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1. Introduction

Tribonacel sequence {Tn}n:__,g and Tribonacei-Lucas sequence {I{n}n-_-__,g are defined by the third-order

recurrence relations
=T 1 +Th s +Th_3, Ty =0T :l;TQZ]:
and

K,=K, 1+K, 1+ K,_3, Ky=3 K1 =1K,=3,

respectively. Tribonacci concept was introduced by 14 year old student M. Feinberg [6] in 1963. Basic
properties of these sequences are given in [1,2,3.4,5,10,11,12,13,15,21,22 23].

It 13 the aim of thiz paper to explore some of the properties of generalized Tribonacel numberz and 1s
to investigate, in details, four particular case, namely sequences of Tribonacci-Perrin, modified Tribonacer,
modified Tribonacci-Lucas, adjusted Tribonacci-Lucas numbers. For completeness, we also present some of
the well known propertises of Tribonacel and Tribonacei-Lucas numbers. Before, we recall the generalized

3-step Fibonace sequence and 1ts some properties.
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The generalized 3-step Fibonacci sequence (also called the generalized Tribonacel sequence)
{Wa(Wo, Wi, Wa; 7, 8,t) bnzo
(or shortly {1'1-"n}ﬂ::0) 15 defined as follows:
(1.1) W, =7rWe_q +sW,_o +1tW,_3, Wo=a, Wy =0Wy=¢, n=3

where Wy, W1, W, are arbitrary complex (or real) numbers and r,s,t are real numbers. The sequence

{Wy,}n=0 can be extended to negative subscripts by defining
) s T 1.
W_,= —E]r"l-"_(ﬂ_l) — ;1'1"_[?1_2) + EHY"_{H_:;)

forn=1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.

As {WW,} is a third order recurrence sequence (difference equation), it’s characteristic equation is
(1.2) 2 —rz’ —sx—t=0
whose roots are
r
a = alrst)= 3 + A+ B,

5 = B(rst)= g +wA +w’B,

r
¥(r,s,t) = 3 +w?A +wB,

where
T‘g t \/— 1/3
A = (E + F + 5 + A)
r ors t 13
B = [=4+—+--VA
(27 6 2 va
34 2.2 ¢ 3 g2
A = A(rﬁj):r——rs_;_g_s_ -
27 108 6 27 4
—1+1v/3
w = %\/_ = exp(271/3).
Note that we have the following 1dentities
a+B+y = 1
af+ay+ 58y = —s,
afy = t

If A(r,s,t) > 0, then the Equ. (1.2) has one real (a) and two non-real solutions with the latter being
conjugate complex. So, in this case, it 1s well known that generalized 3-step Fibonacel numbers (generalized

Tribonacci numbers) can be expressed, for all integers n, using Binet’s formula

b] a™ bglﬁn bg“.r’n
(@=B)la=7) (B-0)B-7) (1—a)(v-5)

(1.3) W, =
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where

by = Wa— (8+7)Wy + ByiVe,
bg = 1'1",2 — (O: + ”f)]r"lﬁ + O:“Ir']'t",o?
by = Wy—(a+B8)W+abWy

Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers n,
for a proof of this result see [7]. This result of Howard and Saidak [7] is even true in the case of higher-order
recurrence relations.

oo
Next, we give the ordinary generating function ) W, 2™ of the sequence W,,.
n=0

LEMMA 1. Suppose that fiy, (x) = Y. W,z™ is the ordinary generating function of the generalized 3-step
n=>0

Fibonacci sequence (generalized Tribonacci sequence) {Wy}n=o. Then, Y Wya™ is given by
n=>0

S Woen Wo + (W1 — rWo)z + (Wa — rWy — sWo)a?
gt = .

14
(14) 1—rx— sz?2 —ta’

We next present Binet formula of generalized 3-step Fibonaceci numbers (generalized Tribonacei numbers)

{W,} by the use of generating function for W,.

THEOREM 2. (Binet formula of generalized 3-step Fibonacci numbers (generalized Tribonacci numbers))

dl(}:n dg,@n dg’}’n

(15) M= ahe—y) T B-aBG=) " T-a(-5
where
di = Wea?+ (W1 —rWo)a+ (Wy —rWq — sWo),
dy = WB2+ (Wi —rWo)B + (Wa — rWy — sWy),
dzs = Woy?+ (Wq — rWo)y + (Wa — Wy — sWp).

Proof. The proof follows from Lemma 1.

Note that from (1.3) and (1.5) we have

Wy — (B+7)W1 + 8 yWo = Woa? + (W1 —rWo)a + (Wy — Wy — sWp),
Wy —(a+ Wi +aWo = WoB2+ (Wi —rWo)8 + (Wy — Wy — sWy),
Wy —(a+B8)Wi+aBWy = Wy + (Wi —rWo)y + (Wa — rWy — sWo).

In this paper we consider the case r = 1, s = 1,f = 1 and 1n this case we write V;; = W, and in this
case we also call the sequence V), as generalized Tribonaceci sequence. So a generalized Tribonace1 sequence

{Vn}nzg = {V,.(Vo, V1, Vz)}nzu 1z defined by the third-order recurrence relations

(1.6) Vi=Va1+Vaa+Vas
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with the mmitial values Vy = ¢y, V7 = ¢1, Vo = ¢2 not all being zero.

The sequence {V},},=0 can be extended to negative subscripts by defining
Von = _V—(n—'l] - V—[n—‘Z} + V—(n—&’]

for n =1,2,3, ... Therefore, recurrence (1.6) holds for all integer n.
(1.3) can be used to obtain Binet formula of generalized Tribonacci numbers. Binet formula of generalized

Tribonacel numbers can be given as

(1.7) Vv, = bia” by 8" b3y ™
(@—B)a-7 B-a)B-7 (G-a)(r-5)

where

(18) b1 = Va—(8+7)Vi+ 87V,

(1.9 by = Va—(a+7)Vi+arV,

(1.10) by = Va—(a+pB)Vi+abVs.

Here, o, 3 and -y are the roots of the cubic equation

2zl —z—-1=0.

Moreover
1+ 3/19+3v33+ /193133
a = 3 s
5 14+ wi/19+ 333+ w?3/19 — 3/33
I - 3 2
o 1+w?V19+3V83+w{/19-3V33
! - 3 El
where
—1+414V/3
W= % = exp(2mi/3).
Note that
o+ B -7 = 1;
aB+ay+8y = -1,
afy = 1.

The first tew generalized Tribonacci numbers with pozitive subseript and negative subzcript are given 1n
the following Table 1.

