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Abstract.

In this Note, two types of submersions whose total space is an almost trans-1-Golden manifold are
studied. The study focuses on the transference of structures from the total space to the base one and
the geometry of the fibers.
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1 Introduction

The differential geometry of the Golden structures in Riemannian manifolds
has interested several researchers, see for instance [1,2, 3, 4, 5, 6] among many
others. In [7], Hrectanu pointed out some submanifolds of almost Riemannian
Golden manifold and in [8], their integrability has been studied.
Trans-1-Golden manifolds, which have been introduced by G. Beldjilali
3], are Riemannian manifolds furnished with a (@, n, {)-structure where:

1. @ is a tensor field of type (1,1) such that ®? = @ + [, where [ is the
identity transformation,

2. £ is a global vector field on M,

3. n is a differential 1-form, dual to £ (i.e. n(§) = 1).
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Given two almost Golden manifolds (M™, g, ®) and (M™, ¢/, @), B. Sahin
and M.A. Akyol [10] introduced the study of Golden maps between them.
They obtained many results concerning the consistency of certain maps.
They also showed that this map is harmonic.

Considering two trans-1-Golden manifolds
(M™, g, @, &, 1) and (M™H, g/, @ & 7'),
one can define the concept of trans-1-Golden submersion. Since the mani-
folds (M™, g, ®) and (M, g',®'), carry two Riemannian structures g and ¢’,
it can be referred to O'Neill [9] for the concept of Riemannian submersions.
Moreover, to these Riemannian manifolds, one can add a tensor field @, of
type (1,1), following Watson [13] where he introduced the study of almost
Hermitian submersions. In the same way, following again Watson [14], who
studied two types of almost contact metric submersions, see also [11,12], one
can make an analogues study of two types of trans-1-Golden submersions.
The way is to adapt the almost trans-1-Golden structure to the almost con-
tact one and convert the language.

This paper is organized in the following way:

Section 2 is devoted to recall the defining relations of manifolds which
will be used in this paper.

Section 3 concerns trans-1-Golden submersions where we develop funda-
mental properties of two types of this class of submersions.

The last section 4, deals with the relationships between the structure
of the total space, the base space and the fibers following what has been
obtained in [12].

2 Preliminaries
In this Section, we recall the defining relations of manifolds to be used in the
sequel as treated by Beldjilali [2, 3].

An almost Golden Riemannian manifold is a triple (M, g, ®) where:

1. (M,g) is a Riemannian manifold,

2. ® is a tensor field of type (1,1) such that ®2 = ® + I, where I is the
identity transformation,

3. g(®X,Y) = g(X,®Y) for all X,Y € X(M)
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The last condition means that the Riemannian metric g is compatible
with the Golden structure @. In [10], it is shown that

(DX, DY) = g(dX,Y) + g(X,Y).

Attentively looking the relation ®? = ® + I,we can deduce the quadratic
equation 72 — r — 1 = 0 whose solution is the number ¢ = %ﬁ; Approxi-
matively ¢ = 1,6180339... The second solution, denoted by ¢ is obtained
by the relation ¢* = 1 — ¢. In other words, ¢* = 1_2"[5. These two numbers
are called golden ratio, they are eigenvalues of the automorphism @ of the
tangent bundle T'M.

Now, let us turn our attention to the various classes of some interesting
manifolds in this study.

An almost trans-1-Golden manifold is a quintuple (M, g, ®, 7, £) where:

e (M, g,®) is an almost Golden manifold,
e { is a global vector field on M,
e 7 is a differential 1-form, dual to £ (i.e. n(£) = 1).

The triple (®,£,n) is called almost trans-1-Golden structure.
Note that, in [3], this manifold is defined by

(V@)Y = VBg(X,Y)E +n(Y)X.
If an almost trans-1-Golden manifold (M™*! &, g, n, £) is such that

Vo =0

7

it is called a C— Golden manifold.
An almost trans-1-Golden (M™ &, g, 1, &) verifying the condition

(Vx®@)Y = V5(g(X,Y)E+n(Y)X —2n(X)n(Y)E)

is called a G—(Golden manifold.
An almost trans-1-Golden manifold, defined by

(Vx@)Y = ovV5(g(X,Y)E+3(Y)X — 2n(X)n(Y)E)

where g is a function on M, is called a generalized ¢ —Golden manifold.
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As an example of trans-1-Golden manifolds, let us symplify the one found
in Beldjilali [3; ex.3.8]. Let R"™! be an Euclidean space with Cartesian coor-
dinates {zq,...7, 2} . We can put

£= 5

n=dz—rdr;,

D= T+ Vo,

g=non+py,; dr,

where r and p are two functions on R"*!.

