Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

O O SCITECH Volume 15, Issue 3

L RESEARCH ORGANISATION  Published online: October 23, 2019

— O

Journal of Progressive Research in Mathematics
wwwe.scitecresearch.com/journals

Fuzzy soft separation axioms in fuzzy soft topological spaces

F.H. Khedr!M. A. Abd Allah? M. S. Malfi®

Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt
E-mail: mulfy_s76@yahoo.com

Abstract. Fuzzy soft separation axioms was introduced by Mahanta and Das ([5]) using the
definitions of a “fuzzy soft point' and “the complement of a fuzzy soft point is a fuzzy soft point’, and
“distinct of fuzzy soft points' in there sense. In this paper we, introduce fuzzy soft separation axioms
in terms of the modified definitions of a “fuzzy soft point', the complement of a fuzzy soft point is a
fuzzy soft set' and “distinct of fuzzy soft points'([7]). Also, we study some of their properties. Finally,
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1. Introduction

Prof. L. A. Zadeh[14] in 1965, introduced the concept of fuzzy set and fuzzy set operations.Chang [2]
introduced the concept of fuzzy topology on a set X by axiomatizing a collection T of fuzzy subsets of
X.

The concept of soft sets was first introduced by Molodtsov [8] in 1999 as a general mathematical tool
for dealing with uncertain objects. Cagman et al. [1] and Shabir et al. [12] introduced soft topological
spaceindependently in 2011. Maji et al. [6] introduced the concept of fuzzy soft set and some of its
properties. Tanay et al. [13] introduced the definition of fuzzy soft topology over a subset of the initial
universe set. Later, Roy and Samanta [11] gave the definition of fuzzy soft topology over the initial
universe set. In [4], Kharal and Ahmed defined the notion of a mapping on classes of fuzzy soft
sets.Mahanta and Das ([5]) introduced the fuzzy soft separation axioms T;(i = 0; 1; 2; 3; 4) by
using the definitions of a “fuzzy soft point' and “the complement of a fuzzy soft point is a fuzzy soft
point ', and “distinct of fuzzy soft points' in his sense.

In the present paper, we introduce fuzzy soft separation axioms T;(i = 0; 1; 2; 3; 4) in terms of
the modified definitions of a “fuzzy soft point', the complement of a fuzzy soft point is a fuzzy soft set'
and “distinct of fuzzy soft points' ([7]) and we study some of their properties. Finally, we discuss
some fuzzy soft topological property for such spaces.

2. Preliminaries

First we recall basic definitions and results.
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Definition2.1.([14]) LetX be a non-empty set. A fuzzy set A in X is defined by a
membership ~ functionuy: X — [0,1]whose  value  py(x)  represents the  “"grade  of
membership" of x in A for x € X. The set of all fuzzy sets in a set X is denoted by I¥,
where [ is the closed unit interval [0,1].

Definition 2.2. ([14]) If A, B € I, then, we have:

WA <B eouyx)suzx), vx € X;

QA =B ©puy(x) =ppx), Vx € X;

(B)C=A VB & pc(x) = max (uy(x), uz(x)), vx € X;
(4 D=ANAB < up(x) = min(py(x), pp(x)), vV x € X;
B)VE = A o u(x)=1— uu(x),vx €X.

Definition 2.3. ([8]) LetX be an initial universe set and E be a set of parameters. Let P(X)
denotes the power set of X and A € E. A pair (F, A)is called a soft set over X if F isa
mapping given by

F: A — P(X).

In other words, a soft set is a parameterized family of subsets of the set X. For e € A, F(e)
may be considered as the set of e —approximate elements of the soft set (F, A).

Definition 2.4. ([11]) Let X be an initial universe set and E be a set of parameters. Let A € E.
A fuzzy soft set f, over X is a mapping from E to I, i.e., f;: E — I%X, where f;(e) # 0y if
e € ACE,and f;(e) =0y if e & A, where 0y denotes empty fuzzy set inX. The family of
all fuzzy soft sets over X is denotes by FSS(X, E).

Definition2.5.([11]) The fuzzy soft set f, € FSS(X, E). is called null fuzzy soft set, denoted
byOg, if forall e € 4, f,(e) = 0y.

Definition2.6.([11]) Let fr € FSS(X, E). The fuzzy soft set fzis called absolute fuzzy soft set,
denoted by 1, if forall e € E, fz(e) = 1ywhere 14(x) = 1 for allx € X.

Definition2.7.([11]) Let f4,gp € FSS(X,E).fis called a fuzzy soft subset ofggifA € B
andfiz (e) < gg(e) forevery e € Eand we write f, = gg.fsand ggare said to be equal,denoted

by f4 = gpif fa E ggand gg E fy.