Table 1. A few generalized Tribonacci numbers
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n V, V_n
0 Vo

1 1% Vo -1 -V

2 Va —V, 4+ 217

3 Vo + 11 4+ V) —V; + 2V

4 2V, +2V1 + 1) 2Vy — 214 — 3V
5 4V, + 3V 214 3V, +511 + 1
6 TV +6Vy 415 /y —4V) 4+ 4V,

7 13V +11W + 7V 412 — 314 — 8V
8 24V, +20V; +13V, —8V, +12V; +51;

9 44V, +37V4 £ 24V, 5V — 13V5 + TV,
10 S1V, 4+ 6SV; 44V,  7Vh — 214 — 20V},

Now we define four new special cases of the sequence {V,,} besides the well known Tribonacci sequence

{Tﬁ}n;:u and Tribonacci-Lucas (Tribonacci-Lucas-Lucas) sequence {R’n}n'ﬁg.
Tribonaceci sequence{Tn}n;:o__ Tribonacel-Lucas sequence {R’n}HEO: Tribonacei-Perrin sequence {JMn}n-_-:o
, modified Tribonacci sequence {Drn}n;EO: modified Tribonacei-Lucas sequence {Gn}n';:g and adjusted Tribonacci-

Lucas sequence {H, },.~¢ are defined, respectively, by the third-order recurrence relations

(1.11) Tnig = Toso+Taii+ T, To=0Ti=1To =1,
(1.12) K..3 = K2+ HK,1+K,, Ko=3 K1 =1 K, =3,
(1.13) Mpsz = Myss+ Mysy + M, Mo=3,M =0 M =2,
(1.14) Upssz = Unss~+Unpt + Un, Up=1,U01=1,Us=1.
(1.15) Grig = Gpis+Gnot+ G, Go=4,G1 =4 .Gy =10,
(1.16) Hprs = Hpso+Hps1 + Hy, Ho=4,H1=2,H,=0,

The sequences {Tn }n-_-:g, {f{n}n;_\.o._ {.Mn}ﬂ-_-__,o__ {U—n}n';:o._ {Gn}n;_\.o__ and {Hn}nlu can be extended to negative

subsecripts by defining

(1.17) T = T oy =T (o) + T (n3),
(1.15) K_n = —K_pn_1)—K_(n_a+K_(n_3),
(1.19) M_p = —M_(n_1)—M_(n_2) + M_(n_3),
(1.20) U, = ~U_uoty—U_puoy + U_in_s),
(1.21) Gn = =G (n-1) = G(n-2) +G—(n-3),
(1.22) Ho, = —H_(n1)—H_(n_o+H_(n s,

forn=1,2,3, .. respectively. Therefore, recurrences (1.11)-(1.16) hold for all integer n.
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T, is the sequence A000073 in [14] and K, is the sequence A001644 in [14] and U, is the sequence
A000213 in [14].

Next, we present the first few values of the Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin, modified
Tribonacci, modified Tribonacei-Lucas and adjusted Tribonacci-Lucas numbers with positive and negative
subseripts:

Table 2. The first few values of the special third-order numbers with positive and negative subsecripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13

7, 0 1 1 2 4 7T 13 24 44 81 149 274 504 927
T n 0 1 -1 0 2 -3 1 4 —8 5 7 —20 18
7 1 21 39 71 131 241 443 815 1499 2757
5 -5 -1 11 -1 3 23 —41 21 43 105
M, 3 0 2 5 7 14 26 47 87 160 294 541 995 1830
6 -5 -3 14 -16 -1 31 —-46 14 63 —123
3 5 9 17 31 57 105 193 3556 653 1201
U_, -1 1 1 -3 3 1 -7 9 -1 -15 25 —-11 -29
G, 4 4 10 18 32 60 110 202 372 684 1258 2314 4256 7828
G_p 2 -2 4 0O -6 10 -4 -12 26 -18 -20 64 —62
H, 4 2 0 6 8 14 28 50 92 170 312 574 1056 1942
H_, -6 4 6 —-16 14 8 —38 44 2 —84 126 —40 -170

For all integers n, Tribonacci, Tribonacci-Lucas, Tribonacei-Perrin, modified Tribonacel, modified Tribonacei-

Luecas and adjusted Tribonacci-Lucas numbers (using initial conditions in (1.8)-(1.10)) can be expressed using

Binet’s formulas as

CJL_n+1 B”+1 o+l
T, = + —+ — .
(@=fa—7 " (B-a)E-7 " (-a)7-5)
K, = a"+3"+9™

(20 + 3)a""! (28 +3)8™"! (27 + 3)y"~!

Mo = famBa-m B-aE-D -G-8

o B (0.2 + ])anf‘l (3‘2 + -1).3?1—1 ("“‘."2 4 l)q__n,f‘l
" (e=fla-7)" (B-a)E-7) " (1-a)y-8)

G, = (a+1)a™+(B+1)8" + (v+ 1",

H, = (Ct.‘ — '1)12(}:\‘1 -+ (.3 — 1)23" 4 (-}. _ ‘1)2.}_?/1

regpectively.

2. Generating Functions and Obtaining Binet Formula From Generating Function

f==]
Next, we give the ordinary generating function ) V,z" of the sequence V..
n=0
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LEmMA 3. Suppose that fy, (x) = 5. Vha™ is the ordinary generating function of the generalized Tri-
=0

o
bonacci sequence {V,}n=o. Then, > V,x™ is given by
n=0

(2.1) S Vet = 2
n=>0

+ (Vi = Vo)z + (Vo — Vi — Vp)a?

1—z—22—2°

Proot. Taker =1,5=1,t =1 1n Lemma 1.

The previous lemma gives the following results az particular examples.

COROLLARY 4. Generated functions of Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin, modified Tri-

bonacci, modified Tribonacci-Lucas. adjusted Tribonacci-Lucas numbers are

respectively.

= T
P
Z;}Tna: T o l—z—a2—g%
n=
il(:r” _ 3—2z—2?
= " 1—z—a2—2%
i” N 33z —2?
Mpz" = —————
. " 1—z—x2— 23
n=
o
. 1—22
Uzt = —————————
RZ:O " 1—z— 22 —2%
if' n 4+ 227
i = —_—— .
‘ " 1—z—x2— 23
n=|
iﬂ N 4— 2z — 622
" = = =
o " 1—z— 22 —2%

We next present Binet formula of generalized Tribonacei numbers {1}, } by the use of generating function

for V.

THEOREM 5. (Binet formula of generalized Tribonacci numbers)

dia” 25" dzy"

(2.2) V, =
where

dq
ds

ds

Proof Taker=1s=1t=1

(@—B)(a—1)

= Vol + (Vi —=Vp)a+ (Vo — V3 — V),
= B2+ (Vi —Vp)B+ (Va—W1 — V),

= W+ WV =Vo)v+(Va— V1 — Vp).

in Theorem 2.

TB-B-) (-8
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Note that from (1.7) and (2.2) we have
Vi—(B+)Vi+ BV = Vool +(Vi—Wo)a+ (V2 — Vi —Vh),

VoB8” + (V1 — Vo) B + (V2 — Vi — Vo),

Vo — (O: -+ 'T)V:] + Q”}’Vg

Vo — (a+8)Vi ~ a8V, Voyl + (Vi = Vo)y + (Vo — Vi — V).

Next, using the last Theorem, we present the Binet formulas of Tribonacei, Tribonacei-Lucas, Tribonacei-

Perrin, modified Tribonacei, modified Tribonacer-Lucas, adjusted Tribonaceci-Lucas sequences.

