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Abstract

There exist several methods for solving fuzzy linear or nonlinear programming problems under
positivity fuzzy variables and restricted fuzzy coefficients. Due to the limitation of these methods,
they can’t be applied for solving fully fuzzy linear or non- linear programming problems with
unrestricted fuzzy coefficients and fuzzy variables. In this paper an efficient method to find the fuzzy
optimal solution for fully fuzzy quadratic programming (FFQP) problem with unrestricted variables
and parameters has been proposed. All the coefficients and decision variables of both objective
functions and the constraints are triangular fuzzy numbers. The proposed method is based on
converted FFQP problem into crisp quadratic programming (CQP) problem. Finally an illustrative
numerical example has been given to clarify the proposed solution method.

Keywords: Fully Fuzzy linear programming; Quadratic Programming; Fuzzy arithmetic; Fuzzy
Optimal solution; Triangular Fuzzy numbers.

1. Introduction

The quadratic programming problems are topic of great importance in nonlinear programming
[11,14,15].They are useful in many fields such as production planning, financial, and cooperative
planning, health care and hospital planning.

Tanaka [16] was first proposed the concept of fuzzy mathematical programming (FMP)
problem. Zimmermann [18] was first proposed the formulation of fuzzy linear programming. Also
Sakawa [12] first formulated the fuzzy bi-level programming problem and developed a fuzzy
programming method to solve it.

.Many researchers adopted this concept for solving fuzzy linear, quadratic and nonlinear
programming problem [2,9,10,17].

In recent years the fully fuzzy linear programming (FFLP) problems in which the coefficients
and decision variables are described by fuzzy numbers has been an attractive topic for the
researchers. Allahviranloo et al. [1] developed a method using ranking function for solving fully
fuzzy linear programming problem. Kour et al.[5]solved the fully fuzzy linear programming
problems with unrestricted fuzzy variables and obtain the exact fuzzy optimal solution. Jayalokshmi
et al.[4] introduced a new method for finding an optimal fuzzy solution for fully fuzzy linear
programming problems. Safaei [13] introduced a new method for solving Fully Fuzzy linear
Fractional Programming with a triangular fuzzy numbers. Loganathan [6] proposed a method for
solving Fully Fuzzy Nonlinear Programming with Inequality Constraints. There are a number of
researchers who have developed and presented new method in this field such as [3,7,8].

The aim of this paper is to develop an efficient method for solving FFQP problem with
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2. Preliminaries
In this section, we give some basic notations which are essential tools for describing
our main results [4,5,6,7,13,17].

Definition1.let X denotes a universal set. Then a fuzzy subset 4 of X is defined by its
membership function g, : X — [0, 1]: which assigns a real number 1 (x) in the interval

[0,1]; to each element x eX, where the value of u(x)at x shows the grade of
membership of X in 4.

A fuzzy subset A can be characterized as a set of ordered pairs of element x and
grade 1, (x), 4= {(x, u;(x)): x € X}.

Definition2. A fuzzy number A= (a.b,c)1s said to be a triangular fuzzy number if its
membership function is given

xX—a
, a<x<h,
b—a
xX—c
p(x) = - b<x<ec, (1
0 , otherwise.

Definition3. A triangular fuzzy number A= (a,b,c)is said to be nonnegative fuzzy

number if and only if a > 0. The set of non-negative fuzzy numbers may be represented
by F(R™).

Definitiond. A ftriangular fuzzy number A=(a,b,c)is said to be unrestricted fuzzy
number if a,b,c € R. The set of unrestricted fuzzy numbers can be represented
by F (R).

Definition5. Let 4 = (a.b.¢), B =(d.e, f)be two triangular fuzzy numbers then,
(i) A®B=(a,b,0)®D(d,e,f)=(a+d,b+ec+f)

(ii) ‘;jfﬁ:(a,b,c)f(d,e,f):(aff,bfe,cfa’)

(iii) A®B = (mm (y),be,max(y)) where, y ={ad,af ,cd,cf}.

Definition6. Two triangular fuzzy numbers A ={a,b,c}, B = {d,e, f} are said to be
equalifandonlyifa=d,b=e, c=1

I

Definition7. A ranking function is a function R:F(R) —> R, which maps each fuzzy
number into the real line.

Tet A= (a,b,c) be any triangular fuzzy number, then R(;IJ) = %(a +2b+¢).
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Definition8. Let A = {a,b,c}, B = {d,e, f} be two triangular fuzzy numbers, then,
(iy  A<Biff R(A)<R(B).
(i) A<B iff R(A)<R(B).

