe (8) = 4(5,) = (2" (Z;_j)w.

The desired result follows immediately from the last equality and inequality (3.3). This completes the proof of
Theoren 3.3.
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For ¢ =3, f =2, Eq. (1.5) becomes
(r(t)x® (t))" + Z p, (1) |x(t)|"k‘l x(t) = f(t),a<t<b,
x(a) = x'(a) = x'(b) =0, x®(a) = x®¥(b) = 0.

In this case, taking & =3, f = 2in Theorem 3.1, we obtain the following result.
Corollary 3.4 If Eg. (3.5) has a nontrivial continuous solution, then

(. 401([’ =8 b2 [ (b-s)s—a)Y I, (5) o] (—)(s— ALY 7, |pu )]+ (5)Ids > (b-a”,

(3.5)

(3.6)
where y, = (2—yk)y{k’(z’”k)Zz’(”k’z) k=12,---,n
Corollary 3.5 If Eg. (3.5) has a nontrivial continuous solution, then
256
(. - (S)) N Z| ()] ds]. [Z dlp @+ T ks> (37)

where 7, = (2— )" 274 k=1,2,-,.

4. Example

Example 4.1 Consider the fractional equation

5 7

D2 (D2 x(1)) + py(t) | X(t)l ; x(t) + p, (1) [ x(t) |3 x(t) = f (t),t=0,
x(0) = X'(0) = X'(b) =0, D 5 x(0) = D7x(b) 0,

where p,(t), p,(t) and f(t):[0,b] > R are continuous functions. If the solution X(t) has consecutive zeros

at 0 and b >0, in view of Theorem 3.1 the following inequality must be satisfied

[ (6-5)7sdsT [ (0—5)7s*( () |+1 p,(5) s (b )51 (2 (%)2 | pu(9)]|

7\ 25\ 3
L2 ()r*(5)b?
4 37 '3
+27|p2(5)|+|f(5)l)d8> 1 :
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