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Abstract

In this paper, we consider the second order neutral difference equation of the form

Ma, (hz)®) + qnx'ﬁ‘ =e, N=ng

n—a =
where z, =%y + Py xy_; and @ =0, § =0 are ratios of odd positive integers. Examples are provided to
illustrate the results.

Keywords: Second order difference equation, Almost oscillatory, Riccati technique, Summation by
parts.

1. Introduction

In this paper, we study the oscillatory behavior of second order neutral difference equation of the form
Alay(Az)®) + g, %5 , =&  nzm, @)
where z, = x, + p,x,_cand & = 0, § = 0 are ratios of odd positive integers, @ and T are positive integers.
Throughout this paper, we assume that:
(H1) {g.} {g9.}and {e,} are positive real sequences with 0 =g, = p =1 g, =0, &, =0 and {a,} isa

.. . 1
positive real sequence with E;;ﬂu —STEz—@masn —w,
ot

5

(Hy) = and £ are ratios of odd positive integers, @ and T are positive integers.

By a solution of equation (1), we mean a real sequence {x,} defined for all n = ny and satisfying equation (1). A
solution {x,} of equation (1) is said to be oscillatory if it is neither eventually positive nor eventually negative,
otherwise it is said to be non-oscillatory.
Recently there has been an increasing interest in the study of the oscillation and non-oscillation of the second order
neutral difference equations, see for example [6, 7, 10-14] and the references cited there in. In [6], we see that the
oscillation criteria for second order difference equation of the form

j{n!j‘{xr! + -rn—k:]:r.:] + ':?r!-rgﬂ. =8y MNE ND (2)
is discussed.
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In [14], we see that the oscillation criteria for second order non-positive neutral term of the form
'—J"{a'r! ':jzr!:]n’:] + qi‘!f{‘ri’!—fj =0 nEng = 0. (3)

where z,, = x,, — B Xn_4, & is a ratio of odd positive integers.
Also Thandapani et.al [14] studied the oscillatory behavior of the equation
'—J":{-rn+ﬂxn—ic:]:r- + Gn¥her = En- (4)

This observation motivated us to study oscillation criteria for second order neutral difference equation. In section 1,
we present some lemmas which will be useful to prove our main results. In section 2, we obtain new oscillation
criteria of equation (1) and in section 3, we provide some examples to illustrate the main results.

Definition 1.1. A solution {x,} of equation (1) is said to be almost oscillatory if either {x,} is oscillatory or {dx,}
is oscillatory or x,, = 0 asn — =,

We provide two lemmas which are useful in proving the main results.

Lemma 1.1. Set
F(x) = ax®¥ +% for x =0 5)
Ifa=0 b=0anda =y = 1, then F{x) attains its minimum

gal/ Tyt~

L

Frin =
Lemma 1.2. Forall x =y = 0and ¥ = 1, we have the following inequality

2=y 2 () 0
2. Oscillation Results

In this section, by using the Riccati substitution we will establish new almost oscillation criteria for equation (1).
Theorem 2.1. Assume that there exists a sequence {a., } such that

limsup S22, [0 - l_;ﬁ 8] = 6)
and
SRt TSt (M be)t = ©
where
o/ 1—a/f, =
Q.= STt (10
and

Qn = min{Qy, d7 (1 - P,)gn — d%e,},
M = 0and d = 0. Then every solution of equation (1) is almost oscillatory.
Proof. Suppose that sequence {x,} is not almost oscillatory solution of equation (1). There exists a positive
solution {x,} of equation (1) such that x,_, = 0 and x, = 0 for all n =n; = ny. Then by definition of almost
oscillatory there are two possible cases arise. Ax,, = 0 eventually positive (or) Ax,, <= 0 eventually negative
Case la: Assume that &x,, = 0 for all n = n,. Thus Az, = 0 for all n = n,, we have x, = (1 — 1, )=z,. Then from
equation (1) and (H:}, we have

Aey(A2,)%) + 4u(1 — 2 )20, < &,

Alan(Az,)%) £ —gu(1 - p)P2E_, + en (11)
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From the above inequality, we have

u'r!—s':jzr!—s:]c = I:1i'!+1.':'—J"zi'!ﬂ.:'lz.* n= My (12)
Define

wy = EEEEEEL gmmy, (13)
Thenwy = 0,

PrilEn (AT O
Awpy=—7_— —+ a'r'+1':—"‘zr'+1:]c—ﬁ‘(x )

2E_.
= P8 4 o Bz )T [A (G o+ 22,

-z nei-z
— Prd{En (A2 + Cns1dPn(d%031)" Prlns1(A8ns0TAEE -2
2R-g ii-g 4
_ Prd(@n(A20)%) | APnWrsy  PriWnss Sp-g
- fr + - = ' (14)
Ex—-g Pr+1 Pr+1 Zn-o

It follows from Az, = 0, we have Zpet_z = Zn_z, aNd Epay_p = Za_z, We Obtain
1 1
= (15)

E-z

trd
n+l—a

From inequalities (12), (14) and (15), we obtain

Z.

