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Abstract
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1. Introduction

We consider the difference equation of order (k + 1) is an equation of the form

X1 = fO, Xn_qy s X)) n=0,1,....#(1.1)
Where I is some interval of real numbers and the function f£: I**! — Jis a continuously differentiable function. For
every set of initial conditions x_, x_g_1y, ..., Xo € I, the difference equation(1.1) has a unique solution {x, };7__,.

A solution {x,, }o__,.of Eq. (1.1) is called bounded if, for all n = —k, there exist m and M positive numbers such
that
m<x, <M.
For the last few years the boundedness behaviors of solutions of difference equations are being extensively
investigated [1-9]. In the light of it, we concentrate on the boundedness behavior of solutions of rational difference
equations. We introduce the methods that specify how the boundedness character of the solutions of rational
difference equations which studied in the literature are established. We classify the methods used in six sections and

give detailed examples of each method in each section. The proofs given in this paper has been taken from the given
references.

2. Contradiction Methods
2.1. The case

- Ot =0,1,....#(2.1
Xn+1 = A+ Br)x, n=0,1,...#(2.1)
We take this example from [4], see page [201-202].

Theorem 2.1 Every solution of Eq. (2.1) is bounded.

Proof. Suppose for the sake of contradiction that there exists a solution of Eq. (2.1) which is unbounded. There
exists a sequence of indices {n;} such that
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Xp41 2> @ and x, 41 > x; for j <n; + 1.#(2.2)
Once
Xp,—1 0,
Because

_ a+ an,_l
rit1 = (1+ anl,)xni_1'

From this and from
a+Xn,—3

1= (1 + ani_z)xni_g

X, —

and
a+txn.-3
a+——
(1+anl.,2)xnl.,3
xni+1 = (1 B ) a+xni,3
+ xni (1+ani,2)xni,3
a+xpn.-3
at (1+Bx l)x
n;—2)xn;-3
= : : 14+ Bx, _5)x, _
(1 + ani)(a + x"i_3) ( " 2) s
Axp, 3+ aBx, %, 3 +a+x, 3
(1+ ani)(a + xni_3)
AXp,—3 1
= : 14+ Bx, ,)+—— #(2.3
(1 + Bx,,)(a + x,,-3) ( n-2) 1+ Bx,, 23)
we have
Xp;—2 = ©and X, Xy,—3 = 1.
But then, (2.3) implies that, eventually,
xni+1 < xni—z
Which contradicts (2.2) and completes the proof.
2.2. The case
o+ BXpXp_q + Xy
Xni1 = Bxnna ¥ X L n=01,..4#2.4)

Xn—1
The main result for Eq. (2.4) is the following. See ([4], pp.215-216).

Theorem 2.2
a) Assume that § = 1. Then every solution of Eq. (2.4) increases to oo.
b) Assume that 8 < 1. Then every solution of Eq. (2.4) converges to the positive equailibrium.

Proof.

a) Obviously

Xny1 > .an = Xp
from which the result follows.
b)  The change of variables
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transforms
Yn

B + In + AYnYn-1 '

Ynt1 = n=01,...#(2.5)

Clearly,
Yo <1lfornz=1.
We also claim that every positive solution of Eq. (2.5) is bounded from below by a positive constant. To see this,
suppose for the sake of contradiction that there exists a sequence of indices {n;} such that
Yne1 2 0and y, 41 <yj forj<n;+1.
From Eg. (2.5) we have
yni'yni—l - 0.
Then eventually
In;

B+ Yn, + aYn Yn,—1

ynl-+1 = >YTli

And this contardiction proves our assertion.
Define
I = lim infy, and S = lim supy, .
n-—-oo n-—-oo
Obviously,

S and [ >

< - - -
4+ S+aS T B+I1+aSI
from which it follows that

B+S+aSI<1<B+I1+aS]

andso
S=1L
This completes the proof.
2.3. The case
Xn—2
Xpt1 =B+ , n=0,1,...#(2.6)

xn
We consider the difference equation (2.6) with the parameter B positive and with arbitrary positive initial
conditions x_,,x_4, x,. See ([5], pp.46-48).
Theorem 2.3 Every solution of Eq (2.6) is bounded.
Proof. First of all, we make the following useful general observations about the solutions of Eq.(2.6):

Xp41 = P forn = 0.#(2.7)

