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Abstract. In this paper, we introduce the generalized (r, st u,v,y) sequence and we deal with, in detail,

three special cases which we call them (r,s,t,u, v,y), Lucas (r, s, t,u, v,y) and modified (r, s,¢, u, v, y) sequences. We
present Binet’s formulas, generating functions, Simson formulas, and the summation formulas for these sequences.
Moreover, we give some identities and matrices related with these sequences.
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1. Introduction

The generalized (r, s, ¢, u,v,y) sequence (or the generalized Hexanacci sequence or 6-step Fibonacel sequence)
{Wa(Wo, We , Wo, W3, Wy Wssr, 5.t u,v,y) }nzo (or shortly {W,.},,=¢) 15 defined by the sixth-order recurrence rela-

tion

Wa

Wt + sWo_o + tWn_s + uWn_s + vWn_s + yWa_s, (1.1)
Wo = cWi=ca Wa=c, Wa=cz Wi=cs Wsg=¢3, n>6

where Wy, Wi, Wa, W3, Wy Wi are arbitrary real or complex numbers and r, s, ¢, u, v, y are real numbers. The sequence

{W.}nzo can be extended to negative subscripts by defining
. v w. to 5 oo |
Wen=—Wontn — - Weoio — Wy — Wy — W is + —Weois
y y Yy v v y

for n = 1,2,3,... when rg #* 0. Therefore, recurrence (1.1) holds for all integers n. Hexanacci sequence has been
studied by many authors, see for example [3], [4].
In literature, for example, the following names and notations (see Table 1) are used for the special case of

r, s, t,u, y and 1mtial values.
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Table 1. A few special case of generalized Hexanacci sequences.

Sequences (Numbers) Notation OEIS [5] Ref
Hexanacci {H,} = {Wn(0,1,1,2,4,81,1,1,1,1,1)} A001592  [7]
Hexanacci-Lucas {E.} ={W,(6,1,3,7,15,31;1,1,1,1,1,1)} A074584  [7]
sixth order Pell {POY = {W,(0,1,2,5,13,34;2,1,1,1,1,1)} 8]
sixth order Pell-Lucas {Q¥} = {W.(6,2,6,17,46,122;2,1,1,1,1,1)} [8]
modified sixth order Pell {E®} = {W,(0,1,1,3,8,21;2,1,1,1,1,1)} (8]
6-primes {G»} ={W,(0,0,0,0,1,2;2,3,5,7,11,13)} [9]

Lucas 6-primes {H,} = {W,.(6,2,10,41,150,542;2,3,5,7,11,13)} [9]
modified 6-primes {E.} = {W,(0,0,0,0,1,1;2,3,5,7,11,13)} [9]

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

As {W,} is a sixth-order recurrence sequence (difference equation), it’s characteristic equation is

6 5 4

2
28 —ra® — st —t2® —ux

—vx—y=0 (1.2)
whose roots are «, 3,7, 9, A, p.

Note that we have the following identities:

at+pB+y+d+A+pu=mr,

aff Far+ay+ap+A+ad+By+Bp+ Ay + A+ B0+ A +yu+ 5+ pd = —s,

afA+ afy + aBu+ aly + alp+ aBd + ard + ayp+ BAy + BA + ayd + apd + BAS + Byu+ Ay + By + Bud +
Ay + Aud + ypd =t,

afAy+aBAputaBAd+abyputaryutaBydi+aBud+aryd+arud+BAyu+ayud+BAYo+BAud+Byud+Ayud = —u

afAyp 4 afAyd + aBAud + afyud + aryud + BAyud = v,

afiyud = —y.

Throughout the paper, we use the following notations interchangeable.
r=7r1,8="r2,l =73, U ="T4,V =75,y =T6

and

a=a1,B=a2,7=0a3,0 =004, = as, | = G-

So (1.1) and (1.2) can be written as follows:
Wp =riWho1+r2Woo +13Wh3 +1aWhoa + s Wis + 16 Wh—s

and
6 5 4 3 2
T —rix’ —rex —1r3x” —rax’ —rsx —1rg =0

respectively.

Generalized Hexanacci numbers can be expressed, for all integers n, using Binet’s formula.
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THEOREM 1. (Binet’s formula of generalized (v, s,t,u,v,y) numbers (generalized Hexanacci numbers))

pra” 2"

e = G- 0)a-Na—mw T G-aB -G -HE - NG —n) (13)
n p3y" n pad”
=0 B0 -0 N - GG B -6 NG )

n psA” pep”

e )T ) NS 5 Wiy B prgspey gy gy prgeag gy

where

pr = Ws—B4+v+0+A+pw)Wa+ BN+ By + Bu+ Ay + A+ 80 + A0+ yp + v + pd)Ws
—(BXMy + BA+ BAS + Byp + Ayp + By + Bud + A6 + Apd + yud)Wa
+(BAvp A+ BAYO 4 BAUS 4 Byud 4 Aypd) Wi — BAyudWo,

pr = Ws—(a+v+0+A+u)Wa+ (@A +ay+apu+ad+ Ay + A+ A6+ vy + v0 + ud)Ws
—(ady + adp+ ard + ayp + ayd + apd + Ayp + Ayd + Aud + yud)Wa
+(aAyp + aAyd + aAud + aypd + Aypud) Wi — adyudWo,

ps = Ws—(a+8+0+A+u)Wa+ (af+ar+au+ BA+ad + Bu+ A+ 6+ A5 + ud)Ws
—(aBX+ aBu+ adp + aBd + ard + BAu + apd + IS + Bud + Aud)Wa
+(aBAp 4+ aBAd + aBud + aiud + BAud) W1 — aBAudWo,

pr = Ws—(a+B8+7+A+pu)Wa+ (aB+ar+ay+ap+ BN+ By + Bu+ Ay + Ap+yu)Ws
—(afA + afy + afu 4 aXy + alp + ayp + BNy + BAp + Byp + Ayp)We
+(aBNy + aBAp + afyp + adyp + BAy) W1 — aBiyuWo,

ps = Ws—(a+B+7+d+ Wit (af+ay+au+ad+ By + Bu+ o +yp+ 70 + pd)Ws
—(afy + aBp+ aBd + ayp + ayd + apd + Byp + By + Bud + yud)We
+(aByp + afyd + afpd + ayud + Byud)Wi — aByudWo,

pe = Ws—(a+B8+7+06+ANWa+ (af+ar+ay+ BA+ad + By + Ay + B85+ N6 +v0)Ws
—(afA + afy + ary + aBd + aXd + Ay + ayd + A + By + Ayd)We

+(aBAy + aBAd + afyd + aryd + BAYO) W1 — afAydWo.