Definition9. Let A= (a,b,c), B= (x,v.z) be two triangular numbers. Then we have,
min  (ax, cx) , by , max (az,cz) , if a=0 ,
A® B ={mn (az,cx) , by , max (ax,cz) , if a<0,c>0, (2)
mmn  (az,cz) , by , max (ax,ex) , i ¢=0,

Then,

({O.S(a+c)x—0.5(c—a)|x| },_ by ,{0.5 (a+c)z+0.5(c—a)|z },U‘ a=0
({0.5(az+cx)70.5|cxfax|}, &1},{0.5(ax+cz)+0.5|czfaxl}).ifa<0,c>0, 3
({0.5(a+c)z—0.5(c—a)|z }, by ,{0.5 (a+c)x+0.5(c—a)|x },Jf c=0

[,
x
ool
[l

Now, we introduce splitting technique for fuzzy coetficients matrix.

Let A be m x n triangular fuzzy matrix, then we split A into the following:

—~— —~

A=A ® A" ® A~ where,

~, B |(ay.by.cy) o df a; >0,
('A )mm B ((afj’bwcg D’"’" { EO,OJ,O)Ji , ofhe:wr;s-e. X
~ B B (a.b .c) ., if a, <0,c >0, _
4 )f" = (o8, )m _{ (jo,oj,O)j , ofhe:wise j )
~\ J(ay.byey) L i ¢y <0,

("1 )mxn - (at;?"bilf’céf )mrn N { (J(]’Oi_())f , of]?ejwise. (6)

3. Problem Formulation
Consider the following fully fuzzy quadratic programming (FFQP) problem:

(FFQP):
Max (or Min) Z = CXDX" DX
subject to
A® X (<,=,>) B,

X is unrestricted triangular fuzzy numbers,
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X = (5,50, ). C = (6.6y...¢,) . B = b5y b, )

aml dmn d
Where, C,D, A,and B are triangular fuzzy numbers and X is triangular fuzzy variables.

The function X TDX detines a quadratic form. The rank (E \ E): rank ( A ) =m.

A method to solve FFQP problem and obtain the fuzzy optimal solution is proposed in
the following section.

4. An Algorithm
Stepl. By using the splitting technique write the FFQP problem as follows:
(FFQP);:

Max (orﬂ/_fin)z = [Z Ej (59 EEJ_ ] @{Z Z gk(’;‘ﬁ;.-j }
Jj=l

k=1 j=1
subject to

(ti_ ® 47 @2[_)@33. < b, si=Ll..m, j=L..n
x; e F(R).
Step2. If all the parameters ¢, .d b4, ag ., ,and b are represented by triangular
fuzzy numbers(p.,qj,r.), (x ,yj,z.), (sgj, .}g,v}g) ,( a,, b;, ; *)
( ) b i) (argF , by , ) and (b,,g,,h,) respectively, then

o Cy
(FFQP), problem can be written as follows:

(FFQP),:

Max (or M’m)Z— Z (p;,q;.1,)9(x;,¥,,2,)P

Jj=1
p;j=0

> (p,.q,.1)®(x,,y,.2, )@Z (2,9, 1) ®(x,.v,,2,) |®

p;<0 r '\.U
7,20

Z Z (xk’1’kﬂzk)(x)(g]g7[;?;’1’]9)@(3‘]3,J7 })@
k=l j=1

72 0
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H n

D e z) Osyty v ) O (x,,0,.2,) D
k=1

J=1
sJ,<O
»'120

H 4

DD (e ¥z ) O (5 1y v )P (x 1, y,.2 )

k=1 j=1
1’j<0

subject to

Z (ab"b;’ )®(J‘ Yis J)(_DZ (aU’b+ )®(xf’yj’zj)@

Jj=1 Jj=1

Z (arf’bv’ U)®('\ -Z_J)S(bi?gﬂhi)a
Jj=1

(x;,v;,2,)eF(R) , i=1...,m,j=1..,n

Step3. Using Definition 9, the (FFQP)2 problem can be written as follows:

(FFQP)s:
Max (or Min)Z = > (min (p;x;,7:%;).q,;¥;,max (pjzj_,rjzj))@
=
Z( (PZJ’JJ) q; jmax(pj"‘,r’fz))
pj<0
=20