1
Xpp1 <P+ Exn_z,forn > 1.#(2.8)
Xy—5 1
z ) <pf+1 +Fxn_5,forn > 4.#(2.9)
n-3

Xp41 = ® = Xy, > 0. #(2.10)

< +1( +
Xn+1 ﬁ ﬂ ﬁ

Xp41 2 B = xn, > 0. #(2.11)

Now suppose for the sake of contradiction that Eq. (2.6) has an unbounded solution {x,}. Then there exists a
sequence of indices {n;} such that

Xp41 = 00 #(2.12)
And for every i,
Xp;41 > X for j <n;+ 1.#(2.13)
From (2.12) and (2.10) it follows that
Xp,—2 = ®,Xp,_5 = ®,and x,,_g > . #(2.14)

Now we claim that the subsequence{xni_4} is bounded. Otherwise, there would exist a subsequence of {n;} which
we still denote by {n;}, such that

Volume 13, Issue 2 available at www.scitecresearch.com/journals/index.php/jprm 2248 |




Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

Xp—g = 00, Xp, 7 = 0, and X, 19 = . #(2.15)
Note that, for every i,

Xn;—7

— L

xni—4 - ﬁ +
xnl——S
and

Xn;—10

_ i
ni—8

So, as a result of (2.14) and (2.15), we have eventually
Xp,—7 > Xn,_sandx, _ig > X, _g. #(2.16)
and

Xn;—7 Xn;—-10
— 00 and ——— — oo,

xni—S xni—S
Hence, from (2.16) and (2.9), we note that eventually

1
Xni+1 <p+1 +ﬁ_xn'—7

—ﬁ+1+ﬁz(ﬁ’+ 10)

n;—8
1 1 [x,_
=B+ 1+—+—< ‘ 1°>.
xnl——B
Because of (2.15), it follows that the right-hand side of the above inequality is eventually less than x,, _1o, which

contradicts (2.13), and proves our claim that {xni_4} is bounded. From this and (2.14), we see

Xn;—4
Xpo1 = f+ = > oo
ni—2

Furthermore,
lim infx, _3 > B.

i—00

Otherwise, a subsequence of {x,,_4} would converge to § and therefore from (2.11), {x,,—4} would be unbounded,
which is not true.
Thus, eventually,

=p + s B+1
Tli—l
And hence, for i sufficiently large,
x —ﬁ+x""_2 <ﬁ+xn"_2 <x
ni+1 xni B + 1 ni—ZJ

Which contradicts (2.13). This completes the proof.
3. Invariant Interval Methods

3.1 The case

VXn—1
=———, n=01,...#(3.1
Xn+1 1 + X, X1 n ( )

We consider the difference equation (3.1). We take this example from [3], see page [15-17].

Theorem 3.1 Every positive solution of Eq. (3.1) is bounded.

Proof. When
y<1,
we have
x — YXn-1 x
n+l1 1+ X Xp_1 = 4n-1
and thus the solutions of Eq. (3.1) are bounded. Now suppose that
y>1

_, be a positive solution of Eq. (3.1). Choose a positive number m such that
y—1
X_1,Xg € (m, m )

And assume that {x,, }°

n=

Define
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oy
floy) = Trxy
f (x,y)is decreasing in x. In fact,
fo Oy —vy*
o @+xy)? (14 xy)?
and thus f is decreasing due to y > 1.
f(x,y) is increasing in y. In fact,
_yA+xy)—yy.x vy

Iy = (1 + xy)? (14 xy)?

and so f is increasing because of y > 1.

Therefore, by using the increasing character of fwe find that

y—1
m X_ Y — -1
m = y——l < X1 = YX-1 < m — = Y
1+5=m I+xx 14+m= m
m m
and hence by induction
X, € (m,y—_ ),for alln > —1.
m

Consequently, {x, };—_; is bounded.

3.2 The case
1
Xn1 = Bxn +——, n=01,...#(3.2)

n-1
We consider the difference equation (3.2). See ([3], p.22).