COROLLARY 6. Binet formulas of Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin, modified Tribonacct,

modified Tribonacci-Lucas. adjusted Tribonacci-Lucas sequences are

antl BYH-] ~mtl
T. = + + ! :
(a=8)la=7) B-a)B-7) (O-a)(yv-5)
K, = a™ + ,Sn + ";"n,
v (a+ 3ol (28643)8"1 (2y 43!
Tt (a=B)la=-7) B-o)B-7) (v—a)y-5)
g o (@+Damt (B4t (P 1)y
" (@a=8la=7) B-a)B-7) (G-a)(v-5)
G, = (a+1)a"+(B+1)5"+ (y+1)7",
H, = (a—=1)2a"+(8-1)’8"+(y-1)*9",

respectively.

We can find Binet formulas by using matrix method with a similar technique which is given in [9]. Take

k =1=23in Corollary 3.1 in [9]. Let

a? a 1 ™! a1
A = 32 1|, M= g0 501
2oy 1 =1y
a? a1 1 a2 a o™
Ay = g> gt 1|, A= 82 5 g}
- B

Then the Binet formula for Tribonacelr numbers 15

3
1 _ 1
Tn = M P T4_j det(i\J) = F(A)(Tg det(l’\l) + Tg det(i\g) + T] det(!\g))
1
= M(Z det(A1) + det(i\g) + det(!\g))
a1 a? o™ o1 a2 a a*’! a? a1

2081 g 1|+ 8% gt 1|+ 8 8 /] 8 81

n."' n—1 ¥ 1 ¥ 2 y n—1 1 ,}_.‘2 Yo n—1 a2 A 1
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Similarly, we obtain the Binet formula for Tribonacei-Lucas, Tribonacci-Perrin, modified Tribonace1, modified

Tribonacci-Lucas, adjusted Tribonacei-Lucas as

K, = #(A)(Tdet(fh)—l-iidet(f\g)—I—det(f\g))
M, - #(A)(E)det(;\l)+2¢M2det(1\2));

U, — #U\)(Sdet(s\l)—l—det(f\g)—l—det(;\g))?
G, — #(A)(wdet(f\])—l—10det(A2)+4det(A3)),
H, — ﬁm(Gdet(Al)—FZdet(Ag)),

respectively.
3. Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fo1Fp 1 —F2=(-1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This

can be written in the form

Fn+1 F,
F, F._4

— (1)~
The following theorem gives generalization of this result to the generalized Tribonacci sequence {V; }=0.

THEOREM 7 (Simson Formula of Generalized Tribonacei Numbers). For all integers n, we have

Varz Var1 Vi v, iV
(3.1) Vari Vo Ve |=|Wi Vo Vo
Vi Vi Ve Vo Vo1 Vo,

Proof. (3.1) is given in Soykan [17].

The previous theorem gives the following resultz as particular examples.

COROLLARY 8. For all integers n, Simson formula of Tribonacci, Tribonacci-Lucas, Tribonacci-Perrin,

modified Tribonacci, modified Tribonacci-Lucas, adjusted Tribonacci-Lucas numbers are given as
Tn+2 T‘n+1 Tn
Tn+1 Tn Tn—] =-1 3
T, Th1 Thoo

Kpir Koyt K,
I{n+l K, K, 1|= _“1'“1':
I{n E{n—'l I{ﬂ—‘l
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Mpto Mppd M,
Mpq M, M, 4 = _411

M,

fl"j-r\r?.—'l A2

Untz Uns1 Un

I)T\?‘?,+'| Un Un—1 - _42

Lrn Lrn -1 Lrn —2

G’r'n+2 GrT‘n+'l G

Gn+1 Gn Gno1 | = 88,

G

Gno1 Gno2

Hn+2 Hn+1 H,

Hn+1

H,

respectively.

Hn Hn—'l = _1?61
Hy, 1 Hpo2

4. Some Identities

In this section, we obtain some 1dentities of Tribonacei, Tribonacei-Lucas, Tribonacci-Perrin, modified

Tribonaccl, modified Tribonaceci-Lucas, adjusted Tribonacci-Lucas numbers. First, we can give a few basic

relations between {7,,} and {K, }.
LEMMA 9. The following equalities are

(4.1) 22T, =
22T, =
22T, =
22T, =
22T, =

and

K, =
K, =
K, =
K, =

K, =

true:

Koy — 5K g+ SKpao,
4K 5+ 9Kpio + Knit,
5Knis — 3Kpi1 — 4K,
K1+ K, +5K,_1,

3K, +TK,_1+2K,_»,

5Tt — 6T 13 — 5Ty,
Ttz + 51041,

—Tota + 4701 — T,
31 — 2T — T,

T, + 27,1+ 3T, _a.
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Proof. Note that all the i1dentities hold for all integers n. We prove (4.1). To show (4.1), writing
Ko=axTh 4y +bxTi3+cxThes

and solving the system of equations

Ko = axTy+bxT54+cxTy
Ki = axTs3+bxTy+cxT3
Ky = axTg+bxTs4+cxTy
we find that a = %,b = —%,c = % The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {T,,} and {M,}.

LEmmA 10. The following equalities are true:

a7, = 4M,.q—10M, 3+ 11M, o,
41T, = —6M,i3+15M,. 0+ 4M, .,
N7, = 9M,.s —2M,.1 —6M,,
417, = TM,1 +3M, +9M, 1,
a7, = 10M, +16M,,_ +TM,,_»,
and

M, = 6T,.4—8Th.3— 5T,

M, = —-2T,.3+Tpis+6T011,

My, = —Thio+4T541 — 2T,

M, = 3T, —3T,—T,1,

M, = 2T, 1+ 3T,_o,

Now, we give a few basic relations between {7} and {U,}.

LEmma 11. The following equalities are true-

O, = —Upis+Unpgt2Unis,
2T, = Upta—Unya,
T, = Up+Us,

Volume 16, Issue 3 available at www.scitecresearch.com/journals/index.php/jprm 3066 |




and

Un
Un
Un
Un

Un

Journal of Progressive Research in Mathematics(JPRM)
ISSN: 2395-0218

= Thnas —3Th10,

= Thyg—2Th10+ The,
= T +2T,1+T,,
= Thi1—Th1,

= T,+T, o

Next, we present a few basic relations between {7},} and {G, }.

LEvmA 12. The following equalities

9297,
997,
227,
22T,

22T,

and

Gn
Gn
Gn
Gn

are true:

= TGnys —13Gn 3+ Gnyo,
= —6Gui3 +8Gni2 +TGry1,
= 2Gpis + Gnet — 6Gh,

— 3Gi1 — 4G, +2Gn 1.

= —G,+5G,,_1+ 3Gn—'2;

= 4T, 14— 6T43,

= 2013 +4Th 0 +4T51,
= 9Thi9+ 9Tner — 2T,

— ATpq 49T s,

= AT, +6T, 1 +4T, .

Now, we give a few basic relations between {7T},} and {H,}.