Definition2.8.([11]) Let f4, gg € FSS(X, E).The union (resp. intersection) of f,and ggisalso a
fuzzy soft set h., defined by h;(e) = f4(e) vV gg(e)(resp.hc(e) = f4(e) A gg(e)) for all
e € E,whereC = AU B (resp C = A N B). Here we write hy = f, U gg (resp he = f4 1 gp).

Definition2.9.([11]) Let f, € FSS(X, E). The fuzzy soft complement of f,, denoted byf,, is a
fuzzy soft set defined by f(e) = 1y — fz(e) forevery e € E.

Clearly (f{) = fa,(15)° = 0gand (0g)° = 1.
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Definition 2.10.[11] Let T be a collection of fuzzy soft sets over a universe Xwith a fixed set
of parameters E, then Tis called a fuzzy soft topology on Xif

V)10 €%

(2) The union of any members of Tbelongs to T,

(3) The intersection of any two members of T belongs to .

The triple(X, T, E)is called a fuzzy soft topological space over X. Also, each member of T is
called a fuzzy soft open set in (X, T, E)and their fuzzy soft complements are called fuzzy soft
closed sets in (X, <, E). The family of all fuzzy soft closed sets in (X, T, E) is denoted by T¢

Definition. 2.12. [10] Let (X, T, E)be a fuzzy soft topological space and f; € FSS(X,E). The
fuzzy soft closure of f;, denoted by cl(f;), is defined ascl(fy) =M {h¢c: he € IC,f1 E

hc}.Clearly, cl(fy)is the smallest fuzzy soft closed set over Xwhich contains f.

Definition 2.13.[5,9] Let (X, ¥, E)be a fuzzy soft topological space and Y € X. Leth) be a

fuzzy softset over (Y, E)i.e.,hk: E — IVsuch that
1 ifxey
Y —

mE@ ={y ey
LetT, = {hf N gz : gg € T}, then I, is a fuzzy soft topology on (Y, E)called a fuzzy soft
subspace topology for (Y, E)and (X,Zy, E)is called a fuzzy soft subspace of (X,I,E). If
hl € I[resp. hl € T€] then (X,Zy, E)is called fuzzy soft open [resp. closed]subspace of
X,3,E).

Definition 2.13.[5] A fuzzy soft set g,is said to be afuzzy soft point, denoted by e,,, if for
the elemente € A, g,(e) # Oy and g4(e’) = 0y, Ve € A — {e}.

Definition 2.14.[5] The complement of a fuzzy soft pointe,is a fuzzy soft point (e44)such
that g5(e) = 1y — ga(e) and g5(e') = 0y, Ve € A — {e}.

Definition 2.15.[5] A fuzzy soft point ey, is said to bein a fuzzy soft set h., denoted by
eqa € hc if for theelemente € C U 4, g(e) < h(e).

Theorem 2.16.[5] A fuzzy soft pointe,, satisfy the following properties.

(1) Ifeyy € hy then egy may or may not belong to hg,

(2) Ifegy € hy # (e44)° € hy,

(3) The union of all the fuzzy soft points of a fuzzy soft set is equal to the fuzzy soft set.

Definition 2.17.[7] A fuzzy soft point e, over X is a fuzzy soft set over Xdefined as follows:
N Xg ife =e
ex, (€)= {ox ife € E—{e},
where x, is the fuzzy point([11]) in Xwith support xand value a, « € (0,1).
A fuzzy soft point e, _is said to belong to a fuzzy soft set f,, denoted by e, € fyif a <

fa(e)(x).Two fuzzy soft points e, and e'yﬁ are said to be distinct if x # yore # e'.
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Definition 2.18. ([4]) Let FSS(X,E) and FSS(Y, K) be the families of all fuzzy soft sets over
X and Y , respectivly. Let u: X — Y and p : E — K be two mappings. Then a fuzzy soft
mapping f,, : FSS(X,E) — FSS(Y,K) is defined as follows: for a fuzzy soft set f, €
FSS(X,E), Vk e p(E) € Kand y €Y, we have

View1o)Veep-ttonafa(@if u™'(y) # @, p (k)N A+ o,

k — { xeu " (y)Veep~(k)nNA
fup U G) 0, otherwise.

fup (fa)is called the fuzzy soft image of a fuzzy soft set f;.

