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Abstract

In this paper, we start by proving that the function f{z) = 1/{1 — z}, which is holomorphic in the open unit disc &
centred at the origin, is an element of a Hardy space A%, = 0, if and only if ¢ < 1. Here we give a new proof for a
known result. Moreover, the present work provides two different new proofs for one of the implications mentioned
above. One proves that the same function is an element of a Bergman space A”, = 0, if and only if ¢ = 1. This is
the first completely new result of this work. From these theorems we deduce the behavior of the function

glz) = ﬁ in the half — open disc 7, = {z € €; |z| =1,Relz) = 0} Although the assertions claimed above

refer to complex analytic functions, and the involved spaces are function spaces of analytic complex functions, the
proofs from below are based on results and methods of real analysis.
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1. Introduction

Hardy spaces and Bergman spaces are intensively studied in the literature. For basic related definitions and
properties of these spaces see the works [1] - [6]. Dyadic Hardy spaces generated by rearrangement invariant spaces
are discussed in the papers [7] — [9]. Extremal problems in Hardy and Bergman spaces are studied in [6],
respectively in [10]. For other aspects on these spaces (especially on weighted Bergman spaces) see [11] - [14]. We
recall the definition of Hardy spaces (called A¥ — spaces). To define them, we need to define firstly the integral

means of an analytic function £ in the unit disc /' = {z € C; |z| < 11 For
D=p<wl=r=l

the integral mean of f is

I Ly
1 )
Myl f1 = (EJ‘ |f|:re?‘9:||pd6)

For p = to, we define M_, (r, £} = maxp.p.qse|flre® J|. Similar definitions can be given for harmonic functions. If
f is a fixed analytic or harmonic function and g is fixed, then M, i F1 is an increasing function of +. For
O0=p=w, we say that a function £ is in the Hardy space H¥ if F is analytic in L and
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IFllp = limy,y M, G, £ < e, We call [lllyp the H# — norm. For 1 = p = w it defines a true norm and the
corresponding space H¥ is a Banach space (see [1]).

Bergman spaces are closely related to Hardy spaces. The main difference is that in definition of Bergman spaces,
double - integral means are involved. Namely, denote by & the normalized Lebesgue area measure over . so that

gllil =1 (de = i dxdy). Then, for 0 = p = o, the Bergman space A*({7) or simply A* consists in all functions f
which are analytic in the unit disc, such that

Lip

Ao =| [1A7ds | <o
i)

In other words, £ € A" if f is analytic in the unit open disc and is in Z¥ for Lebesgue area measure on the unit disc.
We call |l-lls7 the A% — norm. For 1 = g < @ it is a true norm.

Here are two main sharp properties on these spaces: A¥ = A¥; if @ = g, then A7 = H¥, The former property one
proves by means of using polar coordinates, while the latter one is a consequence of Hélder’s inequality.

One of the purposes of the present work is to give new proofs for necessary and sufficient conditions on g such that
the function f defined by (1) from below to be an element of H¥. The main purpose is to prove that the same
condition is necessary and sufficient for the fact that the same function be an element of the space A". The answer is
the same, for both two spaces: the necessary and sufficient condition is g == 1. Finally, the third aim of the paper is

to derive from the results mentioned above the behavior of the function giz) = q,.% in the open half-disc
-z

7, ={ze € |zl <1,Relz) =0} The answer is given in Theorem 2.3.

Consider the function
1
f{z:l=1—= 1+z+zt 4zt 4, ze L, |zl = 1#(1)
— =

The convergence of the geometric series in the right hand side is pointwise on &: = {z; |z| = 11} and absolutely and
uniformly convergent on any closed disc centered at the origin, of radius + € (0,1} (or, equivalently, on any
compact contained in ). The behavior of the function g on the open unit half disc {7, is briefly discussed as well

(see the above comments). The rest of the paper is organized as follows. Section 2 is devoted to the proof of the
three results and related remarks. Section 3 concludes the paper.

2. The results

The next theorem answers the question: on what conditions on # € (0, @] is the function f defined by (1) an
element of the Hardy space #¥? It is known [1] that the Hardy spaces H¥ are defined for all g € {0, t], but for
p € (0,1) they are not normed vector spaces, being just metric topological vector spaces (see [1] and [2]). The

result of the next theorem is known (see [4] for a more general framework and [6], Proposition 1, for a proof based
on real analysis). Our proof is new and the inequalities which it is based on are different to those from Proposition 1
of [6]. For one of the implications, two different proofs are given.

