Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

O O SCITECH Volume 14, Issue 2
o o RESEARCH ORGANISATION Published online: December 21, 2018|

Journal of Progressive Research in Mathematics
www.scitecresearch.com/journals

On the Nature of Solutions of a System of Second Order
Nonlinear Difference Equations

Inci Okumus™, Yiiksel Soykan?

Y2Department of Mathematics, Faculty of Art and Science, Zonguldak Biilent Ecevit

University, 67100, Zonguldak, Turkey
YE-mail address: inci_okumus_90@hotmail.com; *E-mail address: yuksel_soykan@hotmail.com
“Corresponding Author

Abstract

In this paper, we investigate the dynamical behaviors of a system of second order non linear difference
equations We study local stability of the equilibrium point of the system of the second order rational
difference equations and oscillation behaviour of positive solutions of the aforementioned system.
Moreover, we establish that the system has unbounded solutions.
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1. Introduction

Recently, there has been great interest in investigating the behavior of solutions of a system of non linear difference
equations and discussing the asymptotic stability of their equilibrium points. For example, in [3], EI-Owaidy et al.
studied stability, boundedness character and oscillation behavior of the difference equation
xP
Xnp1 = X +—5-. #(1.1)
xn

In [1], Bao investigated the local stability, oscillation and boundedness character of positive solutions of the system
of difference equations

p

p
X.
=1, yn+1=A+3%, n=01,.., #(12)

n n

whereA € (0,0),p € [1,], and initial conditions x;,y; € (0,0),i = —1,0.

Xn+1 =A+

In [6], Gimiis and Soykan considered the dynamical behavior of positive solutions for a system of rational
difference equations of the following form

Uy v = a1Vn—1
=T 7 V1T
B+vyv,_, P+ niu,_,

Where the parameters a, 8, v, a1, B1, ¥1, p and the initial values u_;, v_; for i = 0,1,2 are positive real numbers.

, n=01,..., #(1.3)

Up+1

In [7], Okumus and Soykan studied the boundedness, persistence and periodicity of the positive solutions and the
global asymptoticst ability of the positive equilibrium points of system of the difference equations
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Xy _ Zy,_
xn+1=A+Z—1, yn+1=A+%, Zni =A+2L n=01,..., #(1.4)

n n yn

whered € (0, o), and initial conditions x;, y;, z; € (0,%),i = —1,0.

Also, in [8], the authors investigated the oscillatory, the existence of unbounded solutions and the global behavior
of positive solutions for the system of difference equations
Xn— — Zy
Xnsr = A+ y =4 = AT n=0,..., #(L5)

n n yn

whereA and the initial values x;, y;, z;, for i = 0,1, ..., m are positive real numbers.

Motivated by all above mentioned studies and in the light of the works in [7] and [8], in this paper, we studied the
system of difference equations

p p p

X, _ _ Zp_
xn+1=A+ npl’ yn+1=A+yn 1 Zn+1=A+ n-l

p p
Zn Zy n

n=01.., #(16)

where 4 € (0,),p € [1, o], and the initial values x;,y;,z; € (0,),i = —1,0.

For some other papers in which systems of difference equations have been studied, see [1-14].

2. Preliminaries

We recall some basic definitions that we afterwards need in the paper.
Let us introduce the discrete dynamical system:
Xnt1 = 1 Xno1s s Xn i Yo Yne1s 00 Yk Zns Zne1s +oos Znie)s
Ynt1 = f2(n X1y s Xntor Vs Vn—1s 0 Ynokr Zns Zn—s woer Zn—tc), #(2.1)

Zn41 = f3 (xntxn—ll o Xn—jor Ynr Yn—1s 0 Yn—kr»Znr» Zn—1, "-th—k)'

neN where fi:IfPP XX S L BT X BT I S5, and fy I x ISFU < I S 1 are
continuously differentiable functions and I, I, I3, are some intervals of real numbers. Also, a solution
{Cens Yy 2o ) 3o—_, Of system (2.1) is uniquely determined by initial values (x_;,y_;,z_;) € I; X I, x I;for i €
{0,1, ..., k}.