Usually, it is customary to choose 71, 72,73, 74,75, 76 so that the Equ. (1.2) has at least one real (say a1) solutions.
Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers n, (see
[1], this result of Howard and Saidak [1] is even true in the case of higher-order recurrence relations).

(1.3) can be written in the following form:

Wy, = A1a"™ + AsB™ + Asy"™ + Agd™ + As\™ + Agpu™
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where
_ p1
S P P o oy T &
Ay = b2
G- BB - -NG -’
_ p3
L= A0 -0 NG W)
_ P4
S ¢ S Y B Yo B ¢ SN T R
_ Ps
ST e T ) T W 1w g
Ag = DPe

(=) —B) (=) —08)(u—A)

Note that (1.3) can also be written in the following form:
6 pral
_ PrQE
Wn = Z 6
F=1 I (o — Otj)

-

.
(e

We have the following formula: for n =1,2,3,... we have

a " Xapr + 7" Xop2 + 7" Xapz + 07" Xupa + A" Xsps + 1~ " Xeps W

W_” = n n n n
anXip1 + B" Xops + " Xzps + 6" Xaps + A" Xsps + pu" Xeps

where

X1 = (=)0 =0)0-mWA=0)A-pA=7B-0)B-mwB-7B-A),
Xo = (-mwOr=0)0-—mwA=0)A-p) A=) (a=0)(a—p)(a=7)(a=2A),
Xs = 0-m)A=0)A=p)(B=0)B-wB-X(a=0)(a—p)(a=X)(a=p),
Xao = (=A== A=nNEB=-w)B-7B-N(@—p@=7)(a=A)(a=8),
Xs = (b=8)(r=0)(r—m(B-=0)B-nB—-7)(a=0)(a—p)(a—7)(a=7),
Xe = (=)A= A=7NB-8)B-7)B-X (a0 @—7)(a=A)(a—p).

We can also give Binet’s formula of the generalized (r, s,t,u,v,y) numbers (the generalized Hexanacci numbers) for

the negative subscripts as follows: for n = 1,2, 3, ... we have

_ a® —rat* —sa® —ta? —ua —v JRE B85 —rpt —sB% —t8% —uB —w

Vo = e A ne- - Ne-n"" TiE-aB-DE-9E- VB
VP —ryt =yt =ty —uy —w 1om 8% — 16t — 56% —t6% —ud — v

R R R LD IR e M TR L CRe IR RV i)

X=X — N —ud —v P —rut —sp® —tp® —up —wv 1
yO—a) A=A -1 = ) (- ) y (=) (n=B) (n =) (=) (u=N""

p2617n

p4617n

+ psA T

Next, we give the ordinary generating function > W,z" of the sequence W,,. The following lemma is a special
n=0
case of a well known formula of generating functions of the generalized m-step Fibonacci numbers which can be found

in the literature (see for example [10]). For completeness, we include the proof.
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LEMMA 2. Suppose that fw, () = Y, Wya™ is the ordinary generating function of the generalized (r, s, t,u,v,y)

n=0
o=}
sequence {Wy }n>0. Then, > Wya™ is given by

n=0

> Waa = A = A (1.4)
n=0

T 1 —rx — sx? — ta® — uxt — vad — yad 1 —rixz —rox? —r3xd — raxt — rszd — rgab
where
A = Wo+ (Wi —rWo)x + (We —rWi — sWo)a® + (Wa — rWa — sWy — tWo)z®
+(Wy — 1 Wa — sWa — tWy — ulWo)a* + (Ws — rWa — sWa — tWa — uWy — vWo)z®
or (in short formula)
A = Wo+ (Wi —rmWo)x+ (Wa — Wi — roWo)a® + (W — i Wa — ro Wi — 13Wo)a®

+(Wa — 11 Wa — raWa — 13Wi — raWo)a* + (Ws — riWa — 12 Wa — raWo — raWi — 5 W)
6—1 i
= W0+ZZEZ (WZZT]WZ]) .
i=1 j=1
Proof. Using the definition of generalized 6-primes numbers, and substracting riz Y > Wna", rox? oo o Waa™,

rax’ Do o Waa™, razt oo o Waa™, rsz® > o Waa™ and rex® Do o Waafrom Y Wya™ we obtain
oo
2 3 4 5 6
(1 —=rz—roz” —rsx” —rax” —rsa” —rex) E W™

n=0

oo oo oo oo oo
2 3 4
= E Wea" — rix E Wez" — rox E Waz" — r3x E Wez" — rax E W,ax"
n=0 n=0 n=0 n=0 n=0
[e @) oo
5 n 6 n
—r5x Wpx" — rex Wha
n=0 n=0
oo oo oo oo oo
1 2 3 4
= E Waz" —r1 E Woaz™ ™ — 1y E Woz™ 2 — rg E Wz —ry E Woz™™
n=0 n=0 n=0 n=0 n=0
oo oo
5 6
—Ts E ann+ —T6 g ann+
n=0 n=0
oo oo oo oo oo
= g Whax —r E W1z — 1o E Wh_az" — 13 g Wh_sz" — 14 E Wih_azx™
n=0 n=1 n=2 n=3 n=4

oo oo
n n
—Ts E W7L75.T —T6 E anam

n=>5 n=6

= (Wo + Wiz + Waz? + Waz® + Waz* + Wsz®) — ri(Wox + Wiz® + Waa® + Waz® + Waa®)
—T2(W05L‘2 + W1333 =+ Wz:L‘4 =+ W3335) — T3(W0333 + W1$4 + W2I5) — 7‘4(W()I4 + W1x5) — 1“5W01‘5

+ Z(Wn —riWoo1 —reWo 2 —raWoo3 —raWin g — 15Wo5 — 16Wn_)z"
n=6

= Wo+ (W1 —mWo)z+ (Wa —rWi — 7“2W0)$2 + (W3 —riWa —roWy — 7‘3W0)$E3

—|—(W4 —ri Wz —roWo — rsWyp — 7“4W0)x4 + (Ws —r Wy —roW3 —rsWo — raWy — 7‘5W0)x5
6—

1 i
= Wo+ le (WZ — ZT‘jWi-j) .
j=1

=1

Rearranging above equation, we obtain (1.4). O
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We next find Binet’s formula of generalized (r, s, t,u,v,y) numbers {W, } by the use of generating function for

Wi
THEOREM 3. (Binet’s formula of generalized (r,s,t,u,v,y) numbers)

26: . G0t (1.5)
k=1 [T (o — )

