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1. Introduction

Let GG be a periodic group in which every infinite subgroup is subnormal.
If the Baer radical of GG is finite, then & is soluble. Thus, since G is locally
finite, G is either Baer group or Chernikov group by Lemma 3.5 [1]. If the
Baer radical of G with all infinite subgroups subnormal is finite, can it be the
finitely generated subgroups of &G finite? It is not known. So it is studied the
finitely generated residually finite periodic groups with all infinite subgroups
subnormal. In this paper, it is given the proof of the following Theorems.

Theorem 1.1. Let G be a finitely generated infinite periodic group such
that all infinite subgroups are subnormal. If H is a subgroup of G, then H
s finite or has finite index in G.

Theorem 1.2. Let G be a finitely generated infinite residually finite peri-
odic group such that all infinite subgroups are subnormal. Then G /Frat(G)
is finite and Frat(G) = G'GP. Morover G has finilely many maximalsub-
groups.

Theorem 1.3. Let G be an engel group such that all infinite subgroups are
subnormal. Then G is a soluble group. If G is a bounded engel group such
that all infinite subgroups are subnormal, then G is a nilpotent group.

2. Proofs of the theorems

Lemma 2.1. Let G be a finitely generated non-periodic group such that all
infinite subgroups are subnormal. Then G is a nilpotent group.

Proof. Since G is a non-periodic group, there is an element g of G such that
the order of ¢ is infinite. Since < g > is a subnormal subgroup of ¢, there is
a series such that H; =< g > <Hy<...<H,, = (G. We show that & is soluble
by induction on n. If n = 1, then the case is trivial. Let 1} be soluble for
k < n. Since Hy, is infinite, Hyy1/H} is soluble by the main corollary of [].
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Thus Hj. is soluble. Then G is soluble by induction. Assume that G is
non-nilpotent. Then by 15.5.3 [ 1], there is a normal subgroup A such that
G /K is finite but non-nilpotent. Since K is finite, GG/ K is nilpotent. This
gives a contradiction. U

Lemma 2.2. Let G be a finitely generated hyperabelian group such that every
infinite subgroup is subnormal. Then G is either a non-periodic nilpotent
group or finite.

Proof. 1f (¢ is a non-periodic, ' is nilpotent by Lemma 2.1. Assume that
G is periodic. If G is nilpotent, then G is finite. If &' is non-nilpotent,
then there is a quotient group & such that ¢ is just non-nilpotent group
by Lemma 6.17 [7]. Since G is a hyperabelian group, there is an abelian
normal subgroup A such that G//A is a nilpotent group. Thus G' is soluble.
Since (7 is non-nilpotent finitely generated, there is a normal subgroup K
such that (/K is finite but non-nilpotent by 15.5.3 [/]. Thus ¢ must be
finite. Since G is a quotient group, there is a normal subgroup R of G such
that G = G/ R. If R is infinite, then  is nilpotent. This is a contradiction.
Then G is finite since R is finite. Thus we obtain that if G is periodic, then
G is finite. (|

Theorem 2.3. Let G be a hyperabelian group with all infinite subgroups
subnormal. Then G is soluble

Proof. Every finitely generated subgroup is soluble by Lemma 2.2. If G is
periodic then 7 is locally soluble periodic group and thus &' is locally finite
group has an infinite Baer radical, GG is soluble by Lemma 3.5 [I]. If G is
non-periodic, then we know that & is soluble by the proof of Lemma 2.1. [

Lemma 2.4. Let G be a finitely generated periodic group such that every
infinite subgroup is subnormal. Then GG satisfies maximal condition.