Definition 2.19. ([4]) Letu : X — Yand p : E — K be two mappings.
Let f, : FSS(X,E) — FSS(Y,K) be fuzzy soft mapping and gz € FSS(Y,K). Then
ﬁg,l (gp), is a fuzzy soft set in FSS(X, E), defined by

fir (@) (@) () = gp(p(e))(u(x)), Ve€eE,xeX.
fin- (gp) is called the fuzzy soft inverse image of g5.
If u and p are injective then the fuzzy soft mapping f,,, is said to befuzzy soft injective. If u
and p are surjective then the fuzzy soft mapping f,,, is said to be fuzzy soft surjective. The
fuzzy soft mapping f,,, is calledfuzzy soft constant, if u and p are constant.f,, is said to be
fuzzy soft bijective if f,, is fuzzy soft injective and fuzzy soft surjective mapping.

Definition 2.20.([10])Let (X, T4, E)and(Y,T,, K)be two fuzzy soft topological spacesand
fup + (X, T4, E) — (Y, T3, K) be a fuzzy soft mapping. Then f,,, is called

(1) fuzzy soft continuous iff,,! (gg) € Ty, for all gp € T,

(2) fuzzy soft open iff,, (fg) € Ty, for all fr € T;.

(3) fuzzy soft homeomorphism if f,,, is fuzzy soft bijective, fuzzy soft continuous and fuzzy

soft open.

Theorem 2.21.([10])Let (X, T4, E)and(Y,I,, K)be two fuzzy soft topological spaces and
fup: (X, %4, E) — (Y, Ty, K) be a fuzzy soft mapping. Then the following are equivalent:

(1) fupis fuzzy soft continuous,

(2)f.' (gr) € T5for each gy € 5.

Proposition2.22.([4]) Let FSS(X,E) and FSS(Y,K) be two families of fuzzy soft sets. For
the fuzzy soft mapping f,,,: FSS(X, E) — FSS(Y, K), the following statements hold,

(1) fip' (g8)° = (fip' (gB))Vgp € FSS(Y,K).

(2) fup (ﬁ;l(gg)) C ggVgg € FSS(Y,K). If f,,, is fuzzy soft surjective, the equality hold.

) faE fu;} (fup Fa)IVf4 € FSS(X, E). If f,,, is fuzzy soft injective, the equality hold.

@) f.p(0z) = 0k £, (1) & 1. If £, isfuzzy soft injective, the equality hold.

() fuip-(Ix) = 1p and f;'(0x) = Op.
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(6) If f4 E g, then £, (fa) E fiu, (98)Vfa, g € FSS(X, E).

(7) Iffy € gp. Then £,,1(f1) E fi,' (98)Vfa, g5 € FSS(Y, K).

(8)fip ' (Uies (9B):) = Uies fup' (gp)i @nd £ (Miey (98):) = Mgy fup' (98)i V(95): € FSS(Y, K).
) fup (Uiey (Fa):) = Uigy fup (fa): and £, (I_liej (fa)i) E Mgy fup (fa)i Y(fa)i € FSS(X, E).

If £, is fuzzy soft injective, the equality hold.

3. Fuzzy soft separation axioms

Mahanta and Das ([5]) had introduced the concepts fuzzy soft T,-spaces and fuzzy soft T;-
spaces using the definitions of a “fuzzy soft point' and "the complement of a fuzzy soft point is
a fuzzy soft point', in his sense. Here we define fuzzy soft T,-space and fuzzy soft T;-space in
terms of the modified definitions of a “fuzzy soft point',' the complement of a fuzzy soft point
is a fuzzy soft set' and “distinct of fuzzy soft points' in Definition 2.17.

Remark 3.1. Instead of the notation e, in Definition 2.17, we shall use the notation(e, x,).
Therefore, the fuzzy soft points(e, x,) and (¢é,yz) are said to be distinct in (X, E) if e # é or
X#Y.

The proof of the following theorem follows directly from definition of fuzzy softpoint and

therefore omitted.

Theorem 3.2. A fuzzy soft point (e, x, )satisfying the following properties:
(1) If (e,x,) E fy then (e, x,) may or may not belongs tof,

(2) If (e,x,) M f4 = Ogthen (e,x,) & f4 and (e,x,) € f¥,

(3) If (e,x,) € f4 and @ > 0.5, then (e, x,) & f¥,

(4) If(e,xq) € fa # (e,x2)" € ff,

(5) The union of all fuzzy soft points of a fuzzy softset is equal to the fuzzy soft set.

Definition 3.3. A fuzzy soft topological space (X, I, E) is said to be a fuzzy soft T, —space if
forevery pair of distinct fuzzy soft points (e, x,),(é,yz)there exists a fuzzy softopen set
containing one of the points but not the other.