2

.
(S

where

6—1 i
6—1 6—1—1i
q = Woq; + E o |:WZ— E ’r’jWi_]':|, 1<i<m=6.
i=1 j=1
Proof. Let
2 3 4 5 6
h(:l:') =1- T1X — T2 —T3x — T4 —Ts5T —Tel .
Then for some a1, a2, as, as,as and ag we write

h(z) =(1 —a12)(1 — a2z)(l — asx)(l — asz)(1 — asx)(1l — asz)

ie.,
1—rz —rox® — r3x® — raz® —rs2® — 162’ = (1 — anx)(1 — az)(1 — azz)(1 — cauz)(1 — asz)(1 — agz).  (1.6)
Hence a%’ ?127 &—13, 0%17 é and - are the roots of h(z). This gives a1, a2, as, a4, as and as as the roots of
1 T1 72 73 T4 T5 T6
M)y=1-t_2_I3 T s i
(1:) r x2 x3 x*t x5 b

This implies 2® — r2® — raz? — r32® — r42® — 152 — r6 = 0. Now, by (1.4) and (1.6), it follows that

- Wo + X020 @' (Wi = i, Wi
T;)an T (1—a1x)(1 = a22)(1 — a3z)(1 — asx)(1 — asz)(1 — aez)’

Then we write

Wo + 302 @' [Wz‘ - eri,,} B B, B, Bs .
(1 —-a1z)(1 — aex)(1 — azz)(1 — auz)(1 — asz)(1 —aex) (1 —aix) + (1 — az2) * (1 — asx) (1.7)
S N B
(1—aaz) (1—asz) (1—asz)
So
Wo + il‘z |:WZ — zl:’r’jWij:|
= Bi(1—ax)(l—asz)(l —asz)(1l —asz)(l — asz) + B2(l — a12)(1 — asz)(1 — asz)(1l — asz)(1 — asx)
+B3(1 —a12)(1 — azz)(1 — aux)(l — asz)(1 — aez) + Ba(l — a1z)(1 — c2z)(1 — asz)(1 — asz) (1l — asx)
+B5(1 —anz)(1 — asz)(1 — asz)(1 — auz) (1 — asz) + Be(l — a12)(1 — azz)(1 — azz)(1l — asaz)(1l — asx).
If we consider x = ——, we get

o Z <ai) {Wi - erwu] =Bi(1- 2= (- T - 2 - o).

j=1
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This gives

ok Wy + 01 (&) Wi = iy mawiss])

SRR ey ol = o) o) = o)
T e [W S Wi J]
(o1 — a2)(on — a3)(a1 —aa)(a1 —as)(a1 —ag)

Similarly, we obtain

Woas ! + 302 a5~ [Wi - TjWi—j]

B = (a2 — a1)(a2 — as)(az — as)(a2 — as) (a2 — as)’
Woag '+ 30 a7t [Wv: -3 Tsz'—j]

B = (as — al)(as - az)(as —as)(as — as)(as —as)’
Woa§ ™" + 3000 a§ ™ (Wi = b, 7y Wi ]

Be = (ca — 1) (s — 042)(044 —asz)(as — as)(os — as)’
Woad ™' + 30 Lag™ ' [Wi -3 eri_j}

Ps = (a5 — a1)(as — az)(as —as)(as — as)(as — as)’

B Woag ' + Z ag |:Wz — 22:1 TjWi—j]

. —

(a6 — a1) (s — a2)(a6 —as)(as — as)(as — as)’

Thus (1.7) can be written as

Z Wz = B1(1 — alm) + B(1— 0521‘)71 + Bs(1— agcc)fl + B4(1 - a4x)71 + Bs(1 — am})fl + Bgs(1 — 056.1‘)71

n=0

This gives

iWnac" = Blzalw -‘rBQZOén "—l—BgZagac +B4Za4x +B5ZOA" "—G—BGZae,x
n=0

n=0 n=0
= Z(Blo/f + Boay + Bsas + Baay + Bsag + Bsag )z
n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

W, = Biatl + Baaj + Bsay + Baay + Bsag + Bsag

and then we get (1.5). O
In this paper, we define and investigate, in detail, three special cases of the generalized (r,s,t,u,v,y) sequence
{W,} which we call them (r,s,t,u,v,y), Lucas (r,s,t,u,v,y) and modified (r,s,t,u,v,y) sequences. (r,s,t,u,v,y)

sequence{Gp }n>0, Lucas (r, s, ¢, u, v,y) sequence { Hy, }n>0 and modified (r, s, ¢, u,v,y) sequence {E, } >0 are defined,
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respectively, by the sixth-order recurrence relations

Gnte
Go
Horo
Hy
Hs
Enss
FEo
Ey

Es

TG7L+5 + 5Gn+4 + th+3 + UGn+2 + 'UGn+1 + yGna
0,G1 =1,G2 =r,G3s :7'2—|—s,G4 :r3—|—2sr+t,G5 =rt 44 +3'r2s—|—2rt+u,
THTL+5 + SHn+4 + tHn+3 + UHn+2 + UHn+1 + yH'ru
6,H =r,Hy = 25+7“2,H3 =7 + 3sr + 3t, Hy =7t 4 4r%s + dtr + 25> + 4u,
5 3 2 2
r° + 5r°s + 5tr® + brs” + dbur + 5ts + Hv,
TEn+5 + SEn+4 + tEn+3 + UEn+2 + vEn+1 + yEn7

LEi=r—1,E=—r+s+r", Bg =1 —r’ 4 257 — s +1,

r47r3+3r2372rs+2tr+s27t+u,

Pt — 8% 4+ 3rs? — 3r%s + 4rds + 3r%t — 2rt + 2ru + 2st + v — .

The sequences {Gn}n>0, {Hn}n>0 and {Ey}n>0 can be extended to negative subscripts by defining

forn=1,2,3,...

v u t s r 1
——G_tny— —G_(n_oy— —G_(n_3y— —G_(n_ay — —G_(n_sy + —G_(n_g),
y (n—1) y (n—2) y (n—3) y (n—4) Y (n—5) Y (n—6)

v U t s r 1
——H_ n—1) — —H_ n—2) — —-H_ n—3) —H_ n—4) — —H_ n—5) + —-H_ n—6);
y (n—1) y (n—2) y (n—3) y (n—4) y (n—5) y (n—6)

v U t s T 1
——Fk_ n—1) — —E_ n—2) — -E_ n—3) — -E_ n—4) — —-F_ n—5) T ~-E_ n—6),
y (n—1) Y (n—2) Y (n—3) y (n—4) y (n—5) y (n—6)

respectively. Therefore, recurrences (1.8), (1.9) and (1.10) hold for all integers n.