LEvmmA 13. The following equalities

44T,
44T,
44T,
44T,

44T,

are true:

= -—3H, 4+4H,. 3+ 9H, .5,
= Hui3+6H,12—3H 41,

= 7an-2 - 24Hn+1 + H‘m

= bHu41 +8H,+ TH,_1,

= 13H,+12H,_1 +5H,_»,
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I

I

i

i

6Tnq — 20513 — 161,45,
4T3 — 107,19 + 61541,
—6Tpss + 10Tsq + 4T},
4T, q — 2T, — 6T+,

2T, — 2T, + 4T, 5.

Next, we present a few basic relations between {K,} and {M,}.

LEmmA 14, The following equalities are true:

41K,
41K,
41K,
41K,

11K,

and

22M,,

22M,,

29M,,

22,

22M,,

—37¢Mn+4 + T21 n+3 + 111 n+2,

35M, 3 —26M, 9 — 3T M, .1,
OM, o —2M 1 + 35M,,
TMy o1 + 44M,, + 9M,,_1,

51M,, + 16M,_q + TMy_,

—923K,iq + 49K, 5 — 8K s,
6K, 5 — 31 Ko — 23K i1,
5K + 3K g + 26K,
—2K i1 + 21Ky, — 5Kp_1,

19K, —TK,_1 — 2K, _».

Now, we give a few basic relations between {U,} and {K,}.

LEmwMmA 15, The following equalities are true:

K,
Ky
K,

K,

= Wnis—3Unia,
= —Upis + 21 +2Uy,

= Drn-l—] +U, - Un »

U, +U,_a,
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and
11U, = —6K,14+8K,13+THK, 4o,
11U, = 2K,:i3+ K10 —6K,41,
11U, = 3K,1s —4K,.1+2K,,
11U, = —Knpy1+5K,+3K,_1,
11U, = 4K, +2K, 1 — K, .

Next, we present a few basic relations between {K,} and {G,}.

LEMMA 16. The following equalities are true:

9K, = —3Gnia+4Gpi3+3Gnio,
2K, = Gnis —3Gn41,
9K, = Grig—2Gnit+ Gn,
K, = —Gpii+2G,+Gn 1.
IK, = G, —Gp_o,
and
Grn = Knpiz— Knyo,
Gpn = Kni1+ Ky,
G, = 2K, + K, 1+K, >

Now, we give a few basic relations between {K,} and {H,}.

LEmMmA 17. The following equalities are true:

2K, = Hp.3— H,4o,
2K, = Hp,.1+H,,
2K, = 2H,+H, 1+ H, >,
and
H, = —3K,+4+4K,3+3K .5,
H, = K,.3—3K,.1,
H, = K,i2—2K,1+K,,
H, = —K,1+2K,+K,_1,
H, = K,—K,_».
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Next, we present a few basic relations between {M,,} and {U,}.

LEmmA 18 The following equalities are true:

2M,, = Un+s+3Upsiz — 8Upn+o,
M, = 4Upig— TUpig+Uper,
OM, = —8Unsg-+5U,21+4U,.
oM, = 2,1 +U,—3U,_1.
M, = 3U, —Un_y+2Up s
and
AU, = —17Mppq+22M, i+ 25Mss,
41U, = 5Mpig+8Mpis — 1TMpi1,
AU, = 13Masg —12M, .1 +5M,,
41U, = Mp.q+18M, +13M,_1,
41U, = 19M,, +14M, 1+ M, 5.

Now, we give a few basic relations between {M,} and {G,}.

LEvmmA 19, The following equalities are true:

22M,, = —40G,1+4+57Gpeg+32G 49,
2M, = 17Gp+13 —8Ghio —40G 11,
2M, = 9Gnp12 —23Gu1 +17G,,
22M,, = —14G,+1 +26G, +9G,_1,
2M,, = 12G, —5G,_1— 14G,_5,

and
141G, = —2M, 14+ 46M, 5 — 260,15,
141G, = 4d4Mpi3 —28Muqs —2Mpyq,
141G, = 16M, .y +42M, 1+ 44M,,
416G, = 58M,,+1 +60M, +16M,_1,
416G, = 118M, + 74M,,_1 + 58M,,_»,

Next, we present a few basic relations between {M,,} and {H,}.
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LEmmaA 20. The following equalities are true:

44M, = 3H,+4+18H,:5—31H, .o,
d4M, = 21H,.3—28H,. >+ 3H .1,
44M, = —THpyo+24H, 1 +21H,,
44M, = 1TH, +14H,, — TH,_1,
44M, = 31H,+10H, 1 +17H,_»,
and
41H, = —-98M,.4+122M, 5+ 120M,,,
41H,, = 24M,13+22M, 1o —98M,11,
41H,, = 46M,4s — T4M, 1 + 24M,,
41H, = -—28M,.q+70M, +46M,_ 1,
41H,, = 42M, +18M,,_1 —28M,,_».

Next, we present a few basic relations between {U,} and {G,}.

LEmmA 21. The following equalities are true:

90U, = —TGpis+2Gis+21Gnso.
29U, = —5Gpizt14Gnis — TGnii.
WU, = 9G,.o—12G,.1 —5G,.
90U, = —3Gni1+4G,+9G, 1,
22U, = G, +6G,—1—3G,_2,
and
Gn = 2Unys— U,z —3Unao,
Gn = Unt+3—Ups2 +2Un+1,
Gn = 3Unsi+U,,
G, = 4U,+3U,_1+3U,_2.

Now, we give a few basic relations between {U,} and {H,}.
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LEMMA 22, The following equalifies are true:

22U, = —4H, 4+9H, 3+ H,.o,
22U, = bHui3—3H,19—4H, 41,
22U, = 2H,i2+ Hpp1+5H,,
22U, = 3Hpu1+TH,+2H, 1,
22U, = 10H,+5H, 1+ 3H, s,
and
H, = —5Upa+ 10U, 3 —Upis,
H, = 5Up43—6Upo—5Upny1,
H, = —Upp2+5U,,
H, = U, +4U,—-U,_1,
H, = 3U,—-2U,_1—U,_,.
Next, we present a few basic relations between {G,} and {H,}.
LEmMA 23. The following equalifies are true:
2G, = Hppa— Hpyo,
2G, = Hpiz+ Hptr,
2G, = Hpyr+2H, 1+ Hy,
2Gn, = 3Hp+1+2Hn+ Hn-1,
2G, = bHH,+4H, 1+ 3H, o,
and
H, = —-2Gni4+Gniz+5Gnya,
H, = —Go3+3Gn2—2G, 1,
H, = 2Gnt3—3Gnt1 — Gy,
H, = —-Gpu1+Gp+2G,_1,
H, = Gn1—Gn_a.

5. Sum Formulas

5.1. Sum of Terms. The following proposition presents some formulas of generalized Tribonacci num-

bers with positive subseripts.
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PrOPOSITION 24. Ifr=1,5=1,t =1 then for n = 0 we have the following formulas:
(a): Ypoo Ve = 3(Vasa = Var1 — Va + Vo).
(b): Sh_gVar = %("/2n+1 + Vo — Vi + Vo).

