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Abstract. In this paper, some new Lyapunov-type inequalities for higher order difference equations with
anti-periodic boundary conditions are established. The obtained results are used to obtain the lower
bounds for the eigenvalues of corresponding equations.
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1. Introduction

The standard Lyapunov-type inequality [4] is useful in many applications, including eigenvalue problems,
oscillation theory, disconjugacy. Although there are many literatures on the Lyapunov-type inequality for various
classes of differential equations [1,3,6,8,9], there is not much done for the difference equations.

In 1983, Cheng [2] first established the following Lyapunov-type inequality which is a discrete analogue of the
classical Lyapunov-type inequality:
If the second order difference equation
{ A’x(n) + g(n)x(n+1) =0, a1
x(a) =x(b) =0,x(n) £ 0, n€Z]|a,b],

has a nonzero solution, then
b—-2

F(b - a) Z q(n) = 4,

where

m?—1
Fm) =4 ~m if m — 1 is even,
m, ifm — 11is odd,

a,b € Zand Z[a,b] = {a,a + 1,---,b — 1,b}. Some other related results about discrete Lyapunov-type inequalities
can be found in [5,7,10].

In this paper, we will consider the following difference equation
A4 x(@)P2 4™ x(n)) + () |x () P2 x(n) = 0,(1.2)
with the anti-periodic boundary conditions
Ax(a) + Ax(b) =0, i =0,1,--,m,(1.3)

wherex(n) # 0,n € Z[a,b],m € N,p > 1,r(n)is a real-valued function defined onZ.
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Furthermore, we will establish a new Lyapunov-type inequality for the following equation

4™ x(n) P24 x(n) + r(n) |x(n)|P~2x(n) = 0, (1.4)
with the anti-periodic boundary conditions
Ax(a) + Aix(b) + Aix(c) =0, i=0,1,--,m—1, (1.5)

wherex(n) # 0,n € Z[a,c],a < b < ¢,m € N,p > 1,r(n)is a real-valued function defined onZ.

2. Main results

In this section, we give two main results and some corollaries.

Theorem2.1.1f (1.2) has a nonzero solution x(n) satisfying the anti-periodic boundary conditions (1.3), then

b-1 2 m(p-1)
> 21— .

Z r(nl = (b — a)

n=a

Proof.Forx(a) + x(b) = 0, then

x(n) = x(n) — 3 [x(a) + x(b)]

[x(r) — x(@)] ~ 5 [x(b) ~ x()]

b—1
; Ax (k).

N =

n—1

- %Z Ax(k) —
k=a

N| -

Moreover, we have

n-1 b-1 b—-1
1 1 1
x()] < E;IAx(k)l + E;IAx(k)l - szaIAx(k)l.

then

b-1 %
()l < 3 (b —a)e (Zm:c(k)w) 1)

by Holder’s inequality, where % + i =1.

Using the boundary conditions (1.3), we obtain

1

b—1 »
. 1 1 )
|atx(n)| < (b —a) (Z |A‘+1x(k)|p> , (2.2)
k=a
1 » b—1
|4t x(m)P < GP(b—a)r ) [a+1x()|”
b-1 1 b-1
4t xm)P <GP (b —a) ) |4+ x (k)|
b—-1 1 1 b—-1 1
O 14 xm['y <56 - |a+x [y, 23)
n=a k=a
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Combining inequalities (2.1) and (2.3), we have

1

b—1 >
()] < 5.0 — a)t (Zm:c(kw)
1 Lb—a S
<5 b= (;mwkw)

- (%)m b-a)"7 (ElAmx(kw)p,
k=a

1
p

therefore

p-1

b-1 >
(b — a)(" )@ (ZIA’”x(k)IP> . (2.4)
k=a

Moreover, by the boundary conditions (1.3), we have the following equality

m(p-1)

el < (3)

b—1 b—1
Z |4™ x ()P = Z |4 x(k + DJP.
k=a k=a

Combining inequalities (2.2) and (2.4),

b — @)D ( a7 x(k + 1)|p)

1

b-1 »
1 1
5B -y (;m x(k + 1)|v>

b—1

—C ZIAmx(k + 1P,
k=a

m(p—1)
P A+ 1)) < (5)

whereC = % : (b%a)m(?"l).

Multiplying (1.2) by A™~1x(n + 1) and summing the obtained equation from atob — 1, then

b—-1 b—-1
ZlAmx(n + P = Z () lx () P2 x () A 1x(n + 1)
b—1

= er(n)llx(n)l”‘llﬂm‘lx(n + 1|

b-1 b-1
<c (Zwm * 1)|P) > e,

Noting that A™x(a) + 4™ x(b) = 0and x(n) # 0, n € Z[a, b], we have
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b-1

ZIAmx(n +1DP >0,

n=a
therefore,
= 2 \me-D
Yirmlz2 (=)
b—a
n=a
The proof is complete.o

Theorem 2.2. If (1.4) has a nonzero solution x(n) satisfying the anti-periodic boundary conditions (1.5), then

c—1
mp

3

where - + X = 1.
p q
Proof. Since x(a) + x(b) + x(c) = 0, we have
1
x(n) = x(n) — 3 [x(a) + x(b) + x(c)].
Casen € Z[a, b], we have

x(n) = 5 [x(m) ~ x(@)] - % [x(6) — ()] - % [x(e) = x()]

W] =

n—1 b—1 b—1 -1
1 1
=—Z Ax(k) ——Z Ax() =5 ) 2x(B) —§Z Ax(k)
=a k=n k=n k=b

Then,

b—

-1
)| < ZAx(kn 15 o
k=a k=n

c—1
2
<30

Casen € Z[b, c], we have

x(n) = 3 [x() — x(@)] + 3 [x() — x(B)] ~ 3 [x(c) ~ x()]

%bz Bx(k) +5 Z Ax(k) + = ZAx(k) - —Z Ax (k).

Then,
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c—1 n—1 c—1
1 1 2
()| < §;|Ax(k)l +§; INGIE gkzzamxckn.

Thus, we have

c—1 c—1 %
lx(n)| < %Z‘IAx(k)l < %(c —a) (ZIAx(k)I”)

for n € Z[a, c]. The rest of the proof is similar to the Theorem 2.1, we omit it.o
Corollary 2.3. Consider the following eigenvalue problem

{A(IA’”x(n)Ip—ZAmx(n)) + Ar(n)|x(n)|P2x(n) = 0,
Ax(a) + Aix(b) = 0, i=01,--,m,

wherex(n) # 0,n € Z[a,b], m € N, p > 1, r(n)is a real-valued function defined onZ, then we have

sz (2 (fvmn)

n=a

-1

Corollary 2.4. Consider the following eigenvalue problem

{IA’”x(n)I”‘ZAmx(n) + nr(n)|x(m)|P~2x(n) = 0,
Ax(a) + Aix(b) + Aix(c) =0, i=0,1,--,m—1,

wherex(n) # 0, n € Z[a,c],a < b < ¢c,m € N, r(n) is a real-valued function defined onZ p > 1,% +§ = 1,then we
have

3m(p-1)

Inl= (m—D)(p—1) v
2m@=D(c — @)™ PPV (Tezblr ()]0
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