Proof. Assume that H is an infinite subgroup of G. Then, there is a series
such that H = H, < H, 1 <...<9Hy< Hy = G. By induction, we show
that Hy/Hj.q is finite for k= 1,...,n— 1. If k = 1, then H;/H> is finite
by the main Theorem of [!] since Hy is infinite and G is periodic. So Hs
is finitely generated. Let M /M1 be finite for k = n — 2. Thus Hj,q is
finitely generated. Then Since H,,_;/H, is finitely generated, H,, = H is
finitely generated. Namely every subgroup of G is finitely generated. By
Proposition 1.7.f [0], GG satisfy maximal condition. |

Lemma 2.5. Let G be a finitely generated infinite periodic group. If every
infinite subgroup is normal, then there is a quotient group G such that it
satisfies the following conditions:

i) G is just infinite.

ii) HR(G) = B(G) = 1.

iii) Every subgroup of G is finite or finite index.

iv) R is finite normal subgroup for G = G/R.
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v) For every element T of G, Ca(z) 18 finite and for every proper subgroup
H of G, HE is proper subgroup of G.

Proof. If G is finite, then G is non-nilpotent. Thus by Lemma 6.17 [5], there
is a quotient group G such that it is just non-nilpotent. Since G is periodic
group, ( is just finite. Therefore ¢ has not a finite normal subgroup. Since
HR(G) and B(G) are locally nilpotent, HR(G) = B(G) = 1. By [7]. if K
is an infinite subgroup group of G, then there is a subgroup €' such that
< K,C >=K xCand |G : K -C]is finite. Since C' is a normal subgroup
of < K.C >, C =1 or C is infinite. Assume that C' # 1. Then there is
a non-trivial # € K such that C' < Cn(K) < Cn(z). Since Cn(x) is finite,
< Z > is a subgroup of . This is a contradiction. Thus C' = 1 and if K is
an infinite subgroup of G, then |G : K| is finite. If G = G//R, then R is finite
since G is a periodic group such that all infinite subgroups are subnormal.
Since G is coatomic and H R(G) = B(G) = 1, the last part is obvious. [

Proof. (of the Theorem 1.1) Assume that H is an infinite subgroup of G.
By Lemma 2.5, H has finite index in G. Since |G : H| = |G : HR||HR : H|
where G = G/R and R is a finite normal subgroup, H has finite index in
G. (|

Lemma 2.6. Let GG be a finitely generated locally graded infinite periodic
group. If all finite subgroups of G are subnormal in G, then G has a quotient
group G such that it is residually finite.

Proof. By lemma 2.5, there is a quotient group & such that HR(G) =
B(G) = 1. Thus G has not a finite normal subgroup. Put GG = (. Assume
that G is not residually finite. Since G is locally graded group, there is a
subgroup H such that |G : H| is finite. Thus there is a natural number n such
that G < H. Namely G’ # G. If G’ is finite, G is finite. So G” is an finitely
generated group. If ¢’ is residually finite since ¢/G" is finite and all infinite
subgroups are subnormal. So G’ can not be residually finite. Assume that
we have a series such that G < ¢*~D < | < &' < G where G ¢
and G are the finitely generated but non-residually finite. Since G is
locally graded, G(™*D < G Since G /(") is finite, G("T1) is finitely
generated bu not residually finite. Thus we obtain a proper descending series
such that ... < G**D < @) < =) < | < G' < @ where G are
finitely generated but not residually finite for every natural number n. It
can be (| G™ =1 or infinite. If (| G = 1, then  is residually finite.
nelN nelN
This is a contradiction. If [ G is finite, G/ (| G™ is finite by Theorem
neN nelN

1.1. Thus there is a natural number % such that G*) < M ¢™. But since
neEN

G¥) « G+ this is a contradiction. Namely G is residually finite. (]

Lemma 2.7. Let G be a residually finite countable infinite group. Then GG
can not have an finite maximal subgroup.
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Proof. Assume that F' is a finite maximal subgroup. We can get ¢ =
{F,a1,as,...}. Since ¢ is residually finite, there is a normal subgroup N;
such that F' ¢ N7 and G /Ny is finite. Since F' is maximal subgroup, G/N; =
F' Ny/Ny. Thus there are normal subgroups N, . such that {F,ay,as,...} &
N,y1 and G/N, 1 = FN,+1/N, . is finite. G is isomorph to a subgroup
of G/N1 x G/Ny x ...since [ N; = 1. It is clear that the derived lengths