(C): Z::u ‘/2k+1 = %(V?n+‘2 + ‘/2n+] — Vg + V]).

Proof. Take r =1,5s =1,£ =1 in Theorem 2.1 in [16] or (or take x = 1,7 =1,s =1,¢ =1 in Theorem
2.1 1in [18]).
As special cases of above proposition, we have the following six corollaries.

From the last proposition, we have the following corollary which gives sum formulas of Tribonaca

numbers (take V, =T, with Tp = 0,71 =1,T, = 1).

COROLLARY 25. Formn = 0 we have the following formulas:
(a): Yopo Tk = 3(Tnss — Tus1 — 1).
(b): E::O Ty = %(T2n+1 +Tn — 1)-
(€): Ypmo Tans1 = %(T2n+‘2 +Tonyt1)-

Taking V,, = K,, with Ky = 3, K1 = 1, K5 = 3 1n the last proposition, we have the following corollary

which presentz sum formulas of Tribonaceci-Lucas numbers.

COROLLARY 26. Forn = 0 we have the following formulas:
(a): Yp_o Kk = 3(Knis — Kui1).
(b): Sh_o Kok = 2 (Kopt1 + Ko +2).

(e): Yoh_o Kors1 = %(Kznw + Kan1 —2).

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin

numbers (take V,, = M,, with My =3, M7 =0, My = 2).

COROLLARY 27. Forn = 0 we have the following formulas:
(a): Ypoo My = %(4 i3 — Mpi1 +1).
. L — 177
k= -
(b): Yo Mog = 5(Mapiq + M, +3)
LN — 1¢; ] _
k= -
(€): D ho Mags1 = 5(Mapyo + Mopyy — 2)

Taking V,, = U, with Uy = 1,U; = 1,Us = 1 1n the last proposition, we have the following corollary

which presentz sum formulas of modified Tribonacer numbers.

COROLLARY 28. Forn = 0 we have the following formulas:
(a): Yhio Uk = 3(Unss — Uns1).
(b): E::O U = %(Dr2n+1 + DT‘Zn)-

(e): Y hoUsps1 = %(DT‘Zn+‘2 + Usng1)-
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From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacei-

Lucas numbers (take V,, = G, with Gg =4, G1 =4,G5 = 10)_

COROLLARY 29. Forn = 0, medified Tribonacci-Lucas numbers have the following properties:
(a): Sop_o Gk = 2(Grgs — Gnp1 — 6).
(b): E:=o Gar = %(G2n+1 + Gan)-
(c): Z::D Gak+1 = %(G2n+‘2 + Gant1 — 6).

Taking V,, = H, with Hy = 4, Hy = 2, H, = 0 1in the last proposition, we have the following corollary

which presents sum formulas of adjusted Tribonacei-Lucas numbers.

COROLLARY 30. Forn = 0, adjusted Tribonacci-Lucas numbers have the following properties:
(a): 3 h—o He = %(Hn+3 —Hypp1+4)
A -1
k= = n n ) -
(b): > p_o Hok = 5(Hont1 + Hon +2)
. o _ 1
k= - n n -
(e): Y ho Hopr1 = 5(Honsa + Hops1 +2)

The following proposition presents some formulas of generalized Tribonacelr numbers with negative sub-

seripts.

PROPOSITION 31. Ifr=s=1%=1 then forn = 1 we have the following formulas:
(A): Y Ve =2 (=8Vopq — 2V n — Vo3 + Vo — V).
() D T e e e G R (Y
() Yoh_y Vooksr1 = % (—V_an — Voop_1 + Vo — V).
Proof. Taker =1,5s =1,£=11in Theorem 3.1 in [16] or (or take z = 1,7 =15 =1t =1 in Theorem
3.11in [18]).

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci

numbers (take Vo=T, with Ty =077 =11, = ])_

COROLLARY 32. Forn = 1, Tribonacci numbers have the following properties.
(@) S T =3(—8T_ 1 — 2Ty — Ty +1).
(0): Sy Toope = 3(—Taps1 + Ty + 1).
(0)1 Z:=1 T 51 = %(*T—Zn - T—zn—l)-

Taking V,, = K, with Ky = 3, K1 = 1, K5 = 3 1n the last proposition, we have the following corollary

which presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 33. Forn = 1, Tribonacci-Lucas numbers have the following properties.
(a): g Kp = 2(—3K_pn_1 —2K_n_»— K_,_3).
(b): i Koop = 3(—=K_spt1 + K_ap, — 2).
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(©): Yh 1 K oks1 = 3(—K_ 3, — K_3,_1+2).
From the last proposition, we have the following corollary which gives sum formulas of Tribonaceci-Perrin
numbers (take V,, = M,, with My =3, M7 =0, My = 2).
COROLLARY 34. Forn = 1, Tribonacci-Perrin numbers have the following properties.
(a): Sp M =1(-3M_1—2M_, o —M_, 3-1).
(b): Y0 M_s = % (—M_9pq1 + M_5, —3).
(e): Shoi M_spt1 = % (—M_2n — M_2,-1+2).
Taking V,, = U, with Uy = 1,U; = 1,Us = 1 1n the last propozition, we have the following corollary
which presents sum formulas of modified Tribonacer numbers.
COROLLARY 35. Forn = 1, modified Tribonacct numbers have the following properties.
(a): Ypoq Uk =3 (=3U-n-1-2U_p2 —U_pn_3).
(b): Sr U_gp = % (—U_gns+1+U_a,) -
(c): Sp_iU_gps1 = % (—U_2n —U_2n-1).
From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacei-
Lucas numbers (take V,, = G, with Gp =4,G1 =4, G, = 10).
COROLLARY 36. Forn = 1, modified Tribonacci-Lucas numbers have the following properties:
(a): Y po1 G =2 (—3G_pn1 —2G_,9 —G_,_3+6).
(b): Yh i Gozk = 5 (—Gna1 +Gan).-
(e): > Gospr1 = % (—G_2n —G_on_1+6).
Taking V,, = H, with Ho =4, H1 = 2, H» = 0 1n the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.
COROLLARY 37. Forn = 1, adjusted Tribonacci-Lucas numbers have the following properties:
(a): S H p=1(-3H_ ., 1 —2H , s —H_ , 5—4).
(b): Yy H_op = % (—H_gny1+H 5, —2).
() Y p i H gps1 = % (—H_9p — H_ 9,1 —2).
The following proposition presents some formulas of generalized Tribonacci numbers with positive sub-
scripts.
PROPOSITION 38. [fr =s5=1t =1 then forn = 0 we have the following formulas:
(@) Sp_o(=1)fVie = 1((=1)" (Vi — 2Viso + V1) + Vo — 214 + Vp).
(b): D io(—1)FVa, = %((—])n Vanga — (=1)" Va1 — Va + V1 +2V4).

