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Abstract

This paper based on King’s fourth order methods. A class of eighth-order methods is presented for solving simple roots of
nonlinear equations. The class is developed by combining King’s fourth-order method and Newton’s method as a third step
using the forward divided difference and multiplication of three weight function. Some numerical comparisons have been
considered to show the performance of the proposed method.
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1. Introduction

To find a simple root of nonlinear equations is the most and oldest problems in numerical analysis. In scientific
departments, a need arises to solve nonlinear equations.

flx) =0, o)
where f: D c B — E for an open interval D.
The Newton’s method (NM) is the famous method to solve the nonlinear equation, see for example [1-16].

_ Flag)
En+t T En— ,r"':.r:.:" (2

Newton’s method is optimal quadratic convergence [1-16]. The efficiency index (EI) can be defined by & 1-":"*', such that &
is the order of the method and & is number of total function and its derivative evaluations per iteration [7, 14]. According
to the optimality, optimal order is given by 2%-* [9]. The efficiency index of the method (2), EI = 2t % 1.4142,

In recent years there are many methods of the optimal three-step eighth-order to solve nonlinear equations, developed in
[1-6]. A family of two steps is proposed by King [2], given by

. ®
Y T T e
Fx) +8f(w)
_f'i.l':] + 8 = 2flw)’ ©)

Where f € &, this family is optimal fourth-order of convergence, and has efficiency index 4*/* = 1.5874.

Zp = Wh

2. The method and convergence analysis

Our aim is to develop a scheme that improves the order of convergence of King’s methods (3). Next theorem will be an
initial used to develop a new class of families of optimal eight-order of convergence.
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Theorem 1.[11]: Let ¢, (x). @,(x). ..., @.(x) be iterative functions with the orders p,.p,..... ;. respectively. Then
the composition of iterative functions g, (lp: (v (@2 ). }] defines the iterative method of the order py ;... ;.

Using theorem 1, and adding the Newton’s method as a third, to King's method (3)

ro= @
Wi Hp f'{,r:] 1
Flad +Bfw)  Flw)

TR + B - Df W) G
Xpe1 = Zn _;'I.liij:l' (4)

The method (4) has IE = 8*/% & 1.5157, and is not optimal. To reduce the numbers of functions evaluation of method
(4) to four, to a develop family of optimal eighth-order of convergence methods. Replacing f (=, to W
using forward divided difference, where:

. _ Flap)-Flwy) _ [lan)-flen) . 1 = Ln)—fwn)
f[“ﬂ_.zﬂ] - P . f[-rﬂ.lzﬂ] - Ep—%n . f[xﬂ.lu’ﬂ] - P d

To reduce the number of function evaluation from @« = 3 to @ = 4, equivalent construction of weighted functions, to
increase the convergence third step will be multiply by H, K and B.

W, =?{F—f{xiﬂ:]
T PG
Flx, ) + BFGw,)  Flw,)

2y = W, — _f{x‘i":] + ':E _ zjf{“,ﬂ:] f.{xr:] ’
Flandflopirgl
-rr.+1 = Iy — {H(Sl} ' K(Sz} . B(S}}}M (5)
where H(s,J).K(s,),B(s;) , are three real-valued weight functions, and
] _ f= _f=
L=t 52T R’ 5 T (6)

The weight functions H.K and E should be chosen such that the order of convergence of method (5) arrives at an

optimal level of eight. The following theorem we prove that method (5) has an optimal eighth-order of convergence
under conditions for the weighted functions.

Theorem 2. Let ¥ in an open interval D be a simple root of a sufficiently differentiable function f : D € # — R. an open
interval D. If =, is sufficiently close to ¥ then the family of iterative methods (1) has an optimal eighth-order of
convergence when

H(0) =1, B(0) =H"(0) =0, H"(0) = =128, |[H*¥ (0)] < w

K(0) =1, K(0) =0, |[K~(0)] < o=, B(0) =1, B(0) =1.

Proof: Let '+ be a simple zero of equation (1) and Let &, = %, — ¥ be the error at the nth iteration.
Expanding f{x) about ¥ by Taylor expansion, we have

Flx) = plde, + cooy” + caen® + cpen® + 58" + 8" + Cr8, + €28, ° + Co8p° ) @)
Where ¢, = ﬂk =2.3...

KR
Fla) = PO+ 2c,e, + 3ese, " + 4ege, + Desen + begey” + Te06,° + Scge,” + Fcge, Bl 8)

Dividing (7) by (8), gives us

fix)

il +(—cp)e + (2c5 — 2cq)e, +. . H(—64ci+.. £ 135¢c,c) — 44cde, — 11800505 — 6dcyci — 75cicy +

19¢cqcy + 27cyce + 3legeg — ?cs}ens + D(eﬂg}.