€N

of G/N; is bounded. Then G is soluble and therefore G is finite. This gives
a contradiction. U

Proof. (of the Theorem 1.2) Since ( is finitely generated, (i is countable.
Since G is finitely generated (so coatomic by Theorem A.10.11 [~]) infinite
residually finite, G has an infinite maximal subgroup. Namely G # Frat(G).
Moreover every maximal subgroup is finite by Lemma 2.7. Since all infinite
subgroups of GG are subnormal in &, every maximal subgroup is normal in
G. Because of ' < Frat(G), Frat(G) is infinite. G/Frat(G) is finite
by Theorem 1.1. Since G/G'GP is an clementary abelian group and an
elementary abelian group has a trivial Frattini subgroup, Frat(G) = G'GP.
By Theorem A.10.9 [~], G has finitely many maximal subgroups. t

Corollary 2.8. Let G be a finitely generated residually finite p-group such
that every infinite subgroup is subnormal. If G/G" is cyclic, then G is finite

Proof. Since G /Frat(G) is finite by Theorem 1.2, Frat(G) is finitely gen-
erated. Moreover G/Frat(G) is cyclic. Since Frat(G) is a set of the non-
generators of G, (¢ is finite. t

Lemma 2.9. Let G be a finitely generated residually finite periodic group
such that every infinite subgroup is subnormal. If the subnormality index is
bounded with a natural number n, then G s finite.

Proof. We now that G is countable since G is finitely generated. Assume
that & is infinite. Let I’ be a finite subgroup of . Since G is residually
finite, there are normal subgroups N; such that () N; = 1 and G/N; is

neN
finite. Since [G.,, F] =[G, [ FN;] < N [Gn FN;) < [ FN; = F., Fis
nelN nel neM
a subnormal subgroup of G. Namely since every subgroup of G is subnormal,
(+ is nilpotent. Thus & is finite. This is a contradiction. U

Lemma 2.10. Let G be finitely generated residually finite periodic group
such that all infinite subgroups containing the finite subgroup F' are the nor-
mal subgroups of G. Then G 1is finite.

Proof. We can get that G is countable group by Lemma 2.5. Since & is
coatomic, there is a maximal subgroup M; containing F'. Then there is an
element a; such that G/M; =< a; > and a; ¢ M;. Assume that there are
subgroups My, ..., M;4q containing F' such that M;/M;11 =< a;+1 > and
ay,as, ..., a;+1 ¢ M;1q. Since M, is finitely generated and thus coatomic,
ther is an infinite maximal subgroup M;4+2 containing F. By Lemma 2.7,
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every maximal subgroup is normal. Thus there is the subgroup M;, o such
that My /Miyo =< ajyo > and ay, a9, ..., a;42 ¢ M; o for every natural
number i. Since F' < () M;, () M; is an infinite normal subgroup of
neN nel
G and finite index in G by Lemma 2.5 (i). This is a contradiction since

ap,az, ... ¢ () M;and a; () M; # a; () M; for every a; # a; O
neN nel nelN
Proof. (of the Theorem 1.3) If G is a non-periodic group, then G is soluble.
Let G be a periodic group and F' be a finitely generated subgroup of GG. If F'
has an infinite abelian subgroup, then F'is soluble. If every maximal abelian
subgroup of F'is finite, then F' is nilpotent by Theorem 7.23 [5]. Since G
is locally finite group, G has infinite Baer radical. By Lemma 3.5 [I] G is
soluble. If G is a bounded engel group, then G is nilpotent by 12.3.3 [ 1] and
the main theorem of [2]. O
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