PrAfGn(Azg]D) Wi P Waii
Aw, = fmmominl ]y g, Tmet fn et (16)
x'r'—" Br+i Pr+qin-z

In the view of (11), (13) and (16), we obtain
B < —py [qu(1 = B 20T] - ] + gy Samt — HTEn a7)

t T Pr=1 Preq Bn—g

n—a

Set
fn

G(x) = qu(l — pn)FxF -2,

It is easy to verify that function & is increasing for positive constant. Since x is increasing, there is a constant d = 0
such that x = & = 0 and

G(x) = qn(l —pp)PdP % —d e, = Q5. (18)
From inequality (17) and (18), we obtain

Awp £ —pnQn + A0 ———
Using completing the square, we have

Aw, = —puQn +

Wray _ihi_i (19)

Br+1 Prs+y On-g

':Jlﬂrzr':cn—:
4y
. hppier o
= - [I'Jr' @n— apn ]
Summing both side the above inequality from ny ton — 1, we obtain

- w (A, ::': =
Wy — Wy, = E:::;i [."33 '?s - %} (20)

Noting that w;, = 0 forn € N, we have wy,, = w,, — wy. Hence

[(Apa* c:_,-]

o r'i [ Q: — 48,

= Wy, — Wy Wy

Letting n — ==, we obtain

= (& :'.": 5—F
llmsupzs ny I:Ps'l-?s - %] = Wy, (21)
n—m 5

which is contradiction to (8).
Case Ib: Assume that Ax,, = 0 for all n = ny, then Az, < 0 forall n = n,. From x, = 0 and Ax,, < 0, we obtain

limx,=1=0 (22)
n—sm
Then there exists n; € N such that xr . = 1¥ for n = ny. Therefore, we have
-_‘I.I:a,ﬂ{jzﬂ:]c:] = _':?r!{ﬁ‘i' B (23)
Setlf =M. Summing the last inequality from n; to n — 1, we get
2166 |
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an (Azy )" < ap(Az,)® — u‘i’!:{jzi’!::]c = _E;:rj!-: [ﬂf':?s - E?s]

and

Az, = —[E;’;r’;: Mg, — 93] ﬂ.gi"lc. (24)
Again summing the above inequality from 1, ton — 1, we obtain

Zn £ 20, — 2051 [E52L, Mg, — 6]y V7 ]]. (25)

Letting n — ==, from condition (9) implies that =,, is negative for all n = n;. This contradiction ended the proof of
this case.
Finally, we assume that {x,} is an eventually negative solution of equation (1). There exists 1y € N such that
i, = 0 for all n = ny. We use the transformation ¥, = —x,, in equation (1). Then we have {¥,} is an eventually
positive solution of the equation

Alay (A20)%) + quye_, = ey (26)
where z = ¥ + Py ¥n-r = 0.
We have two possible cases arise. Aw, = 0 eventually positive (or) Ay, = 0 eventually negative
Case lla: Assume that Ay, = 0 for all n = ng. Thus Az, = 0 foralln = ng.

Define
wy =222 nzag, @7)
Thus wy, = 0 and from (14) and (26), we have
P _ _ g_B-a fn f Wrai PrWpmas AZE )
Awy < —py [an(L = B 2] + 2] 4 ap, Snut _ Prtaniie] (28)

Putting @ = gn(1 — B;)¥, b = —e, and x = z,_,, we have
F(u) = gn(l — B)Puf~" - 2,

wE
Using Lemma 1.1, we have
e (1-poy =l =8

n'i."-'i'.:,ﬁ‘-.:ji-:."-'i' ! (29)

Fu) =

and also (18) are hold. Then the rest of the proof similar to that of the above and hence is omitted.
Case Ilb: Assume that Ay, = O for all n = n,. Hence {v,} is a positive solution and the proof is similar to that of
Case Ib and hence omitted. The proof is now complete.