9)
Substituting the last equation (9), into first step of (5) , we have:
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w, = ¥+ ege,t +(—2c5 4+ 2e5)e, 4. 4(64c] — 304e3e; + 17663, +... £75¢656; — 196,67 — 2736, — 3 cses +
Tegle,® + 0(e,?).

(10)
Expanding f{w;,) about y to get
Flwy) = FO(—2e2 + 2e5 )8, +... +(144c] — 552c5c, + 297 cfe+.. . + 730568 + 63 + 7963 c, — 19050, —
27ecqc — 3loyes + Tegle, 51 + 008, 7).
(11)

In view of (7), (8), (9) and (11), we get

I, = ¥+ 1:2_3.::'% + r:g - czc3}gﬂ4+...+(2_ﬁic§+.. .+2EI.:'§.:'5 + 68ca030s + 3?.::'2.::'.2; + 5[].::'%.:'4 — Scacy — 13c3cg —
17¢c4e5) &,° + 0(e,’).

(12)
From (12), we have
Flz, )= OB CE + ¢ —cpeade,*+. . +(—144R%cZ ey, — 612Pcf e, + 96Pcyogcs+... + S0cicy, — Sopcr —
13cyc, — 17c e )e, ] + 0(e,®)
(13)
From (7), (10)-(13), it can be easily to found
Fley owy] = OO + ey +.0. +(92¢2 000y — 300,00+ + Togog + Toges + g — 32c])e, ] + 00e, )
(14)
Flwy .zl = Fly) [1 + e, +... +(—18¢c00c, — 82 Bofeg+... +4cd + Scqc; + 26c8)e, %] + 0(e, 7).
(15)
Fle, .z, ] = OO + coe, + 0oy i+, +(72c8 cqe, +. . +30050F — 4cfc; — 8ol — 9cic, +op — 20c])e, 1+
0(e, )
(16)
By expanding H(s,). K(s;). B(s5) using Taylor expansion, we have
1 1 1
- . Pl i ¥ 1L Tqm I & (] 4L 4 ¥
Hiz )= HOWH (D), S H(0)sy P+ 2 H(0)sy P4 o HIP 05 + 0(s %) an
1 1
5. (0K (s + = K0, 2+ = Km(0)s,® +... 4+ 00s,%).
K(s2)= K(OPK'(0)sy+5 Kr(0)s; 2+ K(0)s; : )
Bis: = BOyB(0)ss+.. + 00s7). (19)
Finally, using (12)-(16) and the conditions _
H(0)=1, H'(0) = H*(0) =0, H~(0) = 128, |H™ (0)] < =
K(0) =1,K(0) =0,B(0) =1, B(0) =1, |K "(0)] < oo,
we obtain the error expression
1 1 2 .
fny1 =Y+ —1—7|3n: H‘4}(U] —-3c K-(0)4+...+ 4.:3.:3)9“5 +0(e,?).
= “ (20)

Which indicates that the order of convergence of the family (5) is exactly eighth for any value of £ € R. This completes
the proof.

3. The Concrete Iterative Methods
In what follows, we give some iterative forms of scheme (5)

Method1: choosing

His) =1+ (—265,%) + (ds,°*Y), where, a= 3. a. d. fER,
KE(s) =1+ (ts") h>1, teR,
Biz) = 1+35; + (m 3%, where, w>1, . MmER,
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it can easily be seen that the functions satisfies conditions of Theorem 2 . We get another eighth order methods
(TSM1), given by
LS
S ¢
Fl )+ BFGw,) G,
Fl, )+ (B —2)fGwy,) Frix,) '

Xpe1= Ep it 52 (dm 5% s + dsg; 527 + d 52" - 2Bms®ss + msgt—2PB52 — 2Bs%s; + 55 +

Z, =W,

: . : (e flenwn]
1) + ds, ™ (msy+ 55+ 1) — 2653 (msgt+ 55 +1)+ ¥ 5y + 1)Ll
} 1 ( 3 3 } ﬁ 1 ( 3 3 :l 3 3 }f[“msnjf[xmﬂ’n] (21)
Method 2 : Let
His ) =1+ (=285, BER,
KE{z;) = 1+ 3 6%, jER
B(z5) = sinisy) + cos(sg).

it can easily be seen that the functions satisfies conditions of Theorem 2.
Hence we get a family of eighth-order of method, (TSM2),
w, =y, 102

T PGy

fle) + Bf (o) fllwy)

T, =W, — ,

T fe)+ (B - 2w fo(x,)

Flan) flepwnl

Xn41= Zn-(52' €% { {sin(s3)+cos(s3)H —28 5, + 1} } + {sin(s3)+cos(s3)}{ —2F 5 * + 1}}m- (22)

Method 3: For the function H, K and B defined by
His,) =1+ (—2f5,%%), B ER,

KE(s;) =1+ s:“,

B(s5) = 1 +sinisy).