61

(1.10)

Next, we present the first few values of the (r,s,t,u,v,y), Lucas (r,s,t,u,v,y) and modified (r,s,t,u,v,y)

numbers with positive and negative subscripts:

Table 2. The first few values of the special sixth-order numbers with positive and negative subscripts.

n 0 1 2 3 4 5
G, O 1 r r?+s 3 4 2sr +t Gs
G_, 0 0 0 0 G_s
H, 6 r 2s + 12 r3 + 3sr+ 3t rd 4 4r%s + Atr + 252 + du Hs
H_, - y%(—Quy +0?) —y%(?ﬂfy2 +v® — 3uvy) Ivl%l(—élsy3 +2uPy? + vt 4 dtvy® — duv’y) H_g
E, 1 r—1 —r+s+r? 2 4 2r — s+t rt =3 4325 —2rs+ 2r+s%2 —t+u FEs
E_, 0 0 0 0 E_s5

where
Gs = rt 482 +3r2$+27‘t+u,
1
G—5 = e
Yy
Hs = 7°+5r%s+5tr® + 5rs® + 5ur + 5ts + 5,
1
H 5 = —5(57’3/4 +v° — Bsvy® — Btuy® — buv’y + 5tv’y® + 5u2vy2),
FEs = ot s +3r52 —3r25+4r35+3r2t—2rt+2ru+25t+v—u,
By = -+

Y
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Some special cases of (r, s,t,u, v, y) sequence {G, (0,1, r, 245, r342sr+t, ri4s2+3r2s+2rt4u; T, 8, ¢, u, v, y)} and
Lucas (7, s, t,u, v, y) sequence { Hy, (4, r, 25412, r>+3sr43t, 1 +-4r’s+4tr+2s> +4u, r° +5r2 s+ 5tr> +5rs? +-5ur+5ts+5v

;7,8 t,u,v,y)} are as follows:

1) G»(0,1,1,2,4,8;1,1,1,1,1,1) = H,, Hexanacci sequence,

(1) Gu(

(2) Hn(6,1,3,7,15,31;1,1,1,1,1,1) = E,, Hexanacci-Lucas sequence,
(3) Gn(0,1,2,5,13,34;2,1,1,1,1,1) = P,, sixth-order Pell sequence,
(4) Ha(

4) Hyn(6,2,6,17,46,122;2,1,1,1,1,1) = Qn, sixth-order Pell-Lucas sequence.

For all integers n, (r, s,t,u, v,y), Lucas (r, s, t, u, v, y) and modified (r, s, t, u, v, y) numbers (using initial conditions

in (1.3) or (1.5)) can be expressed, respectively, using Binet’s formulas as

Gn _ Oén+4 N ﬂn+4
(=B a=(a=8(a=A)(a—pn) (B-a)B-=7)(B=0)B—A)(8—n
,_Yn+4 N 5n+4
+(7—a)(v—6)(v—6)(v—A)(v—u) (6 =a)(@=B)E —=7)(6 = A)(6 —n)
)\n+4 Mn+4
+ + ;
A=a)A=B)A=7A=8)A—pn)  (r—a)(p—08)(r—")(r—0)(n—2A)
H, = oa"+8"+~4"+8"+ X"+ 4",
B (0= 1™+t N (8- 1"+
" (a=B)a=(a=8(a=A)(a=pn) B-a)(B-=7)(B=0)B—-N(B—mn
N (y =1+ N (0 —1)6"*+
(Y=a)(y =By =8)(r=NOr—n)  (=a)(§=B)6 =) =)0 — )
N (A — DA™ (= D

A=) AR DA - —p) (= a)u— A~~~ A

or (in short formulas)

j=1
k#j
6
H, = > ap=af+as+af+ai+af+ag,
k=1
6
(ax — Dag**
E, = 5
=1 [T (ok — )
j=1
k#j

Note that for all n we have
E, = Gny1 — Gn.

Lemma 2 gives the following results as particular examples (generating functions of (r, s, ¢, u, v, y), Lucas (r, s, t, u, v, y)

and modified (r, s, t,u,v,y) numbers).
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COROLLARY 4. Generating functions of (r,s,t,u,v,y), Lucas (r,s,t,u,v,y) and modified (r, s, t,u,v,y) numbers

are
oo
z
E Gpx" =
. 1—rz— sx? —tad — uxt — vad — yab’
n=
oo
Z " 6 — 5re — 4sz? — 3ta® — 2ua? — va
nd =
. 1—rz— sz?2 — tad — uzt — vxd — yab’
n—
oo
oI 11—z
E " =
. 1—rx —sz? — ta® — uz* — va® — yab’
-
respectively.

Proof. In Lemma 2, take W,, = G,, with Go =0,G1 =1,G2 =7,G3 =12+ 5,G4 =12 + 2sr + t,Gs = r* + 52
+3r2s+2rt+u, W, = H, with Hy =4, Hy = r, Hy = 2s+712, H3 = r3+3sr+3t, Hy = r*+4r?s+4tr+2s2+4u, Hs =
r® + 5r3s + 5tr? + 5rs? + 5ur + 5ts + 5v, and W,, = E, with Fp = 1,E1 = r —1,FEFy = —r + s +r2,E3 =
r3—r2+25r—5+t,E4 =7t 3 4+ 3r%s —2rs+ 2tr + s> —t4u, b5 = o —r* — 5?2+ 3rs? —3r?s+4rs+3r2t — 2rt + 2r

u + 2st + v — u, respectively. [J

2. Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,
Foi1Fpor — F2 = (=1)"

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This can be

written in the form

Fn+1 Fn
Fn anl

= (-1)"™

The following theorem gives generalization of this result to the generalized (r, s, t, u,v,y) sequence {W, }n>0.

THEOREM 5 (Simson Formula of Generalized (r, s,t, u,v,y)-Numbers). For all integers n, we have

Wits Wnia Wiys Wihie Wipa W Ws Wa Ws Wa Wi Wo
Wita Wiogz Wape Wiy Wn Wihg Wy Wi Wo Wi Wy, W_
Wors Warz Worr Woo Waot Wasa | 0| Wa Wa Wi o Wy W
Wiie Wiir Wn  War Wais Waos We Wi Wo W.i W, W.g
Wit W Who1 Wp_o Wi_3 Wy_4 Wi Wo W_o1 W_a W_3 W_4

W Who1 Whpoo Wiz Wyp_a Wy,_s Wo W_1 W_o W_s W_y4 W_s

Proof. 1t is given in Soykan [6]. O

The previous theorem gives the following results as particular examples.
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COROLLARY 6. For all integers n, Simson formula of (r, s, t,u,v,y), Lucas (r, s,t,u,v,y) and modified (r, s, t,u,v,y)

numbers are given as

Gnts Gnta Gnis Gni2 Gnp1 Ga
Guia Guis Guiz Guyn  Gu G
Grnts Gpy2 Gpy1 Gn  Guor G
Gnis Gnir  Gn  Gnoi Gnos Gns
Gn+1  Gn  Gpo1 Gpoo Gz G
Gn Gno1 Gro2 Gpoz Gpoa G