|
Corollary 2.1 Assume that all the conditions of Theorem 2.1 hold except the condition (8) is replaced by
limsup¥l_, p.Q: ==, (30)
n—=2
and
. (pies o
llr:f:PELn., P LD (31)
Then every solution of equation (1) is almost oscillatory.
Before starting the next theorem, we define functions k., H: Ny, = N — [ such that
(). Hpn=0form=nz0 Hy,>0form=n= 0,
(i), 4Hpn =Hpney — Hpn = 0form = n = 0 and there exists a positive real sequence {a, } such that
AHpn + ;ﬁﬂm = —h(m,s),/H(m.s) for m>s=0.
s+1
Theorem 2.2 Assume that condition (9) holds. If there exists a positive real sequence {a, } such that
. 1 — - 10:es 2 —
limsup -T2, [HieapsQ: = 1552 0, o1 (m.s)] = = (32)

then every solution of equation (1) is almost oscillatory.
Proof. Proceeding as in Theorem 2.1, we have two cases to consider.
Case I: Assume that Ax, = 0 for all n = ny . Define wy, by (13), then w; = 0 and satisfies
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Awy < —p,Qp +EEmL  fates (33)

Br+q Prsifn—a

Multiply both side by H,;, and summing from ny to n — 1, we obtain

Wsay :11;
E;‘ i}i Hi’rsj'u’.? - E: i}i HW.\SDS II'?S +E: i}i Hi“’.\ J'DS . E;‘ i}i H :

M2 |'.'I a
i Rt
- “ - - Wes - |'.'I,'I-1,_
E.;!=rj!-1 Hms."-"s'?.s = _Z.;!:rj!-i Hmsjws + EE:Vh Hms'—ﬂ‘.":"s ﬂ:—i - E:=i’j!-1 Hi"’-\-? ﬂi_il-‘.:_i‘_' (34)
By using summation by parts, we obtain
_ powd s
E.: i}i Hm.slgs'?.s = mniwni + EE:rj!'i [[j‘ Hrr.s + Hm ]“sﬂ. Hm.s ﬂ:_iﬂs—ir ' (35)

Using completing the square in the Iast inequality, we obtain
E:;rj!-i [ mzFs Q:— h' {m,s]] = Hrr nWn,

1 - - L s
_E.;!:rj!'i [Hms.'gs'?s -

Hen m

s (m.5)] < wy,.

which contradicts the assumption (32).
Next we consider the case when x,, = 0 for all n = n;. We use the transformation ¥, = —x,, then ¥, is a positive

solution of equation
A (A2,)%) + Gf Yu-s = —6n (36)
when z,, =¥, + B, ¥,_;. Define w,, by (13) and (29) holds. The remaining of the proof is similar to that of first

case of Theorem 2.1 and hence omitted. The proof of the case Il is similar to that of second case of Theorem 2.1.
The proof is now complete. -

Corollary 2.2 Assume that all the conditions of Theorem 2.2 hold except the condition (32) is replace by
limsup =~ TI=4, Hpops Q3 =,

nom Hme

and

Przqls_ghi(m.e)
llmsup—zg ﬂgi s

n—=m LR 4ps

Then every solution of equation (1) is almost oscillatory.

3. Examples

In this section, we provide three examples.
Example 3.1. Let us consider the second order neutral difference equation of the form

A2+ DM +ixn ) 4 2000 = 214 nz 4 (37)
Here gn =2+ (10", po ==, gu=2,7=1 06=3,a=3 =1 and e, = 2(—1)"*. All the conditions of

Theorem 2.1 are satisfied. Hence every solutions of equation (37) is almost oscillatory. In fact one such solution is
xy = (—1)™ Here {x,] is oscillatory.

Example 3.2. Let us consider the second order neutral difference equation of the form

AR - (—1)"Alx, + x4 23, =14 +29(-1)""2, nz 3 (38)
Herea, =2 - (-1, pm=1,g,=1,7=2,0=2 a=1 F=3and s, = 14 + 29(—1)""2. All the conditions
of Theorem 2.1 are satisfied. Hence every solutions of equation (38) is almost oscillatory. In fact one such solution
is x, = 2 + (—1)™**. Here {x,] is non-oscillatory and Ax, is oscillatory.

Example 3.3. Let us consider the second order neutral difference equation of the form
m-1nin+13n+2)—(6n+9)

j{ii{xn+2xn_:])+ﬂ!xi-l=" e ———— = (39)

m—1nm+1)n+2)
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(n—1In(n+ 1) (n+2)—(6n+9)

Here a, ==, 7, =2, qu=n®,7=2,0=1,a=18=3and e, = . All the conditions of

m-Lnm+1)in+I)
Theorem 2.1 are satisfied. Hence every solutions of equation (39) is almost oscillatory. In fact one such solution is

1 .
—. Here {x,,}is tends to zero as n — ==,

X, = .
ot
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