H

Z (rnir]( pjzjﬂrjzj) 3 9_;'}'!_;': max (pj‘rj‘li}‘xdr)) @

J=1
ri<0

(mm(sggxkxf,m;gau X))ol eV, MAX (8.2,2 V.2, 2 )) S
k=1 j=1

Z (m]'n(s,g.zkz Vi X ﬂj) Ty iy ;- max (Sijkxj,vjzkzj))@

=

(min(s,gzkz VEZhZ ) LYy Y J,max(sb.x X, VXX ))

subject to
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(mm (GU J? U J) iy~ J,maX(aU J? U J))

=R
N

e
I
=]

(mm (a,z;,c,x,),b,y, ,max(a,x, ,c, J))(Jr)

2~
I

)
N
IV A
S o

4]

;X )) (bi.‘-gi.'hf)

7 (mm (a,z,,¢,2;),b,y,,max(a,x;,c,x,

=1

(x,,v;,z,) e F(R), i=L...m.

[

=
(=]

Step4. Using Definition 9, the (FFQP); problem can be written as follows:

(FFQP)4:
JMax(oriMz'n)f = Z (O.S(pj +7,) x, —0.5(r, pj)l V;
=
p;=0

05(p;+7)z,+0.50; —p,) |ZJ-| )6—)
Z (O.S(pjz}. +i'jl‘j)—0.5‘i'j3.‘j —ijj)‘ - gV
j=1

pj<0
rJ-ZO

05 (p,x, +r,z,)+0.5 ‘rjzj —p],xj‘ )@

Rn

Z (D.S(ijri‘j)Zj*O.S(i — D, )‘

J=1
T <0

14,5,

0.5(p; +71,)x; +0.5(7; —pj)‘xj‘ )@

Z (O.S(pj+rj)zj—0.5(; —p. )‘

?qj j,
J=1
"'j<0
0.5(p; +1,)x; +0.5(7; —pj)‘xj‘ )@
Z (0 S(sy + v )y, —05(vy =) | x| L1, 0,0,
k=1 j=1
5:20

0.5(sy +v,) 2,2z, +0.5(v; —s) ‘zkzj‘ )@
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n n

Z (0 S(8,2,2, + VX X;) — 05‘ G X TSE L L VY s
k=1 j=1
5;<0
1:J.20
0.5Cspxpx; +vpz,2,)+0.5 ‘ Vi ZiZ; fsﬁxkxj‘ )@
n 1
Z (0.5 (sy +vy)zpz; —0.5(vy —,S']g-)‘ ZpZi | g ViV
k=1 =1
v}-«:U
0.5 (54 +Vfg)xkxj +0.3(v,g — Sy ) | XX )
subject to
n
Z (O.S(GU. +c,)x; =05 (¢, —a,) |x;|.0,v,,
hozo

ij =

05(a,+c,) 2,+05(c,—a,)| 2| J+

by

r.«j:‘

S (0 5(a.z. +¢;

72 .,\J—CJ’..Z

)

o,
JL

iyl

=
VA
o

C Z . —GU‘.J‘)-F

0.5 (a,x; +¢,z,)+0.5

> (0.5, +¢,)x,—05 (¢, -

=1
=0

» M _,1’

Eh‘-—

0.5(a; +¢;) z; +0.5(c,; —ay) ‘Zj‘ )+

n

by

g-j?

(.,UAJ. — aszj

(05(a,

UJ

o~
l

)

-~
I A
e o

=

0.5 (a;x

GU\J‘)-F

g=j
> 2

Z (O.S(GU. +c,) z; —O.S(CU. —a

bUJJ’

b,

i

O.S(aij +CU.)xj +0.5 (cp.j _%)
(xi.’.yr’ﬁzi) EF(R) ,f:1,...,m

StepS. Using definition 7, the (FFQP)s problem can be converted into fuzzy quadratic
programming (FQP) problem which can be written as:
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(FQP):

AMax(om%'rr)Z =R Z 0.5(p; +r)x; =05(0; —p;) |xj| >4,
j=l
p;=0

05 (p, +1)z, 0.5, p) |z )+

Z 05(p,z, +rx;)-05@x;, —p,z;), q,¥; ,

pj<0
r_,20

0.5(p,x, +;‘jzj)+0.5 ‘ 1z, —pjxj‘ )+

R Z 0.5(p, +1r,)z, 050 p)‘

AR
j=1
rJ<O
05 (p,+r)x, +05(,—p,) «‘}‘ )+
RIS 3 (0505, vy ves, ~050 5| xev |ty
=l J=
s>0