Hy.ys Hpys Hpis Hpyo Hppr  Hy,
Hpysa Hpys Hpp2 Hpp1 Hn  Hno
Hois Hnio Hppn  Hy Hoon Hoos
Hpy2 Hpy1w  Hn, Hno1 Hp—2 Hp—s
Hoi1 Hn Hny Hpno Hp s Hy
H, Hn-1 Hn-2 Hn-3 Hp-a Hps

n_ n—>5

= (71) Y g(r,s,t,u,v,y),

Enys Epnga Enysz Enyo Enp1n By
Enys FEnis FEnio Enr E, E
Ents Entz Bnyr Bno Bt Bnoa = ()"l rtstttutoty—1),
Enio FEnia E, En1 En—2 E,_3
Fni E, FEn.-1 FEn,—o FE,_3 FE

E

En Enfl En72 En73 En74

where

g(r, s, t,u,v,y) = —31257%y* + 2500r° suy® + 3750r° tuy® — 2000r°tv?y? — 2250r°uvy? + 1600r°uvdy — 256r°0° —
20007* s%uy® + 50r* s2v2y? — 2250rst?y® + 2050rt stuvy? — 160rtstvy + 900rtsuly? — 1020r*su?v?y + 192rtsuv* —
2250074 sy* +900r4t3vy? —825r4t2u2y? —560r*t2uv?y +128r*t2v* +630r*tudvy — 144r*tuv® 4+ 2250r oy — 108r4uy +
27rtuto? + 1500r*u?y® — 1700r%uv?y® + 320rtuty + 16007353ty — 160r3sPuvy® + 36r3s30dy — 102003 s2t20y? —
56073 s%tuy? + 74613 s2tuv’y — 14413 s%tv* — 24r®s2uvy + 6r3s2uv® + 156003 s2vy® + 63013 st3uy? — 24r3st3v?y —
35613 st2uvy+80r3 st2uvd +72r8 stuty —18r3 studv? +19 80013 stuy® — 12 33073 stv?y? — 13 04013 suvy® +9768r3 suvdy —
160073 sv° — 108r3t°y? + 72r3t*uvy — 16r3t403 — 161336y + 4r3t3u20? — 13501313y + 198013 t2uvy? — 20813203y —
120r3tudy? — 682r3tu vy + 160r3tuv? — 27 000r3ty* + 144r3u*vy — 36r3udv® + 1800r3uvy® — 410r303y% — 2561r2s%y3 +
192r2sttvy? + 128r2s*u?y? — 14412 s*uv?y 4 2720t — 144r2 32 uy® + 6253202y + 80r2s*tuvy — 18r2s3tuv® —
16r2suty+4r2 302 —10 56012 s3uy® 424812 530242 +27r2 sty 2 — 1812 2 B uvy +4r 2303 +4r2 2 2By —r? 2t 220 —
9720r2s%t%y® + 10152r2s%*tuvy® — 682r2s%tvdy + 481612 s%udy? — 5428r°s*uv?y 4+ 1020r2s2uv? — 43200r2s%y* +
39422 st3vy? — 453612 st?u?y? —2412r2 st2uv?y+-560r2 st? vt +3272r2 stuvy — 74612 stuv® +31 320r2 stoy® — 57612 suby+
144r%sutv?® + 6480r°suy® — 8748r%suv?y? + 1700r2svly + 162r°t uy® — 108r°t3uvy + 24r2t3uv® + 24r°t2uly —
6r2t2udv? +27540r 2 uy® — 15 417r2t20%y? — 16 632r2tuvy? + 12 330r tuv’y — 200012 t0° 4+ 192r2uty? — 248r2u3v%y +

réutvT — reuy”+ revyc+ rs ty” — rsTuvy + TS vTY— rs t vy’ — rs tuy 4+ rs tuv y—

50r2u?v® —32 40072 uy? 45401202y +6912r sty > —640rs uvy® +144rs 03y —4464rs3t2vy? —2496r s> tuy? +3272rs3tuvy
630rs3tv? — 96rs3ulvy + 24rs3u?od + 21 888rs3vy® + 2808rst3uy? — 108rs2t3v?y — 1684rs2t%uvy + 356rs2t2uv® +
320rs%tu’y — 80rs*tuv? + 3456rs%tuy® — 16 632rs*tv?y? — 15 264rs%u>vy? + 13 040rs>uvdy — 2250rs%v® — 486rst°y? +
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324rstiuvy — T2rsttev® — T2rstdudy + 18rstuv? — 21 384rst3y® + 22896rst?uvy?® — 1980rst?v3y + 5760rstuy? —
10 152rstuvy + 2050rstuv® — 77 760rsty® + 640rsu’vy — 160rsuv® + 31 968rsuvy® — 1800rsv®y® + 6318rttvy® —
5832rt3u’y? — 3942rt3uv?y 4+ 900rt3v* + 4464rt?udvy — 1020rt2u?v® + 15 552rt2vy® — 768rtuy + 192rtuv? + 46 656
rtu’y® — 31 320rtuvy? + 2250rtvty — 21 888rudvy? + 15 600ru’v®y — 2500ruv® — 38 880rvy® — 1024s%y> + 768s°tvy” +
5125°u?y? — 5765 uv?y+108s°v? — 5765 t2uy? + 245 t% vy + 3205 tuvy — 725 tuv® — 645 uty + 16 s uv? — 92165 uy> +
1925 0%y% + 108s%t1y? — 72533 uvy + 165°t30° + 165°t2uy — 4s5*t2u0? + 864053t%y> + 57605 tuvy® + 120s°tv3y +
435253u3y? — 4816s°uv%y + 900s3uv? — 13824s3y* — 5832s2t3vy? — 8208s%t%uy? + 45365%t2uv?y — 8255%¢%v* +
2496s%tuvy — 560s%tu’v® + 46 656s5°tvy® — 5125%u’y + 128s2utv? — 17280s%uy® — 6480suv?y? 4+ 1500s%vty +
4860st*uy? —162st*v>y—2808st>u?vy+630st3uv® +576st>uty—144st>u 02 43888 st 2uy> —27 540st2v?y? — 3456 stu vy’ +
19 800stuv®y — 3750stv° + 9216suty? — 10 560su’v?y 4+ 2000suv? — 62 208suy™ + 32 400sv%y® — 729t5y? + 486t°uvy —
108t%v% — 108t udy + 27t4u20? — 8748t y3 + 21 384t3uvy? — 13506303y — 8640t2u3y? — 9720t2 w202y + 225082 uv* —
34992t%y* + 6912tu’vy — 1600tuv® + 77 760tuvy® — 27 000tv®y* — 1024uly + 256u’v? + 13 824uy® — 43 200u>v?
y? 4 22500uvty — 31250° — 46 656y°,

respectively.