It is not hard to prove that ®? = ®X + X and g(®X,Y) = g(X,®Y) so
that (®,g,£&,n) is an almost metric trans-1-Golden structure.

Recently, pursuing the study of Golden geometry, Beldjilali [1], introduced
a new class as follows.

Let M?"+1 be a differentiable manifold of odd dimension 2n + 1. By an
almost Golden Riemannian almost contact metric manifold, one understands
a quintuple

(M1 g,€,m,®)

where the tensor field ® satifies the relation

b = ol — \/_TJ/‘E

He shows that if this manifold is integrable, which means that the Nijenhuis
tensor Ng vanishes with

Ng(D, E) = ®*[D, E] + [®#D, ®E] — ®[®D, E] — ®[D, DE],

then it leads to a G—Golden manifold and dn = 0.

3 Almost Trans-1-Golden Submersions

We begin by recalling, from O’Neill [7] the concept of Riemannian submersion
before attacking that of almost trans-1-Golden one.

Let (M, g) and (M’, ¢') be two smooth, connected and complete Rieman-
nian manifolds. By a Riemannian submersion, one understands a smooth
surjective mapping

T M — 11"!!

such that:

(i) ™ has maximal rank, and
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(ii) 7o(kern.)t 1S a linear isometry.

Here, 7, denotes the differential of m whose kernel is denoted by ker 7, and

(ker m, )" is orthogonal to the kernel, ker ., of m,.
Vectors in ker m, are vertical while those in (kerm, )~ are horizontal. For
each 2’ € M’, 771(2') is a closed , embedded submanifold of M, called the
. Noting by Fp = 7 (2') it is known that dim F,, =

4

fiber of 7™ over z".
dim M — dim M’. The tangent bundle TM of the total space M has an
orthogonal decomposition

T(M) = V(M) & H(M),

where V(M) is the vertical distribution while H (M) designates the horizontal
one.

A vector field X of the horizontal distribution is called a basic vector field
if it is m-related to a vector field X, which means 7. X = X.,.

In this paper, we will denote horizontal vector fields by X, Y and Z,
while those of the vertical distribution will be denoted by U, V' and W. On
the base space, tensors and other operators will be specified by a prime ('),
while those of the fibers will be denoted by a caret . For instance, V, V'
and V will designate the Levi-Civita connection of the total space, the base
space and the fibers, respectively.

Proposition 3.1. [7] Let (M, g) — (M',q') be a Riemannian submersion,
X and Y two basic vector fields on M, then:

(1) 9(X,Y) = ¢'(m X, mY);
(2) H[X,Y] is the basic vector field associated to [X,,Y.];
(3) H(VxY )is the basic vector field associated to (V' Y,).
Proof. See O'Neill [7]. O

Let (M™1! g, ® £ 1) and (M™*! ¢, ® ¢ 7/) be two almost trans-1-
Golden manifolds. By an almost trans-1-Golden submersion of type I, one
understands a Riemannian submersion:

(ﬂ-f{n-l_l,g, (I);E-; 7_:") N (ﬂ:f'fn’—kl’g-" (I)l:‘g!?nf)

satisfying
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(i) 7,®=d'm,,
(ii) m.&=¢".

Next, we overview some of the fundamental properties of this type of sub-
mMersions.

Proposition 3.2. Let (M™ g . ® &) " (M™+ ¢ @ &' 1) be an al-
most trans-1-Golden submersion of type I. Then,

(1) m™n' =mn,
(2) U e V(M) implies that ®U € V(M);
(3) £ € H(M);
(4) nU)=0 for allU € V(M);
Proof. (1) Consider a basic vector X and let us calculate.
™ (X.) =7 (mX) =4¢'(¢, mX).

But ¢ = m.£ so that ¢'(¢',7.X) = ¢'(m.,7.X) = g(£,X) = n(X) which
shows that 7*n' = 1 as claimed.

(2) It is known that if U is vertical, then it is in the kernel of m,; Since
&', U = w,®U and 7, U = 0, then 7,®U = 0 which shows that ®U is in the
kernel of ., so that it is vertical.

(3) To show that £ is horizontal, Watson [14] decomposes £ into a vertical
part & and a horizontal one, say, & such that £ =& + &. As n(£) = 1 then
n(&1) +n(&2) = 1. But n(&) = g(&, &) = ¢'(m.be, &) = ¢'(¢',€') = 1. Thus
n(&1) = 0 from which n(£) = n(£2) which shows that £ is horizontal.

(4) It is known that n(U) = g(&, U). Since £ is horizontal, then
9(6,U) =0 = (V).