0.5 (s + v )z, 2, +0.5(v, —S]g.)‘ ZkZJ-‘)‘F

n n
R{Z > (0.5(syz,2; +1’@A'kxj)—o.5‘v,gxk9.'j — S22 e ViV
k=1 =1
{<0
VJEO

0.5 (syxpx; +vyz,pz;) +0.3‘vﬁjzkzj fs,g.xkj‘ )+

R Z Z (0.5Csy, +vy)zz, =05 (v, —s )‘zk A Viy;
=
0.5(s, +v)xx, +0.5(v, XpX; ))
subject to
Z (0.5(ag+cﬁ)xj—0.5 (¢, —ay) |x,|.0,¥,;,
j=l
aU--‘:O

0.5(a, +c,) z, +05(C,J,*C?y)‘ ‘)
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n

> (0.5(a,z, +¢,x,)-03
Jj=1

a,-}-<0

c; 20

b1

ij -

CyX; —a;Z;

,,.
=i 7’

)+

ab;j J"‘ja

05(a.x +c.z)+0.5

iy e Cy2; —dyX;

goJ

n

Z (0.5 (a; +c;) z, —0.5(c; —ay) ‘zj

0.5(%. +e )X, + 0.5 (c, —a,) ‘ xj.‘é (b.,g..h),
(x.,v,.z,) e F(R) ,i=1..m.

Step6. Using Defmnition 6 —8, the fuzzy quadratic programming problem obtained in
step5 is converted into the following crisp quadratic programming (CQP)
problem:

(CQP):

Max (or Min)Z :i Z 0.5(p; +r;)x; =0.5(r —pj)|xj

J=1

3
pjzo

2(q,y)+0.5(p, +7)z,+0.5(,—p )|z )+

1 n

— Z 05(p;z;, +rx;)-05(rx; —p;z;)+
pr<o

r;=z0

I

20q,5)+0.5(p,x, +7,2)+0.5) 12, = p x| )+

1 n
Z Z (O.S(pj +7,)z; -0.5 (r,—p;) ‘Zj“i-

j=1
rj<0

2(g,7)+0.5(p, +1,)x, +0.50, — p))|x | )+

1 n "n _
2 ; Zl (0.5(s, +vy)xx, =05 (v, —s,.) ‘xkx;.‘Jr
.

5.20
J

2, y;)+05(s, +v)z, 2, +0.5(v, —S}g.)l zkzj| )+
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(Z Z (05(5 ZRZ F VXX ) - 05‘ VXX, — Sﬁjzkzj‘+
k=1 j=1

sJ<0

v;20

2(1, v, )+ 0.5(s, xpx, +v zzk)+03‘1 ZZ; *5@3‘}3;‘ )+

1 n n
n Z Z (0.5Csy, +v,)z,2, =05 (v, =, )‘zkzj‘+

k=1 j=1

v;<0
2(3‘@.}}}’]) +0.5 (S@. +vﬁj)xkx] +0.35 (v}g _ng') xkxj‘ ))
subject to
> (0.5¢a, +c,)x, —0.5(c x|+
Jj=1
ar}-ZO
(OS(GUszrc X; —GUZJ‘)+
=t
a; <0
Cjf =0
0.5, +¢,)z,-0.5(c,—a,) | 7| )<,

=1

> by, <g,.

j=1

Z (O.S(ai.j +¢,;)z, +0.5(c; —ay) ‘zj‘ )+

> (OS(a +c,z,)+05 |, z, - aU\jDJr
<o

¢y 20

Z (O 5(a, +c;)x; +0.5 (¢, - X, )Sh},
j=1

qj<0

v, —x; 20, =y 20,

x,v,z;€R i=L.,m, j=Ll..n, k=1..n

Step7. Solving the (CQP) problem by using MATLAB package and find the optimal
solution x Vs

Step8. Find the fuzzy optimal solutionx; = (x,,¥,,2,).
Step9. Find the fuzzy optimal value by putting x, in
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5. Numerical example.
Consider the following (FFQP): problem:
(FFQP)1:
Max 7 = (_27476) ® (‘)"12 5 ,1",12 ? 212) D (4~6~8) ® (X; 3 .}J’i 3 222 )
subject to
(—=6,-4,0)® (x,,¥,.2,) D (12,14.16) X (x,,v,,z,) = (-60,-34-6),
(4:8912) <>§ (‘3'1.]"1 ) 21 ) @ (_4.*_254) ® (.1'2 s J"Q L] Zz ) - (_831 6"36)»
(x5 v,,2, ) (x5, v,,z,) are unrestricted triangular fuzzy numbers.