(€): Dpco(=1)*Vappr = %((—l)n Vo1 + (—=1)" Vo, + V1 — Vg).
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Proof. Take z=—1,7=1,s=1,t =1 in Theorem 2.1 in [18].
From the last proposition, we have the following corollary which gives sum formulas of Tribonacel

numbers (take V=T, withTp =071 =11y = 1)_
COROLLARY 39. Forn = 0, Tribonacct numbers have the following properties.
(@): Ypoo(=1)*Tie = 5((—1)" (Tosa — 2Tz + Tng1) — 1)
(b): Yroo(=1) T2k = 5 (=1)" (Tans2 — Tons1)-
(C): E::u(*])kTZk—l—] = %((7])RTI‘2n+1 + (71)RT2n + 1)

Taking V,, = K, with Ky = 3, K1 = 1, K3 = 3 1n the last proposition, we have the following corollary

which presents sum formulas of Tribonacci-Lucas numberz.

COROLLARY 40. Forn = 0, Tribonacci-Lucas numbers have the following properties.
(a): Yhoo(—1)FEk = 2((—=1)" (Kpss — 2Kpni2 + Knp1) +4).
)" Kania — (—1)" Kons1 +4).

(b): Yopo(—1)F K2 = 5((
(€): Yopo(—1)*EKapr1 = 2((—1)" Kong1 + (—1)" Kz, — 2).

From the last proposition, we have the following corollary which gives sum tormulas of Trihonacci-Perrin

numbers (take Vi, =M, with My =3 M; =0 M, = 2)_
COROLLARY 41. Forn = 0, Tribonacci-Perrin numbers have the following properties.

(2): Yreo(—1)*Mx = 3((=1)" (Mn+3 — 2Mp+2 + Mn+1) +5).
(b): E:=o(_1)k‘w2k = %((‘Un Moyt — (‘Uﬂ Mopiq + 4)-
(€): Yhoo(=1)" Mapsr = %((_1)?4 Maps1 + (=1)" Mo, — 3).

Taking V, = U,, with Ug = 1,01 = 1,Uz = 1 1n the last proposition, we have the following corollary

which presents sum formulas of modified Tribonacel numbers.

COROLLARY 42. Forn = 0, modified Tribonacci numbers have the following properties.

(a): E:=U(_1)kUk = 15 (‘Un (Un+3 —2,in + Un+1)_
(b): Yo Uk = %((—l]n Uspan — (=1)" Uy +2).
%((_l)nbr2n+l + (_l)n [/rgn)_

(€): Yhoo(=1)*Vars1
From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacei-

Lucas numbers (take V,, = G, with G =4, G = 4,G> =10).
COROLLARY 43. Forn = 0, modified Tribonacci-Lucas numbers have the following properties:
(a): Tp_o(=1) Gk = 2((=1)" (Gni3 — 2Gn+2 + Gry1) + 6).
(b): E:zo[—l)k(;% = %((—UR Ganta — (—1)" Gaps1 +2).

(€): Ypco(—1)*Gars1 = %((—l)n Gant1 + (—1)" Gan).
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Taking V,, = H,, with Hy = 4 Hy = 2, Hy = 0 1n the last proposition, we have the following corollary

which presentz sum formulas of adjusted Tribonacci-Lucas numbers.

COROLLARY 44. Forn = 0, adjusted Tribonacci-Lucas numbers have the following properties:
(a): Sor_o(—=1)fH, = 3 (=1)" (Hpsz — 2Hpia + Hoi1).
(b): Yp_o(=1)FHo = 5((=1)" Hanso — (=1)" Haps1 + 10).
(€): Spco(—1)FHaps1 = 3((—1)" Hapgr + (—1)" Hap — 2).

The following proposition presents some formulas of generalized Tribonacel numbers with negative sub-

scripts.

PROPOSITION 45. Ifr=s=1t =1 then forn = 1 we have the following formulas:
(a): Yop_j(=D)FV, = %((—‘1)” Vo1 (1) Vo3 — Vo + 2V — V).
(b): S (=1)FV_ g = %((—1)?’l Voo — (=1)" Viogp_1 + Vo — V4 —2V4).
(€): Ypcq (1) Vg1 = %((—Un Voont1 — (—1)" Voon — Vi + Vo).

Proof. Take z = —1,r=1,5s=1,t =1 in Theorem 3.1 in [18§].
From the last proposition, we have the following corollary which gives sum formulas of Tribonaca

numbers (take V, =T, with Tp = 0,71 =1,T, = 1).

COROLLARY 46. Forn = 1, Tribonacct numbers have the following properties.
(2): Dt (—1)f Tk = 3((=1)" Tono1 + (1) Ton—z + 1).
(b): D (—1)FT g = % (=)™ (T-on — T—2n—1)-
(€): Tt (=) Toairt = 5((=1)" Togpir — (=1)" Tgn — 1)

Taking V,, = K,, with Ko = 3, K1 = 1, K2 = 3 1n the last proposition, we have the following corollary

which givez sum formulas of Tribonacei-Lucas numbers.

COROLLARY 47. Forn = 1, Tribonacci-Lucas numbers have the following properties:
(a): Sp_ (—DFE_ = 2((-1)" K_po1 + (—1)" K_p—3 — 4).
(b): Sh i (—1)* K o = 2((=1)" K_gp — (—=1)" K_op—1 — 4).
(€): Y (—1)F K gpsy = 2((—=1)" K_gps1 — (=1)" K_p, +2).

From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin

numbers (take V,, = M,, with My =3, M7 =0, My = 2).

COROLLARY 48. Forn = 1 we have the following formulas:
(@) Sp_(—1)FM = 1((-1)" M_poy + (=1)" M_,_3 — 5).
(b): Yy (—1)F Mg = 1((=1)" Mg — (—1)" M_y_y —4).
(€): Yo (1), Mo gpy1 = %((—l)nﬁff—znﬂ —(=1)" M_3, +3).
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Taking V,, = U, with Uy = 1,U7; = 1,Us = 1 1n the last proposition, we have the following corollary
which presents sum formulas of modified Tribonacer numbers

COROLLARY 49. Forn = 1 we have the following formulas
(@): Ypoy (1)U, = 3((~1
(b): Yooy (=1)*U- Qk_%( )
(c): Yk (—

DT—n—'I +( 1) T—n—3)-

—1)"U_9p1 —2).
1) U_zk+1 =%((—1) U—gnt1 — (—1)" U_an).

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonace:
Lucas numbers (take V,, = G,, with Gy =4, Gy =4,G, = 10)

COROLLARY b50. Forn = 1, modified Tribonacci-Lucas numbers have the following properties

(a): Dojeen( 1) Gk %(

(=
(b): sl )G ok = %(( )" G2 — (—1)" G_3n_1 — 2).
(€): 2o 1) G_gpr1 = 2((=1)"

) G—2n+1 - (_])‘n G—Zn)-

"G _pot +(=1)" Gn_z —6).

._A
._.\._/

Taking V,, = H,, with Hy = 4, H; = 2, Hy = 0 1n the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers

COROLLARY b51. Forn = 1, adjusted Tribonacci-Lucas numbers have the following properties
(@): iy (“D*H ke = 3((=1)" Honot + (=1)" Hons).