Example 3.4. Let X = {x!, x?},E = {e!, e?}and
T = {1, 0g, ()1, (fe)2r (Fe)3 (Fed)ar (f)s, (f)e} Where

Gon={(e = () (= (L) 0n= (=
s ={(e = () (= (L) 0= (e =
G5 = (6 = 2.2 = E Do = (0 = E3). (2= .2}
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Then, clearlyT is a fuzzy soft topology over (X, E). Also for every pair of distinct fuzzy soft
points there exists fuzzy soft open set containing one of the points but not the other. Hence
(X, T, E) is a fuzzy soft T,-space.

Example 3.5. LetX = {x!, x?},E = {e',e?}and T = {1, 0, fz, gz} where

fr={(e" = 2.2} e = {(e = 2.5}

Then T is a fuzzy soft topology over (X, E) but (X, I, E) is not a fuzzy soft T, —space.

Example 3.6. The discrete fuzzy soft topological space is a fuzzy soft T, —space, but the
indiscrete fuzzy soft topological space is not fuzzy soft T,.

Theorem 3.7. A fuzzy soft subspace (X, Ty, E) of a fuzzy soft T-space(X, T, E) is fuzzy soft
Tp.

Proof. Let (e, x,), (¢ yg)betwodistinct fuzzy soft points in(Y,E). Then these fuzzy soft
points are also in(X, E). Hence, there exists a fuzzy softopen set f5 in Tcontaining one of the
points say, (e, x,), but not(¢,yz). Thus, hilMfy is a fuzzy softopen set in (X, Ty, E)
containing (e, x,)but not (¢, yz). Therefore, (X, Ty, E) is fuzzy soft T,

Definition 3.8. A fuzzy soft topological space (X, I, E) is said to be a fuzzy soft T; —space if
for every pair of distinct fuzzy soft points (e, x,), (é, yg)there exist fuzzy softopen sets fz

and ggsuch that (e, x,) € fz, (é,y5) € fr and (é,y;) € gg, (e,x,) € g

Example 3.9. LetX = {x!,x%},E = {e!,e?} and
T = {15, 06 ()1, )2 )3 Fdas (), e ()7, (Fe)ss (fe)os (Fe )10 (fe)1ns ()12} Where

Gor={(e = (75D (= 5D} G = {(e = {5 5]) . (@ = (2.5}
Goa={(e" = {55 (¢ = 52D} G = {( = {5.5). (2 = 55D}
Gos = (e = {22 (2 = 22D} e = {( = 2. 2)). (2 = (2. 2))
Gy ={(e" = (Z20), (2 = 22N} (s = {(e = 2. 2]). (2 = (2.20)
G = {(e = Z 2. (2 = 2D oo = (4 = £.2)). (2 = {2.2))
(fdir = {(e1 = { }) ( {11, 2})} Ued12 = {(el - {X.Tlxl_z})(ez - {361_1?})}

Then (X, I, E) is a fuzzy soft T; —space.

Example 3.10. The discrete fuzzy soft topological space is a fuzzy soft T; —space, but the
indiscrete fuzzy soft topological space is not fuzzy soft T;.

Theorem3.11. A fuzzy soft subspace (X, Ty, E) of a fuzzy soft T; —space(X, I, E) is fuzzy
soft T;.

Proof. It is similar to the proof of Theorem 3.7.
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Theorem 3.12. If every fuzzy soft point(e, x,) of a fuzzy soft topological space (X, E) is
fuzzy soft closed such that @ > 0.5, then (X, I, E) is fuzzy soft T;.

Proof. Suppose that (e',x,) and (ez,yﬁ)two distinct fuzzy soft points in (X,E). By
hypothesis, (e!,x,) and (ez,yﬁ) are fuzzy soft closed sets and a > 0.5, > 0.5. Hence,
(el x,)and (€%, yp)¢ are fuzzy soft open sets where (el,x,) € (e%y;)",
(e2,¥p) € (e?,yp) and (el,x,) € (e',x,)°, (e%yp) € (e!,x,)°. Therefore, (X,%,E) is

fuzzy soft T;.

The condition @ > 0.5 in theorem 3.12, is necessary as shown by the following examples:

Example 3.13.Let X = {x!,x2},E = {e'}. Consider the collection I of fuzzy soft sets
over(X, E),X = {1g, 0, fz, gg, he} where fz, gr and hy are as follows:

fr={(e' = {5 Do = (e = (5 5 )b = (e = 55D}
ThenT is fuzzy soft topology over (X, E) and (e, x3), (e, x) are two distinct fuzzy soft

points in (X, E) such that for any fuzzy soft open set which containing (e, x})also containing
(e', x5). Hence, (X, T, E)is not fuzzy soft T;.

Remark 3.14.1f (X, T, E)is a fuzzy soft T; —space, then (e, x,)maybe not a fuzzy soft closed
setas the following example shows.