Definition 2.1 An equilibrium point of system (2.1) is a point (x,y, z) that satisfies

;Er ;E)v

N

x=f1G%, ...y, ...7,
y=£5(0% .. VY, V2,2, w,2),
Z2=f0% .. XV, Y, .V, Z, 2, e, Z).
Together with system (2.1), if we consider the associated vector map
F = (fi, %p Xn—1, o Xn—ior 20 Yo Y1 w0 Yk [30 Zns Zne1s +oes Znie)s
then the point (x,7,%) is also called a fixed point of the vector map F.
Definition 2.2 Let (x,y,z) be an equilibrium point of system (2.1).

(@) An equilibrium point (x,y,z) is called stable if, for every £ > 0; there exists § > 0 such that for every initial
Va|Ue (x_l',y_i,Z_l') S 11 X 12 X 13, Wlth

0 0 0
D x—F<6 ) y-F<6 )  |n-7<6
i=—k i=—k i=—k

implying |x, —X| < & |y, = V| < &1z, —z| <& forn € N.
(b) If an equilibrium point (x,7y, z) of system (2.1) is called unstable if it is not stable.

(c) An equilibrium point (x,y,z) of system (2.1) is called locally asymptotically stable if, it is stable, and if in
addition there exists y > 0 such that
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0 _ 0 _ 0 3
Z Ixi_xI<I/tZ Iyl_}/I<V,Z IZl'_Z|<)/
i=—k i=—k i=—Fk

and(xnﬁ}/n'zn) - (X;y;f) asn — oo,
(d) An equilibrium point (x,y,z)of system (2.1) is called a global attractor if, (x,,¥,,2,) = (x,y,z) asn — .

(e) An equilibrium point (x,y, z) of system (2.1) is called globally asymptotically stable if it is stable, and a global
attractor.

Definition 2.3Let (x,y,z) be an equilibrium point of the map F where f;, f,and fzare continuously differentiable
functions at (x,y,z). The linearized system of system (2.1) about the equilibrium point (x,y,z) is

Xny1 = F(Xn) = BX,,

()

n

Yn

where

Yn—k
ZTL

\../

and B is a Jacobian matrix of system (2.1) about the equilibrium point (x,y, z).

I |
I |
el
I I

Definition 2.4 Assume that
Xo41 =F(X,), n=01,..,
be a system of difference equations such that X is a fixed point of F. If no eigenvalues of the Jacobian matrix B

about X have absolute value equal to one, then X is called hyperbolic. If there exists an eigenvalue of the Jacobian
matrix B about X with absolute value equal to one, then X is called nonhyperbolic.

Theorem 2.5 (The Linearized Stability Theorem)
Assume that

Xo41 =F(X,), n=01,..,
be a system of difference equations such that X is a fixed point of F.

(a) If all eigenvalues of the Jacobian matrix B about X lie inside the open unit disk |A| < 1, that is, if all of them
have absolute value less than one, then X is locally asymptotically stable.

(b) If at least one of them has a modulus greater than one, then X is unstable.

Definition 2.6Let (x,y,z) be an equilibrium point of system (2.1), and assume that {(x,,, ¥, Z,) };=_ is a solution
of the system (2.1).

A "string" of consecutive terms {x;, ..., x,, } (resp. {ys, ..., Ym }, {25, o) Zm }), s = —1,m < oois said to be a positive
semicycle if x; = x(resp. y; = y,z;, = 2),i € {s,...,m}, x5_1 <x (resp. ys_1 <y,Z;_1 <Zz), and x,, .1 <x (resp.
Ym+1 < ?,Zm+1 < E)

A "string" of consecutive terms {x;, ..., x,,,} (resp. {ys, ..., Vi } {25, -, Zn }), s = —1,m < oo is said to be a negative
semicycle if x; < x(resp. y; <¥,z; <2),i €{s,...,m}, x4_q1 =x (resp. ys_1 = y,2;_1 = Z), and x,,,1 = x (resp.
Ym+1 2 y'z‘m+1 = E)

A "string" of consecutive terms {(x;, Vs, Z5), ..., (Xm, Ym,Zm )}, is Said to be a positive (resp. negative) semicycle if
{xg, s X b Vs oo Y 1 {25, .., 21, } are positive (resp. negative) semicycles.