Theorem 3.1 Eq.(3.2) has bounded solutions, if and only if

B < 1.#(3.3)
Proof. We see
Xnt1 > Bxn
From which it follows that Eq. (3.2) has unbounded solutions for
g =1

On the other hand when (3.3) holds, we claim that every positive solution of Eq. (3.2) is bounded. Infact, if
{x, }>—_, is a positive solution of Eq. (3.2) and if we choose positive numbers m and M such that

X_1,%9 € [m,M] and mM = ——

1-p
then
c L mtesx =Pt <M= =M
mMEA o pm S Pty St S B D =T T

and inductively,

x, € [m,M], for alln = -1
which proves our claim.
4. Min-Max Methods
4.1. The case

a+ ﬂxnxn—l + Xn_1

Xpp1 = , n=01,...#(4.1)

A+ x,x,_4
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We consider the difference equation (4.1). See ([4], pp.217-218).

For Eq.(4.1) it can be seen that, for n > 1, every positive solution is bounded from below and from above by
positive constants. Infact,

> a+ ﬁxnxn—l > min{a: ﬁ}
T A4 x,x,_q  maxfA, 1}

Xn+1

which shows that every solution of Eq. (4.1) is bounded from below, for n > 1, by the positive number

B min{a, B}
m= max{A, 1}

So,

a+ Bx,xn_1 + %,

< it ®ypyl
X —_< — —
n+1 ﬂx mz ﬁm

XnXn—1 XnXn—1 n
and thus every solution of Eq. (4.1) is also bounded from above, for n = 2, by the positive number

m=2 g+l
T m?2 B m

4.2. The case

a+ fx, +yx,_1+6x,_
Xpy1 = Pt + Ynor + 0%y 2, n=01,...#(42)
Cx,_1+Dx,_,

We consider the difference equation (4.2). See ([5], pp.41-42).

Theorem 4.1 Assume that a,f € [0,00[ and y,8,C,D € (0,00). Then every positive solution of Eq.(4.2) is
bounded from above and from below by positive humbers.

Proof. We see that

> VYXn—1 t+ 6xn—2 > min{% 6}
~ Cxy_q +Dx,_,  max{C,D}
and then {x, } is bounded from below by the positive number

Xn+1

_ min{y, )
" max{C,D} "
Moreover, forn > 1

a+ Bxpg +yx, +6x,4

ntz = Cx, +Dx,_4
_ a X, + 6xp_q B a+Bx, +yx,_1+ 6x,_
"~ Cx, +Dx,_, Cx,+Dx,_, Cx,+Dx,_; Cx,_1+Dx,_,
< a Yx, + 6x,_q B a+fx, +yx,_1 +6x,_,
~(C+Dm Cx,+Dx,_4 Cx,+Dx,_4 Cxp_q1 +Dx,_,
a VX, + 6xp_1 Ba

= +
(C+D)m Cx,+Dx,, (Cx,+ Dx,_1)(Cx,_q+ Dx,_5)

+ ,8 YXn—1 + 6xn—2 :Bzxn
Cx, +Dx,_1Cx,_1+Dx,_, (Cx,+ Dx,_1)(Cx,_;+Dx,_5)

- a max{y, 6} Ba B max{y,8}  pB?
~(C+D)ym min{C,D} (C+D)’m2 (C+ D)mmin{C,D} CDm

and therefore the solution is also bounded from above.
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4.3. The case

e e
ntl Bxp,x,_1 + %, T A

We consider the difference equation (4.3). See ([4], p.419).

Eqg. (4.3) is bounded from below and from above by positive constants. In fact for n > 1,

ﬁxnxn—l + Xn-1 _ .an +1 min{,B, 1}
~ Bx,X,_1 +Xx,_1 Bx, +17 max{B,1}

Xn+1

Hence, for n > 1, every positive solution is bounded from below by

B min{B, 1}
" max{B, 1}

So, forn > 2,

a Bx, +1
Bx,x,_1+x,_14 Bx,+1

Xnt+1 =

- a min{p, 1}
~“ Bm?2+4+m  max{B,1}

Which establishes our claim.

4.4. The case
a+x,xX,_1
=, =01,...#(4.4
xn+1 A +xnxn—1 n ( )

We consider the difference equation (4.4). See ([3], p.26).
Every solution of Eq.(4.4) is bounded from above and from below by positive constants. In fact for all n = 0,

min{a, 1} - at XX, max{a, 1}
max{A, 1} Y1 =y XpXn—1 min{4, 1}

The following case is an example both min-max method and invariant interval methods.