Theorem 2.1. The function f given by (1) is an element of H P if and onlyif p<1.
Proof. Let P € (0,0) . To write the integral

w 1
I(r,p) = - = d6
Lr |1-rexp(io) |P

under a more convenient form, we need the following computations
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7 1 1
I(r,p)=j dH:ZI 0=
-7 (1-2rcos(6) +r2)P!2 0 (1—2rcos(6)+r2)P/2

1 1
limli(r,p)=2lim dt,
r11 -1 @-2nt+r2)P/2a-12)2

by means the change of variable cos(6) =t. On the other hand, one can write

-1 1 d
t:

-1 @-2rt+r2)Pl2q_2y1/2 v
~(1+r)/2 1 1 1

/ / dt+I / —dt>
-1 (1-2rt+r2)P12(_2y1/2 (1+1)/2 @q—2rt+r2)P/12q_¢2)1/2
(L1 /2

1 dt.
J1 (1—2rt+r2)p/2(1—t2)1/2

On the interval [-1,(1+1r)/2] we have that 1—2rt+ r’<1-2t+1= 2(1—t) (and equality occurs only at
t =(r+1)/2), so that the latter integral is greater than

(L+r)/2 1 1 en)/2 1
= dt #(3
-[—l (2(1_t))p/2(1_t2)1/2 t oP/2 I—l (1_t)(p+1)/2(1+t)1/2 t#®)

The latter integral in (3) is increasing with . Using the above remarks and passing through the limit in (2) and
(3) (via Lebesgue monotone convergence theorem), one obtains for any p >1:
1 1 1 @+r)/2 1

lim dt>lim——— dt=

1

= Il dt
= ZCD'

Thus 1< p<owo= f gH P On the other hand, obviously f ¢ H™, since

Iim;.:oo
rT111-rexp(0-i6) |

Thus f e HP = p <1. Conversely, we now show that f € HP for all p € (0,1). Observe that the two
degree polynomial 7, .{+J =1 — 2rt +#* has as unique global minimum point at # =¢t. Thus, we have
Py (vl = P (t) =1 —t%r € R In particular, it results

limg4 Il 1 dt<Il 1 dt
l _ =
r —1(1_2rt+r2)p/2(1_t2)1/2 _1(1—t2)p/2(1—t2)1/2

1 1
I — i<,
1_2)(PHD/2
since {p + 12 = 1. Now the proof is complete. o

Second proof for the “if” part. Let rewrite f(z)=1/1-2), z= re'? .| zEr<1, 8e(—n,x]. This leads to
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B 1 _ 1-rcos(9) Lir sin(9) _
1-rcos(6) -irsin(d)  1_orcos(@)+r2  1-2rcos(d)+r2
= f1(r,0) +ifo(r,6),

f(r,0)

where fy =Ref, fo =Imf. Evidently, one has: Ii+11 fl(r,a):%, 0 =0. Hence on the unit circle f1 is an
ril

element of LP, Vp >0. Passing to the imaginary part, one obtains

. _ sing) 1 (0
120 = S o) 2 dg(z)’ 020,

We compute
cos(6/2)
lim sin(@/2) _
050 2
0
in order to apply the comparison to the limit criterion for improper integrals. The function 1/ is an element of

1 ’

Lp((—ﬂ', r)) for 0< p<1. Observe that the origin is the unique singular point of fp from the closure of its
domain of definition written above. Consequently, fo is in LP, Vp € (0,1) . It results that both real and imaginary

parts of f are in LP for any pe(01) (and r=1), hence feHP forall pe(01). This concludes the second
proof of thispart. O

Remark 2.1. Notice that in the first part of the previous proof we have used the inequality
1-2rt+r? <2(1-t),re[-1.01 +#/2]

in which equality occurs if and only if t=(r+1)/2. See the proof for details. Thus we have an applied
elementary optimization problem.
Corollary 2.1. We have

1/2

o0 o0

7Z' -

lim PHMei(n-me | 4y o

lim| 12, 2
n=0 m=0

Proof. By the first part of the preceding proof, the relation f ¢ H ! holds. This can be rewritten as

e [P i0 i (7 12,010y
oo_mj_ﬂ | f(re )|d0_HnI () 2 (rel)do =

1d-7
1/2
7[ Cx:) - w -
= Iimj Z rNeind rMe~IMI do =
rT1d-=
n=0 m=0
1/2
T I < onem i(n—m)@
Iimj r eV de.
rt1d-= Z Z
n=0 m=0

This concludes the proof. o

Remark 2.2. From the first part of Theorem 1.1, we know that f ¢ H 2 To determine the speed of convergence

of || ||H2 to infinity, we compute
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>

o0
2 1 2n _
Ifrl=oof DT @)=
n=0 -

Hence one can write

IKi 1,

lys———, 11
ﬁx/l—r

The following problem arises naturally: could we prove a similar result for the same function f, when the Hardy
space H¥ is replaced by the Bergman space A¥? The answer is affirmative. Namely, we prove the following new

result.