Example3.15. In Example 3.9(X, I, E)is a fuzzy soft T; —space, but(e?, x,,)is not fuzzy soft
1
closed set. To show this, let (e!,x}) = {(e1 = {x—})}

a
1 2

Then(el, x1)c = {(e1 = {x—,x—}),(ez = {’%1%})} is not fuzzy soft open set i.e., (el, x1)is not

1-a’ 1
fuzzy soft closed set.

Definition 3.16.([7]) A fuzzy soft topological space (X, T, E)is said to be a fuzzy soft T,-
space if for every pair of distinct fuzzy soft points (e, x,), (é,yz)there exists disjoint fuzzy
softopen sets fr and ggsuch that (e, x,) € fz and (é,y;) € gg.

Example3.17.([7]) LetX = {x!,x?},E = {e!,e?} and
T = {1, 05, )1 ()2 Fed3r () e (F)s, Fede ()7, (Fedsr (Fe)os ()10,
()11, (FE)1zs (fe)1ss (fe )14} Where

G ={(e" = (=2 (e = (2D} oz = {(e = (5. 2)). (2 = (=, 2))
s ={(e =55 (2 =T 5D} o = {(e = (5 5)- (2= (5 1)}
s = {(e" = = 2), (2 = (2. 2D (e = {(e = (2. 2)). (2 = (£.2]),
o ={(e' = {75 (2 = 5 5D} e = {(e* = (7. 5]). (2 = 75D
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<fE>9={(el={’1—1;’3—2§)'(62={§ D) G ={( ={’;—1;’2—2§)( - (5D}
G ={(e! = (5] (¢ = {5 5D} v = {( - -0 5h)
Gexis ={(e* =5 (2 = (0 5D Uone = {(e = (5 5D ( = (55D}

Then, clearly ¥ is fuzzy soft topology over (X, E). Also, for every pair of distinct fuzzysoft
points, there exist disjoint fuzzy soft open sets in(X, E) containing them. Hence(X, I, E) is
afuzzy soft T,-space.

Example3.18.Thediscrete fuzzy soft topological space is a fuzzy soft T,-space, but the
indiscrete fuzzy soft topological space is not a fuzzy soft T,.

Theorem 3.19. A fuzzy soft subspace (X, Ty, E)of fuzzy soft T,-space(X, I, E)is fuzzy soft
T,.

Proof. Let (e, x,), (é,yg)be two distinct fuzzy soft points in (¥, E). Then, these fuzzy soft
points are alsoin (X, E). Hence, there exists disjoint fuzzy soft open sets fr and g in T such
that (e, x,) € fr and (é,y;) € gg. Thus, hf N fz and hy N gg are disjoint fuzzy soft open
sets in Ty such that (e, x,) € hf N fzand (é,y5) € hf N gg. So, (X, Ty, E)is a fuzzy soft T,-
space.

Remark 3.20. From definitions one deduce the following implication hold:
fuzzy soft T, = fuzzysoft T; =fuzzysoft T,

The inverse implications may not be true as shows is by the following examples.

Example3.21. In Example 3.4, (X, T, E)is a fuzzysoft T, —space but not fuzzysoft T; —space.
Since (el,xg),(ez,x;)are distinct fuzzy soft points and the only fuzzysoft open set which
containing (e*, x3) is 1 also containing(e?, x5). Hence (X, T, E)is not fuzzysoft T.

In Example 3.9, (X,T,E)is a fuzzysoft T;-space but not fuzzysoft T,-space. Since
(el,x,}[),(ez,x[?) are distinct fuzzy soft points and the only fuzzysoft open sets which

containing (el,x}), (ez,x[?) are (fg)1, (fg), but they are not disjoint. Hence (X, <, E)is not
fuzzysoft T,.

Definition 3.22. Let (X, T, E)be a fuzzy soft topological space. If for every fuzzy soft closed
sethy and every and fuzzy soft point(e, x,)such that (e, x,) N k; = 0z there exists disjoint
fuzzysoft open sets f; and gy suchthat (e, x,) € fz and k; = gg. Then (X,Z, E)is called
fuzzy soft regular space.

Definition 3.23. A fuzzy soft topological space(X, T, E) is called a fuzzy soft T; —space if it
is fuzzy soft T; and fuzzy soft regular.
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Example3.24.Let X = {x!, x?},E = {e'}and T = {1, 0, f5, g} where

fo={(e' = =N} gs = {(e* = {xl_z})}

Then ¥ isfuzzy soft topology over (X, E).Now, I¢ = {1, 0, f£, g5} where

2 1
fi={(e" = (5D} o = (e = {T)}
For the fuzzy soft point (el,xl) n f§ = 0ythere exist fuzzysoftopen sets f; and ggsuch
that(e!, x}) € f&, f§ E gg and fz N g = 0.
For the fuzzy soft point (61le) N g& = Ogthere exist fuzzysoftopen setsgpand fzsuch
that(e', x7) € gg, 9§ E fz and gg M fz = Og.
Then (X, I, E)is a fuzzy soft T; —space.