Another new eighth order methods (TSM3), given by

W, =X, — E

N i )
7 =W — Flan) +B8Flwn)  Flwn)

" " Flen)+B-2)flwn) ()

Kns1= Zn-1—2 Bsy 3e®1(s,* +5,%sin(s3) +sin(sy)+ 1) + (5;* + 1)(sin(s:)+ 1)} % (23)
Method 4: let
H(s)) = cos(s) + %1 + (=285, EER,
K{z;) =1+ts' + 238, lg=1. LgreR,
B(z) =1+ =,
Another new eighth order methods (TSM4), given by
W, =X, — &

R i 6’

FG) + Bflw,)  fiw,)
T fG )+ (B - 2Dflwy) fr(x)
T

L
Xpa1= Zn-§2 Bsy 3(— 52— 25,0 — 1)( 53 + 1)} +5; 2{(—2+5,%2 55 + 1)} + cos(s; H{(ts2' + 25,3 + 1)

Flan) Flagwnl )
+ 1Ll flemwal
(53 ) Flwneal Flanzal

Ly = Wh

(24)

Method 5: let

His) =1+ (—28:7. GER.
K(s,) = cosiz,) +(£5,9 ), g=1, gteER
B(s,) = cos(s,) + 5+ (ms7), =1, o@mER.

A new eighth order methods (TSM5)
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G
n=— %n f'{xﬂ:]J
o flen) + Bf (wy)  flwy)

G+ (B - 2D f(w) pix,)
Xn$1= Zn-12B51 3 (t529(-ms53%-55-co5(53))) + (t 5,9 + cos(s,) — 2 B 51%cos(s;))( ms37+53

+ cos(s3))} e flenvnl

Flwnznl flenanl (25)

4. Numerical results

In this section, we present some numerical test to illustrate the efficiency of the new methods. We compared the
performance of (TSM1-TSM5) of the new optimal eighth-order methods, with the Newton’s method (NM), (2),
King’s method (KM), (3), and some optimal eighth order methods for example, (BWRM), proposed by Bi-Wu-
Ren in [3], given by

f{xi‘!]
Filxy)
. Ef{xn] _f{}’n] f{}’n:]
T T 2 ) = S G )
_ flen)+(2+8) flzn) Flzal
Flan)+8f(zn)  Flanoml+(an—ymFlanznanl’
where & = 0, method (LWM) proposed by Liu and Wang [10], given by

o flx,)
Vo =X, — f,{xﬂja
- flay) £ )
In =¥n — f{l'r-:] — zf{}*ﬂj f’{xﬂj:
Flan) | Flapd—fFlye) v* flzn) 3 (2n)
Flagd [{ fu:xﬂt--:,r'u:ht-) Flynd-uflzn) ~ flenl+8f ':xﬂ:']' w

where # =0, =1, and method (SM) proposed by Sharma in [13], given by

o Flx,)
R

o Flx,) £ ()
TG - 2 G )

Flzn) el *] Fleaynlfiz.d
-ri'!+1.:zr!_[1+f +( )] (28)

(2] Fla)d | fleznlflyeze]

J"‘i’! = ‘ri’!

(26)

Aps1=Zn

En+1 = In

Table 1. Test functions

Functions Roots
fila)=x-(1-%% y = 0.143730250200754
folx) = cosl(x) —x y = 0.739085133215161
4 = 106~ —1 ¥ = 1.67963061042845
j"ﬂ:.lcrj.|=lu:ug{.r'}-l—.:c-l—l:]+.1cr=?"r y=0.0

All computations were done by MATLAB (R2017a), using 1000 digits floating point (digits:= 1000). The stopping
criteria are

I %, —yl = 10720,
ii. (=)l = 107200,
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Displayed in the Table2, the number of iterations denoted by (IT), the absolute value of the function |f (x ). the
absolute error, lx, — y|. Moreover, computational order of convergence (COC) approximated by [15]

_ {ﬂl{xnﬂ. - Y:].’r{-rr! - Y:]l
? = WGy — )Gy — I

Remark: The weighted function in (TSM1), choosing @ = 3.d =t =m = Lu =2, for (TSM2), j =1, for (TSM4),
[=gq=2 t=1, for method (TSM5), choosing t = m = 1. = g = 2. The last four methods (TSM2-TSM5) had been
tested at only one value for beta ( B = 0) except the first one (TSM1) it had been tested at four different values for beta

1
(F=0,2 > -1).