3. Some Identities

In this section, we obtain some identities of (r,s,t,u,v,y), Lucas (r,s,t,u,v,y) and modified (r,s,t,u,v,y)

numbers. Firstly, we can give a few basic relations between {G,} and {H,}.

LEMMA 7. The following equalities are true:
yH, = —vG, 2+ (6y+1v)G, _  +(sv—5ry)G +(tv — dsy)G_ +(uv — 3ty)Gn72+(v2—2uy)Gn737 (3.1)
H, = 6Gu+1 —5rG, —4sGp_1 — 3tGp—2 — 2uGp_3 — VGp_4a.
Proof. Note that all the identities hold for all integers n. We prove (3.1). To show (3.1), writing
Hp,=aXGni2+bXGpy1+cXGp+dXGpo1+eX Groo+ fXGnos

and solving the system of equations

Hy = axGe+bxGi+exGo+dxGoi+exGoo+ fxGog
H = axG3+bxGa+cxGi+dxGo+exGo1+fxGo2
Hy = axGs+bxGs+cxGe+dxGi+exGo+ fxGoq
Hs = axGs5+bxGi+cecxGs+dxGa+ex G+ fxGo
Hy = axGe+bxGs+cxGa+dxGs+exGa+ fxGy
Hs = axGr+bxGs+cxGs+dxGa+exGs+ fxGe

we find that a = y%(v2 — 2uy),b = —y%(rv2 + yv — 2ruy),c = y%(—sv2 + roy + 6y + 2suy),d = —y%(tv2 — svy +
5ry® — 2tuy), e = ,y%(,giﬂy +w? — toy + 4sy°), f = fy%(vg’ — 3uvy + 3ty?). The other equalitity can be proved
similarly. [

Secondly, we present a few basic relations between {G} and {Ey,}.

LEMMA 8. The following equalities are true:
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(a): yEn = —Gri6 +1Gngs + $Gnys + tGriz + uGni2 + (v + y)Gry1.

(b): En = Gnt1 — Gr.

(¢): r+s+t+ut+v+y—1)Go=Fpnis—(r—1)FEpia—(r+s—1)Eyzs—(r+s+t—1)Ep20—(r+s+
t+u—1DEpy1 —(r+s+t+u+v—1)E,.

(d): r+s+t+ut+v+y—1)Gr=Fpia—(r—1)Enys—(r+s—1DEpja—(r+s+t—1)Ept1— (r+s+
t+u—1)E, +yEn_1.

(e): (r+s+t+utv+y—1)Gp =Eni3—(r—1)Epio—(r+s—1)Epy1—(r+s+t—1)E,+(v+y)En_1+yFEn_o.

£): (r+s+t+utv+y—1)Gn =En2—(r—1)Epj1—(r+s—1)E,+ (u+v+y)En1+W0+y)En—2+yEn_s.

(g): (r+s+t+utv+y—1)Gp = Eny1—(r—1)En+(t+utv+y)En—1+(utv+y)Eno+(v+y)En—s+yFEn_a.

Note that all the identities in the above lemma can be proved by induction as well.

Thirdly, we give a basic relations between {H, } and {E,}.

LEMMA 9. The following equalitity is true:

(r+s+t+ut+v+y—1)H,=(6—-4s—3t —2u—v—5r)Enr1 + (25 — 5r + 3t + 4u + 5v + 6y + 4rs + 3rt +
2ru 4 rv + 512 E, + (3t — 4s + du + 5v + 6y + 4rs — 2rt — 3ru + 3st — drv + 2su + sv — 5ry + 48?)Ep_q + (du — 3t +
5v 4 6y + 3rt — 3ru + 3st — 4rv — 2su — 3sv + 2tu + tv — 5ry — 4sy + 3t2)E,_2 + (5v — 2u + 6y + 2ru — 4rv + 2su —
3sv + 2tu — 2tv — 5ry + wv — 4sy — 3ty + 2u?) En_3 + (6y — v + rv + sv + tv — 5ry + uv — 4sy — 3ty — 2uy + v?) E,_a.

We now present a few special identities for the modified (r, s, t,u, v, y) sequence {FEy}.
THEOREM 10. (Catalan’s identity) For all integers n and m, the following identity holds
En+mEn7m - Ei = Gm+n+l (G7m+n+1 - G7m+n) + Gm+n (G7m+n - G7m+n+1) - (Gn+1 - Gn)2 .

Proof. We use the identity
Ep=Gnt1 —Gn. O

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the modified (r, s, t, u,v) sequnce.
COROLLARY 11. (Cassini’s identity) For all integers numbers n and m, the following identity holds
Ent1En—1 — Ep = (Gny2 — Gni1)(Grn — Gno1) — (Grgr — Gi)?.

The d’Ocagne’s, Gelin-Cesaro’s and Melham’s identities can also be obtained by using E,, = Gn4+1 — G». The

next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’s identities of modified (r, s, t, u,v,y) sequence {Ex}.

THEOREM 12. Let n and m be any integers. Then the following identities are true:

(a): (d’Ocagne’s identity)
Emi1En — EmEnt1 = Gmy2 (Gt — Gn) + Gmg1 (Gn — Gny2) + Gm (Grgz — Gnga) -
(b): (Gelin-Cesaro’s identity)
Ent2Bni1En 1En_2 — Ep = (Gnts — Gng2)(Gniz — Gng1)(Gn — Gno1)(Gno1 — Gn2) — (Gny1 — Gn)*.
(c): (Melham’s identity)

Ent1Eni2Eni6 — Enys = (Gniz — Gny1)(Gnis — Gui2)(Gnir — Guie) — (Guia — Gnys)®.



A STUDY ON GENERALIZED (r,s,t,u,v,y)-NUMBERS 67
Proof. Use the identity E,, = Gn4+1 — Grn. O
4. Linear Sums
The following theorem presents sum formulas of generalized (r, s, t,u,v,y) numbers.