(b): o7 (—1)*Hoar = 1((- ) H_gn — (—1)" H_3n_1 —10).
(€): hca (F1)*H spey1 = %

( 1) H—?n+l_( 1 H—?n+2)

5.2. Sum of Squares of Terms. The following proposition presents some formulas of generalized
Tribonaccl numbers with positive subseripts

PROPOSITION 52. Ifr =s5=1t=1 then for n = 0 we have the following formulas

(a): Yo V2 = 3(-V2

ﬂ,,hq,,—d,vﬂ,,;2 BV, 144V 3Vt 942V g Ve 1+ VR HAVE L5V -4V, V1 —2V5 V).
b): S o Vis1Ve = 2(V2g +2V2 0 + V2 — 2ViigVais — 2Vi,

k=0

2V1 V).

(€): Xoko Vi

oV = VE =2V —VE 42161 +

=1 (V23 + V2 — ViV — V2 — VE +2Va1h).

Proof. Take x =1,7=1,5s=1,£=1 in Theorem 4.1 in [20], see also [19]
From the last proposition,

we have the following Corollary which gives sum formulas of Tribonacea
numbers (take Vao=T, with Ty =071 =115 = ])

COROLLARY b3. Forn = 0, Tribonacct numbers have the following properties
(@) Sp o T2 = 2(—T2, 53 —4T2, 5 — 5T2 4 +4Tn 3T ps2 + 2Tne5Thsr + 1).
(b): 3ko Ter1Tie = §(Tiys +2T"‘+2 + T2 — 2Tns3Tns2 — 2Tns2Tns1 — 1).
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(€): Yp—o TktaTi = %(Tn+3 + T2 — 2Ti3T0sr — 1).

Taking V,, = K, with Ky =3, K7 =1, K3 = 3 1n the last Proposition, we have the following Corollary

which presents sum formulas of Tribonacei-Lucas numbers.

COROLLARY 54. Forn = 0, Tribonacci-Lucas numbers have the following properties:
(a): Si o I{ 4( I{n+3 —4K? i — 5K2 ml 4K s K + 2K, 5K + 28).
(b): Z:zo KK = —(K2 3+ 2Kn+2 + Kn+1 — 2K, 3K pi9 — 2K, 0 Kpeq — 8).
(€): Yoo KntaKi = 1(Kji3+ Ky — 2Kni3Knt1).

From the last proposition, we have the following corollary which gives sum formulas of Tribonaceci-Perrin

numbers (take V,, = M,, with My =3, M7 =0, My = 2).

COROLLARY 55. Forn = 0, Tribonacci-Perrin numbers have the following properties:
(2): Spoo Mp = (=M 5 —4M2, —5Mp g + 4MpigMpnis + 2Mp i3 M1 +37).
(b): Ypo Mip1 My = (M2, 5+ 2M2. 5 + M2, — 2My3Mpis — 2Mp s My — 13).
(€): koo Miya My = (Mf2+3 + M7 —2My 3 Mgy — 1)

Taking V,, = U,, with Uy = 1,U; = 1,Us = 1 1n the above proposition, we have the following corollary

which presents sum formulas of modified Tribonacer numbers.

COROLLARY 56. Forn = 0, modified Tribonacct numbers have the following properties:
(2): Roo UR = 3(~Unss — 4Uss = 5Uz 41 + 4Un 45Uz + 2WnsUnin +4).
(b): 3o Uks1Uk = §(U2, 5+ 202, + U2ty — 2WnisUpia — 2UntaUpsn).
(€): Ypco UkpaUs = $(U2 5 + U2y — 2Ups3Un i)

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacei-

Lucas numbers (take V,, = G, with Gp =4,G1 =4, G, = 10).

COROLLARY 57. Forn = 0, modified Tribonacci-Lucas numbers have the following properties:
(2): YopoGr = 5(—Ghiz —4Gh s — 5G} 1 + 4G i5Gnis +2Gn13Gni1 +4).
(b): Yoko Grr1Gr = 1(Ghis +2Gh 0 + Gty — 2Gn+3Gnts — 2Gn42Gnr1 — 36).
(€): Yp_o GreaGr = 2(G2 5+ G2 — 2Gpi3Grit — 36).

Taking V,, = H, with Hy =4, H) = 2, Hy = 0 1n the last proposition, we have the following corollary

which presents sum formulas of adjusted Tribonacci-Lucas numbers.

COROLLARY b8. Forn = 0, adjusted Tribonacci-Lucas numbers have the following properties:
(a): S oHZ =3(—H2, 3 —4H? , — 5H?2 | +4Hpi3Hyi5 + 2Hp 3Hn g1 + 96).
(b): Yy o Hes1He = (H2 5+ 2H2+2 +H2  —2H, 3H, > —2H, 3H, 11 —8).
(¢): Yopoo HivoHy = {(H 3+ H (g — 2Hpi3Hnin — 16).
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The following proposition presents some formulas of generalized Tribonacel numbers with positive sub-

scripts.
PROPOSITION 59. Ifr =s5=1=1 then forn = 0 we have the following formulas:
(a): Sh_o(—=1)F12 = %((—1)” (V23 —2V2 5 +3V2, — 2V Viss) + V2 — 2V + 3V — 214 1a).
(b): D ro(=1) Vi1 Vi = %((—])n (V2= Vi —2VaisViio +2VioVieq) + V5 — Vi@ — 21715 +

2V1 Vo).
(€): Thmo(=1)"ViesaVie = 3((=1)" (
Vi 4+ 2Valp — 44 Vg).

4 WoiaVist — 4Vsa Vi) + V2 — 2172 —

2 2 2
v - 2L1n+2 - Vn+'|

n+3

Proof. Take z = —1,7=1,5s=1,t =1 in Theorem 4.29 in [20]

From the above proposition, we have the following corollary which gives sum formulas of Tribonace
numbers (take V,, =T, with T = 0,77 = 1,15 =1).
COROLLARY 60. Forn = 0, Tribonacct numbers have the following properties:

(a): Yimo(—D*TR = 3((=1)" (T4 — 21210 + 31311 — 2Tns1Tnss) — 1).

(b): Z:=0(_1)ka+lTk = %((_l)n (T§+3 - £+1 - 2:I-:zfa+3z-|:~1.+2 + 2’-I—‘n+2’-1—:z/a+l) - 1)
(C): Z:=u(—1)ka+2Tk = %((—Un (Tf_,_g - QT,E_'_Z - T§+1 + 2T, 3Ty — 4Tn+2Tn+1) — 1)-
Taking V,, = K, with Ko = 3, K7 =1, K5 = 3 1n the above proposition, we have the following corollary

which presents sum formulas of Tribonaceci-Lucas numbers.