Theorem 2.2. Let p = 0. The function f given by (1) is an element of the Bergman space A P it and onlyif p<1.
Proof. Observe that for each # € 0,11, we have f € H¥ = A¥  where the former relation follows from theorem 2.1
and the latter one results from the definition of the two spaces in question. Now let # = 1. Computing the integral
which defines the # —power of the norm of £ in the Bergman space in polar coordinates, as in the proof of theorem
2.1, we find

w
[C L[] —Trar [

1 1 .
||f||i,—,-=Jr|f|?dﬂ=;f|ftx,}’]|pdxdy=— J- f'|f|:relﬂ:||pd?'d€=
v v

1 1 1 1
z B == f : drdf =
= J‘ T — e & - "1 — 2rcoste) +rigere O

[EaL[ =] —Trar] [CL [] —TAT[

2 1

- : drdt,
" S 2et +rneia - O

s
(B[] -L1]

(where + = =, t = eos(8)7. Notice that we can write

r+1

[01[x] — L1[= U Bo.By = {':'r', thl=r=n(<1)-1=t= } M ER,
1

where %, T 1,71 — @2, Following the proof of theorem 2.1, we have already remarked that on B, one has

1 1
= ,
(1 —2rt 42002 % or PP

because of ¢ = % Since the sequence (%), is increasing to 1, the sequence iB, )y is also increasing with respect

to the inclusion order relation. All the functions under the integral sign being positive, Lebesgue monotone
convergence theorem can be applied. It results:

2 T
v _ : =
IFlle = - f lim N (. t] 2t 7 70871 — grat
[Coi[=] —LA[
21 f Mg (r, t) . drd
— 11 =
7 ficse B Vo 1 — 2rt + 202 — 2z 7 t=

[Cul[=]-1.1]
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2 *
il | a0 g et =
[BL[<]- L]
2 j‘ . (8 #
T B e 8 T ey 9T S
[BAL]- LA

L

2 T 1 dat
-;'5233.-"'2 _J‘ |:1 _ t](j‘.'l+1).-'r2 [1 + t] 1i? drdt = 1.?_-23:,"2 _J‘ |:1 _ t]fj‘.'l+1.),.'r2 [1 + f:l 152 =+w
(O[]~ L] -1

Hence for = 1, we have that f & A7, This concludes the proof. O

In the sequel, we study the behavior of the function

g, ={zel |zl <1, Relz) =0} = L. giz) = 2,2.'EU+
—
related to the limits of the means
i Lip L
1 )
gl = timl == [ lalos®F a8, | . lghowy =] [laloas] .
-2 [
& : drd
o= - ray
From the previous results, we deduce the following theorem.
Theorem 2.3. (i) We have llgllywi ¢y = oo if and only if g, = 2.
(i) llgllaws ¢z, 5 = o if and only if gy = 2.
Proof. (i) We have
iz
gl tim [ = a8
=0 03 =0 0
Fllgpr = 00 = | T1 = p?(cos(26,) + isin(20, )l ° =
—f2
L T
li ! ez li ! el
1111 T4 | =W 1mf 73 =5 00
ATL 2 (14 p%— 2p2cus|:2€1];|p1 rit N (1+4+? — 2reos(@) :lj‘J1

According to the proof of Theorem 2.1, the latter relation is equivalent to £ & ##1/2 where £ is given by (1). But
this last relation is true if and only if g f2=1liep=2 (cf. Theorem 2.1).

(ii) This assertion follows using the computation and the result proved at point (i). Passing to polar coordinates
£.8,in the double integral from the definition of llgllap¢z,5. and making the change of variables

r=p? €]01[, & = 28, €] — =, =[, the conclusion follows. The necessary and sufficient condition for the
convergence of that integral is ‘%‘ = 1. See also the proof of Theorem 2.2. O

3. Conclusion
The results claimed in the Abstract have been proved using the tools of real analysis: inequalities, Lebesgue

monotone convergence theorem and appropriate changes of variables in integrals. We have given two different new
proofs for one of the implications of Theorem 2.1. The proof of the converse implication is also new. One gives
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complete proofs for the main new results of theorems 2.2 and 2.3. The interested reader might prove similar
theorems for other holomorphic functions, eventually over other regions of the complex plane.
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