4.5, The case
a+ Yo Bix,

=———, n=01,...#45
Xn+1 A+ Zi-;() Bl‘xn_l‘ n ( )

We consider the difference equation (4.5). See ([5], pp.34-37).
Theorem 4.2 Consider the (k + 1)5t-order rational difference equation (4.5) with non-negative parameters
a,A,ﬁo, . ﬁk' Bo, ey Bk

and with arbitrary non-negative initial conditions x_y, ..., x, such that the denominator is always positive. Suppose
that for every i € {0,1, ..., k} for which the parameter g;in the numerator is positive, the corresponding parameter B;
in the denominator is also positive. Then every solution of Eq. (4.5) is bounded.

Proof. We denote by I and I, the following subsets of {0,1, ..., k}:
I = {l S {0,1, ,k} ﬁi >0 andBi > 0}

and

Iy ={i €{0,1,...,k}: B; = 0 andB; > O}.
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Hence
1ul,c{01,..,k}
and Eq. (4.5) is equivalent to

= a + Xier Bixn—i
1 = )
T A+ Y Bixn + Diery Bixn—i

n=01,...#(4.6)

with B;, B; € (0,) for every i € I and with B; > 0 for every i € I,. Of course, I or I, or both, may be empty sets.
First of all, we show that when

A>0o0ra=0,
every solution of Eq. (4.5) is bounded. In fact, whenA > 0

max(a, B;) (1 + Xie xp—;) max(a, ;)
Xpi1 < lE.l < lE.I
rpelp(A, B) (1 + Xies xn—s) ninelln(A, B;)

and thus every solution of Eq. (4.5) is bounded.

In the above inequality by max;¢; (@, B;), we mean « if I = @ and the maximum of @ and max;¢; 8; otherwise.
Similarly for the minimum. Moreover, if I = @ we define

Z Xn—i = 0
i€l
Next suppose that @ = 0. Hence the set I must be nonempty and

Sici Bixn; _ MAXP; YieXp—y  maxp;

Xn+1 S = - = =
Dier Bixn_; r?ellnBiZiEIxn—i nLﬂel,nBi

and every solution is bounded.
In the remaining part of the proof we suppose that

A=0anda >0
Now the proof depends on whether I or I, is empty.

Case 1: [, = @. So, because A = 0, I # @ and

a+ Yier Bixnoi _ TP b
Xpiq = > ,forn = 0.
Dier Bixn_; niléalx B;

Hence if we set

min f;

_ el b
max B;’
i€l

note that for n > k,

max f;
a i€l Bi

X < -
KasE) Yier Bi nllelln B;
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and every solution of Eqg. (4.5) is bounded from below and from above. Indeed in this case the equation is
permanent.

Case 2: I = @. Then I, # @. In this case the Eq. (4.5) reduces to

a

X =———n=201,...#4.7
nt Diely Bixn—i &7

with

We will show that every solution of Eq. (4.7) is bounded. To this end, let {x,} be a solution of Eq. (4.7) and
suppose, without loss of generality, that the solution is positive for all n > —k. Let L, U be chosen in such a way
that

X_pey %o € (L, U)

and
LU = ¢
Diely Bi'
Hence
L ¢ < ¢ < ¢ U
=< x = =U.
UZiel, Bi ! ey Bix—i  LYier, B
Then,

x; € (L, U)
and by induction
x, € (L,U), forn = —k.

Case 3: Both I and I, are nonempty sets. In this case, as in case 2, we will suppose, without loss of generality, that
a solution {x, } is positive and show that there exist an interval (L, U) that contains the entire solution.

To see how the interval is found note that

x1 € (L, U)
if and only if
a + . X _:
L < ZLGI :81 i <U
Yier Bix_i + Xiery Bix_;

if and only if

Z(LBL- —Bx_; + LZBL-x_i —a|<0

i€l i€lp
and
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Z(UBL —,Bi)x_i + UZ Bix_,- —a|>0

i€l i€ly

L<%<Uforalli€[

L

and

a a
E < ZBix_i <Z.

i€lp
LZB,- < ZB,-x_i < UZBl-
i€ly i€ly i€ly

and hence it suffices to choose L and U such that

X_j, X9 € (L; U):