Step1-2.By using the splitting technique writes (FFQP): 1in the following form:
(FFQP)a2:
MaxZ =(-24,6)® (x(,37,2)) D(468)® (x3,71,23)
subject to

@

(0,0,0) (12,14,16)_ o (0,0,0)  (0,0,0)
(458912) (03090) a (0"050) (_45_294)

(_65_490) (07090) ® ('Xl » V12 2y ) _ (_60»_3 4:_6)
(O"O*O) (07070) _ (xz ? :Vz ? 22 ) - (7871 6736)

(x,.3,.2)) € F(R).j =12

Step3.Using the arithmetic operations in Definition 9, the (FFQP)2 can be written as:
(FFQP);:

MaxZ = ((min( ~2z7,6x7) .4y, max(—2x,,6z,)
® (min (4x7.8x3),6y;, max (4z;.8z5)

subject to
(min( 12x,,16x,).14y,, max (12z,.16z,))®
(min (—6z,,0),~4y,.max (—6x,.0)) = (- 60,-34,-6)),
(min (4x,.12x,).8y,,max (4z,,12z,))®
(min (—4z,,4x,),~2y,,max (—4x,,4z,)) = (-8,+16,36),

(x;,v;.2;) € F(R),j =12
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Step4.By using Definition 9, the (FFQP)s can be written as follows:

(FFQP)s:

MaxZ = ( (—z] +3x])—|z] +3x] xl2 +3z; )@

2 2 2
4y, (—x; +3z; )+ :

(622 2|52 602,622 +2|=2] )
subject to
(14x, —|2x,] 14y, 142, +| 22,| )&
(-3z, - 3|z, . 4y,.-3x, + 3| x,| = (-60,-34,-6),
(83\”1 - 4‘ 3"1‘ .8y,.8z, + 4‘ 21‘ )@(—222 +2x,) 2|z, +x,|, 2y,

~2x, +22, + 2]z, +x,| )= (-8,16,36)

(Xjayjazj) S f‘(‘{{)ﬂ} = 132

StepS. By using Definition 7, the (FFQP)s problem is converted into the fuzzy quadratic
programming(FQP) following form:

(FQP):

Max 7 = R((le2 +3x7) f| zl + 33\”12|, 4y?, (—x] +3z])+|x +3213| )@

Rl6x? —2|x3]. 63,625 + 2| 23] )

subject to
(14x, —|2x,] 14y, 142, +|22,| )@
(—3z, -3 21‘ 4y, —3x, +3 xl‘ = (—60,-34,-6),

(83(1 —4‘ xl‘ ,8v,,8z; +4‘ zl‘ )@(—222 +2x2)—2‘ zZ, +x,
~2x, +2z, +2|z, +x,] )= (~8,16,36)
(J:J_., 1’1j:ZJ)EF(R):'j:1:~2'

:_2,1"12 5

Step6.Using Definitions 6-8, the (FQP) problem is converted into the following form:
(CQP):

1 5 2
Max7 = Z((—zl‘ + 33‘12)—‘212 +3x1“ + 83-’12 +

(—x] +3z])+ ‘xf +3zf‘ +6x§—2‘ xi‘+12y§ +62; +2‘ zf‘)
s.f

14x, -2 )
14y, =4y, =-34,

—~3z, —3|z,|=-60,

Xy 1‘
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14z, +2|z,|=3x, +3| x| = -6,
8x, —4|x| -2z, +2x, -2
8y, =2y, =16,
8z, +4|z| - 2x, +2z, + 2|z, +x,| =36,
v,—x,20,z, =y, 20,y, —x, 20,z, —y, =0,
X,.v,,z, €R,j=12.
Step7.The optimal solution of CQP problem is
x, =Ly =15z =2,x, =-3,y, =-2,z, =-05

Z,

z, +x2‘ =-8,

Step8. The fuzzy optimal solution is X, =(1.1.5,2), X, =(-3,-2,—0.5)).
Step9. The fuzzy optimal value isZ = (-7, 33, 96).

6. Conclusions

In this paper an efficient method to find the fuzzy optimal solution of fully fuzzy
quadratic programming FFQP problem with unrestricted variables and parameters has
been proposed. This proposed method is based on converted FFQP problem into crisp
quadratic programming CQP problem by using splitting technique for fuzzy coefficients
matrix and ranking function which maps each Fuzzy number into the real line. Finally the
method 1s illustrated by a numerical example.
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