THEOREM 13. For all integers m and j, we have

n A+\I/
Zwmk+j: a 1 (4.1)
k=0

where

A = —24Wonntsmts +24(Hp — D Winntamj — 12(HZ — 2H, — Hop +2)Winnt3maj +4(H2, —3HZ, — 3Hom H,y +
3Ham +2Hsm +6Hy, — 6)Wonntamss + (—Hm +4H3, + 6 H2 Hop — 12H2, — 3H3,, — 12Hou Hy — 8Hsz Hy, + 6 Hap, +
8Ham + 12Haom + 24Hym — 28)Winntm+s + 24 (=)™ Winntj

Uy = 24Wsmtj — 24(Hon — 1) Wapn 45 +12(HZ —2H, — Hop 4+2)Waimg j —4(H2 —3HZ —3Hom Hy 43 Hapm +2Hzp +
6Hm —6)Wamy; —(—Ha +4HS +6H2 Hayp —12HZ, —3H2,, —12Hoy Hyp, — 8 H3yp Hy +6 Hapr, +8 Hapr, +12Hop, +24H,, —
20 Wpj—(—Hop +4AHS, —12H2, +6 H2, Hayp,—3H3, —8 Hay Hin,—12Hop Hypy -6 Hypn +-8 Ha - 12 Hopy +-24 Hp 4-24 (—y)™
H_,, — 24)W;

Q = HY — 4H3 + 3H3,, + 12H2, — 6H2 Hapy + 8H3zmm Hyy + 12Ho,, H,yy — 6Hyp — 8Hsy, — 12Hy,, — 24H,, —
24 (—y)" (H_pm —1) +24

Proof. Note that

n n—1
Z WWLk+j = Wmn+j + Z kaJrj = Wmn+j
k=0 k=0
n71 . . . . . .
+Z(A1amk+J +A2ﬁ’mk+] +A3,Ymk+7 +A4§’mk+1 _’_ASAkarJ +A6Hmk+])
k=0
) mn _q ) mn _ q ) mn _q
= Wmn+j + Alaj e + A26] ﬁmi + AS’YJ S
am—1 g™ —1 m—1

S /§mn VS L | . an -1
Asd? | o AsN | Y Aep? | —— ).
+Aq <6m—1>+ 5 (/\m—l)+ 6M<Mm_1)
Simplifying the last equalities in the last two expression imply (4.1) as required. O
Note that (4.1) can be written in the following form:

- A+V
> Wankis = -
k=1

Q

where

Vo = 24Wsmtj — 24(Hyn — 1) Wapm 45 +12(HZ —2H, — Hop 4+2)Warng j —4(H2 —3HZ —3Hom Hy+3Hapm +2Hap +
6Hm—6)Wamy;—(—HE +4HS +6H2 Ha, —12H2 —3H3,, —12Hoy Hyy, — 8 H3vp Hyp +6 Hapn +8 Hzon +12Hop, +24H,, —
24)Winyj — 24 (=)™ Wj.

As special cases of the above theorem, we have the following corollaries. Firstly, as special cases of the above

theorem, we have the following corollary for the generalized Hexanacci numbers.

COROLLARY 14. The following identities hold:

(1) m=1,j=0.
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(a): Yp_oHr = t(Hnys — Huys — 2Hnyo — 3Hny1 + Hy, — 1).
(b): > 0Bk = t(Enys — Enys — 2Eni2 — 3Eni1 + En +9).
2) m=-1,j=0.
(a): X p_oHok=
(b): > ko Bk
(3) m=3, j = —6.
(a): >h_oHak—6 = 2 (Hsnto — 6Hsny — 13Hsn 13 — 8Hs, — 3Hsn 3 + Han6 — 7).
(b): Yp_oFEak—6 = +(Esnyo — 6E3nt6 — 13E3n13 — 8F3, — 3E3,_3 + E3n ¢ + 83).
4) m=-3,j=2
(a): Yy oH-skr2=2(—H 3ni2+H 301+ 8H 304 +3H 307 —2H 3,10 — H_ 3013 + 7).
(b): Yy o E-sky2 = %(_E73n+2 +E_3,—1+8E_30—4+3E_3n—7 —2E_3,_10 — E_3n—13 + 22).

(_H—n - 5H—n—1 - 4H—n—2 - 3H—n—3 - 2H—n—4 - H—n—5 + 1)
(—Efn —b5F _n.1—4F_, 2 —-3F_,_ 3—2F_, 14— FE_,_5+ 21).

A= o=

Secondly, as special cases of the above theorem, we have the following corollary for the generalized sixth-order

Pell numbers.

COROLLARY 15. The following identities hold:

(1) m=1,j=0.
(a): 7o Ph = 2(Puys — Para — 2Puss — 3Py — 4Purs + Py — 1),
(b): > o Qk = £(Qnis — Qnia —2Qni3 — 3Qni2 — 4Qni1 + Qn + 14).
(e): Yh_oEr= %(En+5 — FEnta—2Fn13 —3En42 —4E,11 + Ey).
(2) m=—1,j=0.
(a): S Pg=2(—P oy —5P 1 —AP 5 =3P s — 2P 4— P, 5+1).
(b): Y 0Q-k=3(-Q-n—5Q-n-1—-4Q n—2—-3Q-n-3—2Q n-a—Q_ns+22).
(0): X7 Bk =2(—E p—5F 1 —4B 5 —3F_ s —2B 14— B 3).
(3) m=3, j = —6.
(a): 7y Poks = & (Psnso — 16Psnys — 32Psts — 24Psy, — 16Ps,_5 + Pan_g — 25).
(b): Yo Qsk—6 = 15 (Q3nto — 16Qsn16 — 32Qsn13 — 24Q3n — 16Q3n—3 + Qan—c + 392).
(e): S0y Esk6 = & (Esnyo — 16Esn 16 — 323,15 — 24Bs, — 1630 s + Fap g — 24).
(4) m=-3,j=2
(a): > i g P-skt2 = ﬁ(—Pfan —2P 3,14+ 14P 3,4 + 6P_3,_7 — 2P_3,_10 — P_3,—13 + 37).
(b): Y g Q-skt2 = 15(—Q-snt2+ 14Q 304 — 2Q _3n—1 + 6Q 3107 — 2Q_3n-10 — Q—3n_13 + 142).
(e): >op_ o Eskya = Tls(_E73n+2 —2F 3p 1+ 14E 3,4+ 6F 3,7 —2F_3,_10 — E_3n_13 + 24).
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5. Matrices Related with Generalized (7, s,t, u,v,y) Numbers

Matrix formulation of W, can be given as

Wn+5
Whta
Wn+3
Whto
Wn+1
W

r s t Ws
Wy
Wi
Wa
Wi

Wo

e

(5.1)

1 0
0 1
0 0
0 0
0 0

o o = O o
o = O o o =g
_ o o o O
o O O o o w

For matrix formulation (5.1), see [2]. In fact, Kalman give the formula in the following form