Definition 2.7A solution {(x,,V,.,z,)}m=_; Of system (2.1) is called non oscillatory about (x,y,z), or simply
nonoscillatory, if there exists N > —k such that either

Xn 22X,V 2Y,2, 2z, foralln >N

or
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X, <X, Vo<V, z,<Zforalln=N.
Otherwise, the solution {(x,, v,,, z,) };r—_} is called oscillatory about (X,%,Z), or simply oscillatory.

3. Main Results

In this section, we prove our main results.
Theorem 3.1 The following statements are true:
(i) The system (1.6) has a positive equilibrium point (x,y,z) = (A+ 1,A+ 1,A+ 1).
(i) If A > 2p — 1, then the equilibrium point of system (1.6) is locally asymptotically stable.
(i) If A < 2p — 1, then the equilibrium point of system (1.6) is unstable.
(iv) Also, when A = 2p — 1and p = 1, the results has been investigated in [7].
Proof.
(i) Itis easily seen from the definition of equilibrium point.
(if) We consider the following transformation to build the corresponding linearized form of system (1.6):

(xn!xn—l'yn:yn—lﬁznrzn—l) - (fvflvg'glth' hl)

where
14
xn—l
f=A4A+ 7
n
fl = Xn,
p
_ yn—l
g=4+ 5
n
91 = Yn»
p
Zn—l
h=A+221
n
h1 =Zy.

The Jacobian matrix about the equilibrium point (,y, z) under the above transformation is given by

—p—1 P
px px_
0 77 0 0 _Ep+1

1 0 0 0 0 0
—p—1 —p
by py

sEyn=° ° 0 T ompm o 0 Lwe

0 0 1 0 0 0

—p —p—l

pz pz

0 0 0 0 1 0

Hence, the linearized system of system (1.6) about the equilibrium point (x,y,z) = (A+ 1,A+ 1,A+ 1) is
XTL+1 = B(E'ylE)Xn;
where
Xy = (xy, Xn—1 Yn» Yn—1,Zn» Zn—l)T

and
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p p

/0 A+1 0 0 a+1 \l

|1 0 0 0 0 0 |

——— _|o o 0 P __P |
B(x.y,2)=| A+1  A+1 |
|0 0 1p 0 0 g |

\0 0 A+1 0 A+1/

0 0 0 0 1 0

Then, the characteristic equation of B(x,y,z) about (x,y,z) = (A+ 1,A+ 1,A+ 1) is

PLOY (R A 0 VVONY (0 AP A PURN A S
(A4+1)2 A+1 4+ 1)3 (A +1)2 (A+1)3

From this, the roots of characteristic equation (3.2) are

_ [P
L= -

__[P_
Ay = T

1
- - 2
A3 2(A+1)(p+,/p +4-Ap+4p),
1

- - (_ 2
Ay 2(A+1)( p+4p +4-Ap+4-p),
1
- 2
As 2(A+1)(p+,/p +4Ap+4p),

1

=—— (p=p? _

e 2(A+1)(p p +4Ap+4p)

From the Linearized Stability Theorem, since A > 2p — 1, all roots of the characterictic equation lie inside the open
unit disk |A] < 1. Therefore, the positive equilibrium point of system (1.6) is locally asymptotically stable.

(iii) From the proof of (ii), it is true.

Theorem 3.2 Let 0 < A < 1 and {(x,,, v,,,2,)} be an arbitrary positive solution of system (1.6). Then, the following
statements are true.