Example3.25.LetX = {x!,x?},E = {e',e?}and T = {1, 0, fz, gr Jwhere

fo={(e =51 )}oe = {(e2 = (5} 0))

Then ¥ isa fuzzy soft topology over (X, E).Now, I¢ = {04, 1,, £, g5} where

¢ — (o2 = [¥L %2 ¢ = [(ot =[x 22
fi={(e* = {5 5o = (e = (5T}
By used fuzzy soft regularity on fuzzy soft closed sets as follows:
(ehL,x)nff =0, = 3 g5, gg € Tsuchthat (el,x)) € g&, ff € gp and g§ N gg = O,
(er,x5) N f§ = 0 = 3 g§, gr € Tsuch that (e',x7) € gf, f € g and g§ N gy = O,
(e?,x,)Ngg =0z = I fF, fr € Tsuchthat (e?,x.) € ff, g5 E fr and f£ N fz = Op,
(e?,x5) N gg = 0p = 3 ff, fy € Tsuchthat (e?,x7) € f§, g5  fr and f§ N fp = Op.
Then (X, <, E)is a fuzzy soft regular space, but not a fuzzy softT; —space and hence not fuzzy
soft T;.

Proposition 3.26.1f (X, I, E)is a fuzzy soft regular space, then for any fuzzy soft open set gg
and a fuzzy soft point(e,x,) in (X,E) such that (e,x,) N g& = 0g, then there exists a
fuzzysoft open set s such that (e, x,) € sg E cl(sg) E gg.

Proof. Suppose that (X,Z,E)is a fuzzy soft regular space. Let grgbe a fuzzysoft open
setin(X, E) such that (e,x,) N g& = 0.Nowg§ is fuzzysoft closed set in(X,E) such that
(e,x,) Mgt =0 and (X,Z, E)isa fuzzy soft regular, therefore there exist two disjoint
fuzzysoft open sets szand wgsuch that(e,x,) € sgand g; & wg. Now, wg is a fuzzysoft
closed set in(X, E)such thats; = wg = gg. Thus, (e, x,) € sg E cl(sg) and sp E wg E gg
and hence,cl(sg) £ gg. This proves that(e, x,) € sy E cl(sg) E g-

Theorem 3.27. Every fuzzy soft regular space, in which every fuzzy soft point(e,x,) Is
fuzzysoft closed,is a fuzzy soft T, —space.

Proof. Let (e, x,), (é,yg)be two distinct fuzzy soft points of a fuzzy soft regular
space(X, I, E).By hypothesis, (e',yﬁ)is fuzzysoft closed set and (e, x,) M (é,y5) = 0g.
From the fuzzy soft regularity, there exist disjoint fuzzysoft open sets fr and gr such that
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(e,xq) € frand (é,y5) E gg. Thus, (e,x,) € frand (é,y3) E gg. Thus (e, x,) € frand
(é,y5) € gg. Therefore, (X, T, E) is a fuzzy soft T, —space.

Corollary 3.28. Every fuzzy soft T; —space, in which every fuzzy soft point(e, x,) Iis
fuzzysoft closed is a fuzzy soft T,.

Theorem 3.29. A fuzzy soft subspace (Y, Ty, E) of a fuzzy soft T; —space(X, I, E)is fuzzy
soft Ts.

Proof. By Theorem 3.11,(Y, Iy, E)is a fuzzy soft T; —space. Now, we want to prove
that(X, Ty, E)is a fuzzy soft regular space. Let kpbe a fuzzysoft closed set in(Y, E)and
(e, yp)be afuzzy soft point in(Y, E)such that (e, yz) M kg = 0g. Then, kg = hEMfz(Theorem
4.9, [5])for some fuzzysoft closed set fzin(X,E).Hence, (e,yz) M (ht N fz) = 0. But
(e,yp) € ht, so (e, yg) N fg = 0g. Since (X, ¥, E)is fuzzy soft regular. Then, there exist
disjoint fuzzysoft open sets sgand wgin Tsuch that (e,yz) € sgand fz E wg. It follows
that,hfMsgand hilwgare disjoint fuzzysoft open sets in Tysuch that (e, yz) € hiMsgand
ky E hLMwg.Therefore, (Y, Ty, E)is fuzzy soft regular and thus fuzzy soft T;.