L< min(& & L)
L€l Bi’ﬂi’ZjeIOBj '

and

LU=
Yjei B
With the above choice of (L, U), it is now easy to prove that
x; € (L, U)

and then by induction

x, € (L,U), forn = —k.
This completes the proof.
5. Invariant Product Methods

5.1. The case

We consider the difference equation (5.1). See ([8], pp.70-71).
This equation is called Lyness' Equation. By the change of variables, Eq. (5.1) reduces to the equation

+
Yarr = 2 = 01, #(5.2)
Yn-1

wherep = ;—2.
The special case of Eq. (5.2) where
p=1

was discovered by Lyness in 1942 while he was working on a problem in Number Theory. In this special case, the
equation becomes
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1+y,
Yn-1 '

Every solution of which is periodic with period five. Actually the solution of Eq. (5.3) with initial conditions y_;
and y, is the five-cycle:

Ynt1 = n=01,..#(53)

Yoiy 1+yy 1+y_1+y 1+y4
b V-1 ' Y-1Yo ' Yo T

Eq. (5.2) possesses the invariant

1 1
) (1 + —) = constant #(5.4)
n

n-1

L =@+ y, +yn)(1 +

from which it follows that every solution of Eq. (5.2) is bounded from above and from below by positive constants.
In fact forn > 0

1 1 P+ 1 Yn-1
P+, + )(1+—)(1+ )z( +y, + )(1+—)<1+ )
P e ™ Y Y Yorr)  \PT T Y P+ Y

:<p+yn 1

+
p +yn Yn-1

)(1 +;—n> P+ Y+ Y1)

1 1
=(@P+y,1+ n)(1+ )(1+—).
P Y- ’ Yn-1 Yn
The proof follows by induction.

5.2. The case
a

—, n=01, ... #(55
(1 + xn)xn—l ( )

Xn+1 =

We consider the difference equation (5.5). See ([3], p.8).
This equation has some similarities with Lyness's Equation,

a+x,

, n=0,1,...#(5.6)

Xn+1 =
Xn—-1

which is gifted with the invariant (see(5.4)):

1 1
(a+x,_1 +x,) (1 + ) (1 + x_> = constant,vn = 0.
n

n—1

In fact, as for Eq. (5.6), Eq.(5.5) possesses an invariant, namely,

1
Xpo1 +Xp +Xp_1X, + a( + —) = constant,Vn = 0.#(5.7)
n

n—1

By using (5.7) we see that every positive solution of Eq. (5.7) is bounded from above and from below by positive
constants. In fact forn > 0

1)_ a a

Xy + Xpi1 + XpXpeg Fa|—+ Xy + tx
n n+1 nitn+1 < n (1 +xn)xn_1 n(1+xn)xn—1

Xn Xn+1

1 14+ x,)x,_
+a(_+)( n)Xn—1
n a

N a(l+x,) LN N
=X -~ T — T X,— XnXp—
n (1+xn)xn—1 X, n-1 ntn—1

1 1
=X,_1t+x,+x,_1x +0!< +—>.
n-1 n n—14n Xy_1 X,
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The proof follows by induction.

6. Initial Conditions Methods
6.1. The case

YXn—1
=—————, n=0]1,...#(6.1
Xn+1 1 +xnxn—1 n ( )

We consider the difference equation (6.1). See ([3], pp.15-16).
When one of the initial conditions of a solution of Eq. (6.1) is zero, Eq. (6.1) reduces to the linear equation
Xn+1 = VXn-1

with one initial condition equal to zero. If the other initial condition of a solution ¢ is , then the solution of the
equation is

'”)0; (p; O;V(p; O,Vz(p:"'-

Therefore the solution converges to zero when

y <1
When
y=1
the solution is the period-two sequence:
+,0,0,0,0,0,¢0,

and when

y>1land¢g >0,
the solution is unbounded.
6.2. The case

(1 + .an)xn—l

, n=01,...#(6.2
A+ x,x,_4 " (62)

Xn+1 =

We consider the difference equation (6.2). See ([4], pp.202-204).
When one of the initial conditions of a solution of Eq. (6.2) is zero, Eq. (6.2)reduces to the linear equation

1
Xnt1 = an—l

with one initial condition equal to zero. If the other initial condition of a solution is ¢, then the solution of the
equation is

0 (p 0 (p 0 2 10
T ’A T A ’ '

A>1.

When
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A=1,

the solution is the (not necessarily prime) period-two sequence:

’0’ Q, 0’ @,

and when

A<landge >0,

the solution is unbounded.
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