COROLLARY 61. Forn = 0, Tribonacci-Lucas numbers have the following properties:

(2): T po(—1)FER = (=)™ (K} — 2K 5 + 3K, 1 — 2Kn1Knys) + 16).
(b): Yp o(—1)*Kp1 Ky = 3 (—1)" (K25 — K21 — 2Kp3Kni0 + 2Ky 0Knt1).
(€): Yhmo(—1)f Kir2Ke = 3((—1)" (Knss

From the above proposition, we have the following corollary which gives sum formulas of Tribonaceci-

— K2, — K21 +2Kni3Kni1 — 4Kn2Kni1) +4).

Perrin numbers (take V,, = M,, with My =3, M; =0, My = 2).
COROLLARY 62. Forn = 0, Tribonacci-Perrin numbers have the following properties:

(a): Ypo(=DFME = 3((=1)" (M5 = 2M2 5 +3M2  — 2Mi1 Mosia) + 19).

(b): Xp_o(—1)* Misa M = 3((=1)" (M7 13 — My 1 — 2Mpi3 My + 2Mp 2 Mpi1) — 5).
(€): Sh_o(=1) My s My = J((=1)" (M2.5 — 2M2 5 — M2 | + 2Mp5Mpiy — 4My s My iy) + 7).

Taking V,, = U, with Uy = 1,U7; = 1,U; = 1 in the above proposition, we have the following corollary
which presents sum formulas of modified Tribonacer numbers.

COROLLARY 63. Forn = 0, modified Tribonacct numbers have the following properties:

(@): Tioo(=1FUE = 5 (=1)" (U245 = 20715 + 3U7 41 — 2Uns1Unss).

3080 |
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(b): S o(—1)fUpaUp =3 (—1)"
(€): Yoho (=) UktalUi = 3((-1)

n

L i S [

(U213 — U2y —2Uns3Unia +2Un12Unt).
(

Unis =22 — Uip1 + 2WnisUnit — AUniaUnsa) — 4).

From the last proposition, we have the following corollary which gives sum formulas of modified Tribonacei-

Lucas numbers (take V,, = G, with G =4,G1 =4,G = 10)_

COROLLARY 64. For n = 0, modified Tribonacci-Lucas numbers have the following properties:
(a): Yhoo(=1)*G} = %((_l)n (Ghis —2Gh s +3GL 1 — 2Gni1Gnys) + 36).
(b): 3 ho (1) Grr1Gr = 3((=1)" (G} 15 — Gty — 2Gn+3Gns2 + 2Gni2Gns1) + 36).
(€): Yhoo(—1)*GriaGy = %((—1)” (G2 3—2GE , — GL {4+ 2Gns3Gnt1 — 4Gpy2Grit) + 68).

Taking V,, = H, with Hy = 4, Hy = 2, H, = 0 1n the last proposition, we have the following corollary

which presents sum formulasz of adjusted Tribonacei-Lucas numbers.

COROLLARY 65. Forn = 0, adjusted Tribonacci-Lucas numbers have the following properties:
(@): Ypoo(—DRH = 3((=1)" (HR 5 — 2H2 5 +3H) 4 — 2Hp i1 Horg) +40).
(b): Sh (=1 Hps1He = 1 (—1)" (H2 5 — H2y — 2Hp+3Hns2 + 2Hn 0 Hut).
(€): LoV HipaHe = 3((=1)" (Hpis — 2H] o — Hi oy + 2HnigHpy1 — 4Hni2Hnt1) — 56).

6. Matrices related with Generalized Tribonacci numbers

Matrix formulation of W, can be given as

n

Wiso ros t W,
(6.1) Weer | =11 00 Wi
W, 01 0 Wo

For matrix formulation (6.1), see [8]. In fact, Kalman give the formula in the following form

n

W, 010 Wo
Weer | =] 0 0 1 Wi
Wiao r s t Ws

We define the square matrix A of order 3 as

1 1 1
A= 1 0 0
01 0
such that det A = 1. From (1.6) we have
Vs 11 1 Vst
(62) Voor [=] 1 0 0 V.
Va 01 0 V-1
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and from (6.1) (or using (6.2) and induction) we have

Vi 11 1 Vs
Va +1 = 1 0 0 Wi
Vi 01 0 Vo

If we take V' =T 1n (6.2) we have

Tn+2 1 1 1 Tn+1
(6.3) Thy1 |=] 1 00 Ty

We also define

By, = Tn T, 1+Th_o T,
Thoy Tho+Thz Thoo

and
V’n+] Vi + Vit Vi

Cn = Vi Va1 +Vaoo Vi

V-n—'l Vn—Z + Vn—S V-n—Z

THEOREM 66. For all integer m,n = 0, we have

(a): B, =A"
(b): C1 A = AnC1
(C): Cn+m = CyBy = BrCh-

Proof.
(a): By expanding the vectors on the both sides of (6.3) to 3-colums and multiplying the obtained

on the right-hand side by A, we get
B,=AB,_1.

By induction argument, from the last equation, we obtain
B,=A""B;.

But By = A. It follows that B,, = A™.
(b): Using (a) and definition of Cy, (b) follows.
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(c): We have

1 1 1 Vi Va1 +Vaa Vi
AC,_, = 1 0 0 Vel Vima + Vg Vi
0 1 0 Vn—Z Vn—&’ + Vn—4 Vn—3

Va+ Va1 + Vi Va1 +2V, 0 +2V, 3+ Vy Vi 4+ Vo4 Vi3
= v, Vo1 + Via Va1

Vn—'l Vn—‘Z + Vn—S Vn—Z
= Cnv

1e. Cp, = AC,_1. From the last equation, using induction we obtain C,, = A™1¢y . Now
Cpam = AT 10y = A" 1A™Cy = AP 1C1A™ = C, By,
and similarly
Crim = BChp.
Some properties of matrix A™ can be given as
Ar = AT A2 L oAn?
and
AP = AT A™ = AT A"
for all integer m and n.
THEOREM 67. For m,n = 0 we have
(6.4) Vasm = Valos1 + (Vac1 + Vo) T + Vo1 T

Proot. From the equation C),1,, = C,, B, = B,,,C,, we see that an element of C,, ., 1s the product of
row C,, and a column B,,. From the last equation we say that an element of C),,, 1z the product of a row
C,, and column B,,. We just compare the linear combination of the 2nd row and 1lst column entries of the

matrices Crim and CpBrn. This completes the proof.

REMARK 68. By induction, it can be proved that for all integers m,n < 0, (6.4) holds. So for all integers

m,n, (6.4) is true.
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COROLLARY 69. For all integers m,n, we have

(6.5) Toem = TnThmst + (Toct +Tna) T + T T,

(6.6) Knim = KnTmet+ (Knt+EKn_s) Tm + K 1Tm_1,

(6.7) Myim = MyTpni1+ (Mao1 +Myo) T + My 1T -1,

(6.8) Unim = UnToms1 + (Un_1 +Un ) Ton 4+ Up_1Tm1,

(6.9) Grim = GnTmit1+ (Guot+ Gpo)Ton+ Gn1To_1,

(6.10) Hypom = HpTmot+ (Hu1+Hy_o) T+ Hy 1Tt
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