]

As consequence of assertion (1) in the above proposition, we have
m*dn' = dn. Statement (2) means that the vertical distribution is invariant
by ®.

Proposition 3.3. The fibers of an almost trans-1-Golden submersion of type
I are almost Riemannian Golden manifolds while the base space is an almost
trans-1-Golden manifold.
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Proof. Noting by (n+1) the dimension of the total space and by (n'+1) that
of the base space, it is known that the fibers have (n+1)—(n'+1) = (n—n') as
dimension. Note by @, the restriction of @ to the fibers, putting m = n —n/,
we have the following diagram

(F™, §,®) — (M™,g,®,&,m) — (M™, ¢, ¢ )

We have an almost Riemannian Golden manifold as the fiber. The prob-
lem will be to deseribe this structure.
Note by @ the restriction of @ to the fibers, from [10], we have

4(QU,@U) = (U, @U) + §(U.U)

which is clear and shows the compatibility of g with ®. We then conclude
that (g, ®) is an almost Riemannian Golden structure. O

Now, let us deal with another type of almost trans-1-Golden submersions.

Let (M™+1, g, ®, £, 7) be an almost trans-1-Golden manifold and (M™, g, @)
an almost Riemannian Golden one.

A Riemannian submersion

(M™,g,®,6,m) = (M™,g, ¥

is called an almost trans-1-Golden submersion of type 1 if it satisfies
.0 = d'r,.

Proposition 3.4. Let (M™! g, ®, £, 1) — (M™, g, ®') be an almost trans-
1-Golden submersion of type I1. Then, U € V(M) implies that ®U < V(M);

Proof. Let U be vertical vector field. According to the definition of this type

of submersion 7.®U = ®'7,U. But U beeing vertical, then w,U = 0. Thus

m.®U = 0 implyies that ®U is in the kernel of m, and then ®U is vertical.
0

Proposition 3.5. The fibers of an almost trans-1-Golden submersion of type
I1 are almost trans-1-Golden manifolds while the base space is an almost
Riemannian Golden manifold.
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Proof. Tt is clear that the dimension of the fibers is (n—n')+1. Let (g, D, £, 1)
be the restriction of the almost trans-1-Golden structure A(g: v, &,m) of the
total space to the fibers . We have to show that (¢,®,£,7) is an almost
trans-1-Golden structure. As in the case of submersions of type I, we have
the following diagram

(Fm:!‘@:{i)lﬁrné) — (ﬂfn_l—l:qu)'!g:n) L (ﬂ{"nF!g,v(If)

This is a problem to be examined by establishing the relations between
® and ®; n with n; and £ with &. m

4 Transference of Structures
Proposition 4.1. Let M™' - Z5 M™+ be an almost trans-1-Golden sub-
mersion of type I. If the total space is a C— Golden manifold, then the fibers
are almost Riemannian Golden manifolds while the base space is a C— Golden
manifold.

Proof. See Proposition 3.3.
]

Proposition 4.2. Let M™' 2o M™+ be an almost trans-1-Golden sub-
mersion of type I. If the total space is a G— Golden manifold, then the fibers
are almost Riemannian Golden manifolds while the base space is a G— Golden
manifold.

Proof. See again Proposition 3.3. l

Proposition 4.3. Let M™ —Zo M"™*1 be an almost trans-1-Golden sub-

mersion of type I. If the total space is a generalized G— Golden manifold,
then the fibers are almost Riemannian Golden manifolds while the base space
is a generalized G— Golden manifold.

Proof. Referring to Proposition 3.3 the proof follows. ]

Now, turning to the almost trans-1-Golden submersions of type II, ana-
logue properties are established as follows.

Proposition 4.4. If the total space of a type 11, almost trans-1-Golden sub-
TMErston
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(ML g . ®.&,n) = (M™,¢,®) is a C—Golden manifold, then the
fibers are C—Golden manifolds while the base space is an almost Rieman-
nian Golden manifold.

Proof. Referring to Proposition 3.5 the proof follows. [

Proposition 4.5. Assume that the total space of a type 11, almost trans-1-
Golden submersion

(M™1 g, ®,£,1) T, (M™,g',®") is a G—Golden manifold, then the
fibers are G— Golden manifolds while the base space is an almost Rieman-
nian Golden manifold.

Proof. The proof follows by referring to Proposition 3.5. U

Proposition 4.6. Suppose that the total space of a type 11, almost trans-1-
Golden submersion (M™, g, ®,&,1) — (M™ ¢, ')

is a generalized G— Golden manifold, then the fibers are generalized G— Golden
manifold while the base space is an almost Riemannian Golden manifold.

Proof. The proof follows by referring again to Proposition 3.5. [
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