Definition 3.30.Let (X, T, E)be a fuzzy soft topological space. If for every disjoint fuzzy soft
closedhg, kgpthere exist disjoint fuzzy soft open sets spand wgsuch that hgEsg, kyEwg.
Then(X, I, E)is called fuzzy soft normal space. (X, T, E) is called a fuzzy soft T, —space if it
is fuzzy soft normal and fuzzy soft T; —space.

Example3.31.LetX = {x!, x?},E = {e',e?}and T = {1, 05, f5, g5, hs, ki } where
fe={e =05 (= e ={(e = (£ 5D (2= 55D}
e = (et = {55 (2 = 0 S = (e = (£ 5D (2= (55D}
Then ¥ isfuzzy soft topology over (X, E). Now, let¥¢ = {1, 0, f£, g5, h§, k& } where
fE={(e' =5 (2= Do ={(* = 55D (2 = (£ 5D}
i ={(er = {55 (2 =5 e = {( = 55D (2= 55D}

For the two disjoint fuzzy soft closed sets gi and hf there exists gg, hg € T such that
h$ E gg, g5 E hg and g M hg = 05.

For the two disjoint fuzzy soft closed sets g; and kf there exists hg, gr € T such that
g% E hg, k E ggand hy N gg = 0p.

Then (X, T, E)is a fuzzy soft normal space, but not aT; —space and hence not T;.

Proposition 3.32. If (X, T, E)is a fuzzy soft normal space, then for each fuzzy soft closed set

kgin(X,E) and any fuzzysoftopen setggzin(X, E) such that kg m g& = Ozthen there exists a
fuzzysoftopen set spsuch that k; = s; E cl(sg) E g5
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Proof. Let(X, T, E)be a fuzzy soft normal space. Let kgbe a fuzzysoft closed setin(X, E) and

gebe a fuzzy soft open setin(X, E) such that k; N g§ = 0g,then kz E gz. Now, kg and ggare
two disjoint fuzzysoft closed sets in (X, E). Since (X,Z, E)is a fuzzy soft normal, so there
exist two disjoint fuzzysoft open sets sgpand wgsuch thatky = sg, gf E wg and s M wg =

0z, we havesy C w§, but w§ is a fuzzysoft closed set and hencecl(sg) E wg. Thus, we have
kE CsgE Cl(SE) E gg.

Theorem 3.33. A fuzzy soft closed subspace (Y,Zy,E)of a fuzzy soft normal

space(X, I, E)is fuzzy soft normal.

Proof. Let (kg),and (kg),be disjoint fuzzysoft closed sets in (Y, E). Then, (kg); = hl N
(fe)1and(kg),= hE 1 (fg),(Theorem 4.9 in [5] ) for some fuzzysoft closed sets (fz);,
(fg)2in (X,E). Since hl is fuzzy soft closed in (X,E), then (kg)1, (kg), are disjoint fuzzy
soft closed sets in (X, E). Since (X, T, E)is fuzzy soft normal, then there exist disjoint fuzzy
soft open sets (gg)iand (gg)qin (X, E)such that (kg)1 E (gg)1, (kg)2 E (gg)2, and
then,(kg)1 E (sg)1 = hk N (gg)1, (kg)2 E (Sg)2 = hE 1 (gg),. From definition of T, we
have (sg)1, (Sg); € Iy are fuzzy soft open sets in(Y, E)and (sg); N (Sg)z = [AE M (gg)1] M
[(hE N (gg)2] = hE N [(gr)1 M (gg)2] = hk N 0y = 0. Therefore, (Y, Iy, E)is fuzzy soft
normal.

Theorem 3.34. Every fuzzy soft normal space, in which every fuzzy soft point(e, x,)is

fuzzysoft closed, is a fuzzy soft regular space.

Proof. Let (X, T, E)fuzzy soft normal space and (e, x, )be a fuzzy soft point and kxbe a fuzzy

soft closed set such that(e, x,) M kz = 0g. Since (e, x,) is a fuzzy soft closed set in (X, E),
thenthere exist disjoint fuzzy soft open sets spand wgsuch that (e, x,)Esg, kzyEwgand
thus,(e, x,) € sg, kgEwg.Therefore, (X, T, E)is fuzzy soft regular.

Corollary 3.35.Every fuzzy soft T, —space, in which every fuzzy soft point(e,x,) is
fuzzysoft closed, is a fuzzy soft Ts.