Wn
Wit
Wn+2
Wn+3
W7L+4
Whas

We define the square matrix A of order 6 as:

such that det A = —y. From (1.1) we have

W7L+5
Wita
W7L+3
W2
W7L+1
W

and from (5.1) (or using (5.2) and induction) we

Whts
Whta
Whs
Whia
Wt
W

n

0 Wo
0 Wi
0 Wa
0 W3
1

0
0
0
0
0 Wiy

1 0
0 1
0 0
0 0
0 0

o o = O O

0
0
0
1
0

r s t u v y W

<
»
~

o = O o o g

o O O o
o o o = O
o O = O O
= O O O o
o O O o o «w

r s t

<

Wn+4
Whts
Wn+2
W1
W7L
Whn-1

o = O o o g
o O O O O w

1 0
0 1
0 0
0 0
0 0

o o = o o
= o o o O

have

= o o
o R O o o g
<
SO O O O o w
S

o O O O =
o o O = O
_ o o o O

o O
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If we take W,, = G, in (5.2) we have

Gn+s r s t u v y Grn+a
Grsa 1000 0 0 Gris
Gars | _| 01 0 0 0 0 Gno 653
Grso 00100 0 Gt
G 000100 G
Gn 00 0 0 1 O Grn-1

We also define

6

7 5 4
Gn+1 Z Tk71G7L+37k E T}CG’VL+37]€ Z Tk+1Gn+37k Z Tk+2G7L+37k TGGn
k=3 k=3 k=3 k=3
6

8 7 5
Gn Y re—2Gnt3—k Y Tk=1Gnys—k Y TkGnys—k > Tk41Gnys—k  T6Gn-1
=4 =4 =4 =4

(=2}

9 8 7
Gn-1 Y 4-3Gnt3—k Y, "e—2Gnt3—k . Te—1Gn+3—k > rkGrys—k r6Gn_2
k=5

B. — k=5 k=5 k=5
n = 10 9 8 7
Gno2 Y. Tk-aGnis—r Y Tk—3Gnt3—k Th—2Gniz—t 2 Th1Gni3—r 16Gn-3
k=6 k=6 5=6 k=6
11 10 9 8
G-z Y Tk—5Gny3—k Y Tk—aGnys—k > Tk—3Gnys—k > Th—2Gny3—r 76Gn_a
k=7 k=7 k=7 k=7
12 11 10 9
Gn-4 Th—6Gnt3—k Tk—5Gny3—k Th—aGnis—k Y Thk—3Gnys—r 76Gn—s
k=8 k=8 5=8 k=8
and
7 6 5 4
Whatr > The—1Whngs—k > reWnis—k > rkpiWhgs—k Y Tet2Woys—x  16Wh
k=3 k=3 k=3 k=3
8 7 6 5
Wh > rh—2Whts—k Te—1Whis—k TeWni3—k > rhp1Wogs—k  16Wno1
=4 =4 k=4 k=4
9 8 7 6
Wao1 D re—sWaas—k Y, Tk—2Ways—k Y Tke1Wnis—k TEkWnts—k  T6Wn_2
C. = k=5 k=5 k=5 k=5
n = 10 9 8 7
Wioa > mh—aWhgs—k Y me—3Wnis—x D rk—2Wnys—kx > Tk—1Wais—k 76Wn_3
k=6 k=6 k=6 k=6
11 10 9 8
Waos > re—sWhis—k To—aWhnis—k 2 Th—3Wnis—k > Th—2Wnis—r 16Wn_4
k=7 k=7 k=7 k=T
12 11 10 9
Wha-a > re—6Whnis—k Y Th—s5Wnis—k The—aWhnis—r Y. Tk—3Wnis—k 16Wn—s
k=8 k=8 k=8 k=8
where

rT=rnr2=8,1r3 =%(,T4 =U,T5 =V,T6 =Y.

THEOREM 16. For all integers m,n > 0, we have
(a): B, =A".
(b): C1A™ = A"Ch.
(¢): Cngm = CpBp = BnCh.

Proof.

(a): By expanding the vectors on the both sides of (5.3) to 6-colums and multiplying the obtained on the
right-hand side by A, we get

B, = AB,_1.
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By induction argument, from the last equation, we obtain
B, =A""'By.

But By = A. It follows that B, = A".
(b): Using (a) and definition of C1, (b) follows.
(c): We have C,, = AC\,—1. From the last equation, using induction we obtain C,, = A" 10, Now

Crpm = A"T"710L = ATTA™CL = AVTICLA™ = Co By,

and similarly
Cn+'m = B"LC’IL‘ O

Some properties of matrix A™ can be given as

An _ ’I“An71 + sAn72 + tAn73 + uAn74 4 ,UAn75 +y14n76

and
An+m — AnAm — AmAn
and
det(A") = (—y)"
for all integers m and n.
THEOREM 17. For m,n > 0, we have
6—1 6—i
Wiim = WaGmii+ > Wi <Z Wcmﬂj) (5.4)
i=1 j=1

= WVLG'NH»I + anl (SG’"L + thLfl + U/G'm72 + UG"L*S + me—4)
FWi—2(tGm + uGm—1 + vGm—2 + yGm—3)

+Wn73(UGm + /UGmfl + me72) + Wn74(ma + mefl) + meWn75

Proof. From the equation Cy4rm = CrnBm = B, Cn we see that an element of C,,,, is the product of row C,,
and a column B,,. From the last equation, we say that an element of C),4,, is the product of a row C,, and column

By,,. We just compare the linear combination of the 2nd row and 1st column entries of the matrices Cy4r, and C), By,.

This completes the proof. O

REMARK 18. By induction, it can be proved that for all integers m,n < 0, (5.4) holds. So for all integers m,n,

(5.4) is true.
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COROLLARY 19. For all integers m,n, we have
Gntm = GnGmt1+ Gno1(8Gm + tGm—1 + uGm—2 + VGm—3 + yGm—_4a)
+Gn—2(tGm + uGm-1 + VGm—2 + YGm—-3)
+Gn-3(uGm + VGm-1 +YGm—2) + Gr—a(VGm + YGm-1) + YGrGn—s,
Hotm = HpGmi1+ Hno1(8Gm + tGm—1 + uGm—2 + vGm—3 + yGm—4)
+Hp—2(tGm + uGm—1 + VGm—2 + yGm—3)
+Hp—3(uGm + vGm—1 + YGm—-2) + Hoea(vVGm + yGm-1) + yGm Hn—s,
Enim = EnGmir+ En1(sGm +tGm—1 + uGm—2 + vGm_3 + yGm_4)
+En 2(tGm + uGm-1 +VGm—2 + yGm—3)
+FEn_3(uGm + vGm-1 + yGm—-2) + En—a(VGm + yGm-1) + yGm En—s.

or, in short formulas,

6—1 6—1

Gn+'m = GnGm+1 + g Gn—i E Tj+iGm+1—j 5
i=1 j=1
6—1 6—1

HnJr'm = HnGm+1 + g H,—; g Tj+iGm+17j 5
i=1 j=1
6—1 6—1

EnJr'm = EnGm+1 + § En_; Tj+iGm+17j
i=1 j=1
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