1. Conclusion

In this paper, a class optimal eighth-order iterative method for solving nonlinear equations has been developed. New
proposed families are obtained by approximating f'(z,} using divided difference and the equivalent construction of
weighted function. The new class of methods have IE = 8% & 1.682, and four functions evaluation. Comparing other
methods using numerical examples to explain the convergence of the new methods.

Table 2. Numerical comparison.

Method T [ Ifel [ Im—yl ] coc
fld) == —(1 —x)* %, =0.35

NM 10 3.32259e-325 3.73026e-325 2
KM 5 2.16538e-314 2.43107e-314 4
BWRM 4 2.19735e-617 2.46696e-617 8

SHM 4 0 0 6.4216
LWM 4 1.15158e-752 1.29287e-752 8
TSM1, |3 =0 4 6.71351e-669 7.53725e-669 8
TSM1, f= 2 4 4.22806e-795 4.74683e-795 8
TSM1, |3 = i 4 9.4418e-705 1.06003e-704 8
TSM1, |3= -1 4 6.59206e-390 7.4009e-390 8
TSM2 5 9.28842e-358 1.04281e-357 8
TSM3 5 7.88589e-545 8.85348e-545 8
TSM4 6 2.72499e-829 3.05934e-829 8
TSM5 5 2.75948e-654 3.09806e-654 8

falx) = cos(x) —x, x, = 0.6

NM 8 3.00558e-379 1.79587e-379 2
KM 4 1.10351e-349 6.5936e-350 4
BWRM 3 8.27062e-721 4.94178e-721 8
SHM 3 9.49798e-674 5.67514e-674 8
LWM 3 2.57724e-626 1.53992e-626 8
TSM1, ff = 3 4.04228e-689 2.4153e-689 8
TSM1, =2 3 1.742e-614 1.04086e-614 8
TSM1, f = i 3 1.79467e-704 | 1.07233e-704 8
TSM1, p= -1 3 7.31632e-766 4.37158e-766 8
TSM2 4 1.7944e-673 | 1.07217e-673 8
TSM3 4 1.01004e-673 6.03511e-674 8
TSM4 4 2.74121e-718 1.6379e-718 8
TSM5 4 2.08987e-688 3.49764e-688 8
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Method IT If )] lx, — ¥l ‘ coc
falx) = 1067 —1,x, = 1.4
NM 9 1.14863e-358 | 4.15583e-359 2
KM 5 1.21826e-672 4.40776e-673 4
BWRM 3 2.362e-362 8.54593e-363 8
SHM 3 9.08643e-318 3.28755e-318 8
LWM - fails - -
TSM1, =10 3 2.08835e-332 7.55582e-333 8
TSM1, =12 3 4.18088e-422 1.51268e-422 8
TSM1, = i 3 6.06631e-336 2.19484e-336 8
TSM1, = —1 3 1.52893e-364 5.5318e-365 8
TSM2 4 1.51868e-317 | 5.49473e-318 8
TSM3 4 1.73424e-317 6.27462e-318 8
TSM4 4 2.90408e-381 | 1.05072e-381 8
TSM5 4 5.87805e-332 | 2.12673e-332 8
falx) =log(x* + x+ 1) +xe¥, x, = 0.25
NM 8 6.57994e-276 3.28997e-276 2
KM 4 2.03822e-227 1.01911e-227 4
BWRM 3 1.53876e-428 7.69378e-429 8
SHM 3 9.33255e-441 4.66628e-441 8
LWM 3 1.57085e-388 7.85424e-389 8
TSM1, =10 3 3.52917e-426 1.76459%¢-426 8
TSM1, f=2 3 1.005e-466 5.025e-467 8
TSM1, B = 5 3 2.22892e-438 | 1.11446e-438 8
TSM1, f=—1 3 1.89319e-387 9.46593e-388 8
TSM2 4 1.16514e-440 5.82572e-441 8
TSM3 4 4.91806e-441 2.45903e-441 8
TSM4 4 2.94173e-417 1.47087e-417 8
TSM5 4 1.70735e-426 8.53677e-427 8
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