Theorem3.36. Let f,,: (X, T, E) — (Y, T,,K) be a fuzzy softbijective and fuzzy soft open
mapping. If (X,3,,,E)is a fuzzy soft T; —space, then (Y, T,,K) is a fuzzy soft T;-space,
i=20;1; 2

Proof. We prove the theorem for (i = 2, for example), the other cases are similar.
Let(X,T;,E)be a fuzzy soft T, —space and f,,:(X,T1,E) — (¥, K)bea fuzzy

softbijective fuzzy soft open mapping, we want to show that (Y,T,,K)is a fuzzy soft

T, —space. So, let (é,x,), ($,y3) be two distinct fuzzy soft points in (Y,K). Since f,,, is
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bijection mapping, then there exist two distinct fuzzy soft points (e, a,),(s, bg)in(X, E)such
that f,, (e,a,) = (€,Xa), fup(S,bg) = (S,¥5)- But (X, Ty, E)is a fuzzy soft T, —space, so,
there exists disjoint fuzzy soft open sets fr and ggin(X,E) such that(e,a,) € fz,
(s,bg) € gg.

It follows that, fy, (€, ar) = (é,%q) € fup (Fe).fup (5, bp) = ($,¥p) € fup (gr)and fup (f) M
fup GE) = fup (fe M gE) = fup (0g) = 0 (from Proposition 2.22).

Since fg, gr € T4, and f,,, is a fuzzy soft open mapping, f,,, (fg), fup (9£) € ;. Now, there
exists disjoint fuzzy soft open sets f,,, (fg) and f,,, (gg) in (Y, K) such that(é,x,) € f,,, (fp)

and (3,y5) € fup (gr)- Hence, (Y, T, K) is a fuzzy soft T, —space.

Definition 3.37. The property P is called a fuzzy soft topological property if it is preserved

under a fuzzy soft homeomorphism mapping.

Corollary 3.38. The property of being fuzzy soft T; —space (i = 0; 1; 2) is a fuzzy soft

topological property.

Theorem 3.39. The property of being fuzzy soft T; —space (i = 3; 4) is a fuzzy soft
topological property.

Proof. We prove the theorem for (i = 3, for example), the other cases are similar.
Since, the property of being fuzzy soft T; —space is a fuzzy soft topological property, we only
show that the property of fuzzy soft regularity is a fuzzy soft topological property.

Letfy,: (X,Z4,, E) — (Y, T, K) be a fuzzy soft homeomorphism and(X, T4, E)is a fuzzy
soft regular space. Let kybe a fuzzy soft closed set in(Y,K) and let (é,y,) be a fuzzy soft
point in (Y,K) such that (¢é,y,) N kg = 0¢Since fup isfuzzy soft surjective, there exists a
fuzzy soft point(e, x,)in(X, E)such that f,, (e ,x,) = (é,y,). Since f,is fuzzy soft
continuous and kgfuzzy soft closed in(Y,K), we have fug,l(kE) a fuzzy soft closed set
in(X, E)from Theorem 2.21. Now, f,, (e,x,) = (é,¥,), implies that (e,x,) = £, (€, y,) [
as f,,is fuzzy soft injective] and since (¢, y,) M kg = O, which implies that £,,}((é,y,) M
ke) = fupt(0k) = 0. Then (e, x,) N f,5 (k) = 0. Now, f,5(kg) is fuzzy soft closed set

in(X,E) and(e,x,) is a fuzzy soft point in(X,E) such that (e,x,) Flfugl(kE) = 0;. But
(X,%4,E) is a fuzzy soft regular space, so, there exist disjoint fuzzy soft open sets f; and

ggin (X,E) such that(eq, x,) € fz, fu;,l(kE) C gr and therefore,
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ﬁzp (e,x¢) = (é,Ya) € fup (fe) ﬁip (fu?ol(kE)) =k & ﬁtp (9E) [as ﬁ,Lp is fuzzy soft
surjective] and f,, (fz) N fp (98) = fup (fz M g&) = fup (0z) = Ox[from Proposition 2.22].

Since f,, is a fuzzy soft open mapping, then f,, (fg), fup (9£) € T,. Now, there exist

disjoint fuzzy soft open sets f,, (fg) and f,, (gg)in(Y,K)such that (¢,y,) 'éfup (fg) and

kg E fup (9r)- Thus, (Y, T, K) is a fuzzy soft regular space.

4.Conclusion

In the present work, we introduce fuzzy soft separation axioms T;(i = 0; 1; 2; 3; 4) in
terms of the modified definitions of a “fuzzy soft point’, the complement of a fuzzy soft point
is a fuzzy soft set' and presented fundamentals properties such as fuzzy soft hereditary,
fuzzy soft topological property. For future works, we consider to study on fuzzy soft

separation axioms T; (i = 0; 1; 2; 3; 4) ingeneralized fuzzy soft topological spaces.
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