(i) If
0<x4,1<1 0<y <1, 0<z <1,
Xg = ;1' Yo = ;1' 2y 2 ———, #(3.3)
(1-A4)" (1-A4)"h 1-4)"
then
lim xp,41 =4, limy;,4 = A, lim 2z, =4,
n-ow n—ow n—w
lim x,, = oo, lim y,, = oo, lim z,, = co.
n-w n-w n-w
(iiy If
0<xy<1 0<y, <1 0<z,<1,
g = ;1 Y1 = ;1 z1=>2—-, #(34)
(1—A)" 1-A4)"h 1-Aa)"h
then

lim x2,41 = 00, lim y5,44 = 00, lim 23,44 = oo,
n—-oo n—-oo n—-oo
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lim x,, = A, limy,, =4, limz;, =A.
n—-oo n—-oo

n—-oo

Proof.
(i) From system (1.6) and (3.3), we have

x? 1
—1
x1=A+—pSA+—pS +(1-4)=1
Zy Zy
p
1
y1=A+y—;}5A+—,,s +(1-4)=1
Zy Z
Zfl 1
z1=A+—5<A+5<A+(1-4)=1
Yo Yo
xP
A+=t> 4
Zy
P
_ Y_1
yl—A+Z—p>A,
0
4P
=A+—=> A
Yo
Hence,
E]Al 1]1 }’1 E]A, 1]' Zl E]Al 1]
Also,
P
x
xZ—A+—02A+xg,
Zy
P
yz—A+y—‘,’,2A+yp,
2
4P
2 =A+2>A+7z]
N

Similarly, we get

x3_A+g A+m A+ ( p)_ <A+ (1 -4)=1,
y3_A+%<A+m A+ ( p)_ <A+(1-4)=1,
z3—A+}Z/—2,<A+(A+y) +(A+—yé,)SA+yé,SA+(1—A)=1.

Thus,

) € ]4,1], y; €]4,1], z3 € 1A,1].

Also,

p
X
x4=A+Z—f,zA+x§’2A+(A+xg)”2A+(A+xg)=2A+xg,
3

14
y4=A+3Z'—§2A+y2”2A+(A+y§)”2A+(A+yg’)=2A+y(§’,
3
14
VA
2= A+ 224+ 2A+(A+2Z)) 2 A+ (A+2))=24+2).
Y3
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By induction for n = 1,2, ..., we obtain

From system (1.6) and (3.5), it follows that

(ii) The proof is similar to the proof of (i), so we omit it. The proof is completed.

lim x,, = oo,

n—oo

A< Xon—-1 < 1, A< Yon-1 < 1, A< Zyn—1 < 1,
Xon ZNA+ x5, yo, 2nA+ Yy, 75, =2nA+2). #(3.5)

lim y,, = oo, lim z,, = oo,
n—oo n—-oo

P
lim x5, = lim <A + —2’;_1> = A4,
n—-oo

n—-oo

ZZn

yP
fim v = fim (4+752) =
2n

P
, . 2n-1
lim z;,,; = lim <A + ==
n—oo

n—-oo

p
yZn

)=

ISSN: 2395-0218

Theorem 3.3 Let {(x,,, .., z, ) }be a positive solution of system (1.6) which consists of at least two semicycles. Then

(X, Y, 22) 324 s oscillatory.

Proof. Since {(x,, Vn,2,)};r—_, has at least two semicycles, there exists N > 0 such that either

or

First, we suppose the case (3.6). Then

So, we have

Last, we suppose the case (3.7). The case is similar to the first case, so we leave it to readers.

X1 <A+1=<xy,

Y- < A+1< YN, #(36)

ZN—l <A+1SZN’

xN<A+1SxN_1,

v < A+1< YN-1, #(37)

Zy <A+1<zy_g.

xp
_ N-1
xyp=A+t <A+,
zZy
yp
W =A+E <A+,
zZy

Zy_
ZN+1=A+ y; <A+1,

N
Xy

xN+2=A+ D >A+1,
Zyn+1
P

Yniz = A+ > A 41,
N+1
P
Zy

ZN+2=A+ D >A+1
Yn+1

Xy <A+1<xyiz

Wit <A+ 1<yyy
ZN 41 <A+1< ZN42-
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