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Abstract

In this work, a new subclass C(7,0,n,t) of analytic and bi-univalent functions is defined by
subordination principle and investigated. The initial coefficient bounds and the upper esti-
mates of the Fekete-Szego functional were obtained using Chebyshev polynomials.
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1. Introduction
Let A denote the class of functions of the form
f(2) =2z+ a2 +azz® + ... (1.1)

which are analytic in the open unit disk £ = {z : |2| < 1} and satisfy the condition f(0) =0 and f (0) = 1.
Let S denote the subclass of A consisting of functions univalent in E. A funtion f(z) € S is said to be
starlike in the unit disk if and only if

2f'(2)
Re >0, z€eF 1.2
02 -
Also, a function f(z) € S is said to be convex in the unit disk if and only if
Zf”(z)>
Re |1+ >0, zekF 1.3
(1456 )
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A function f(2) is subordinate to g(z) in E, written as
() <g(), 2€FE
if there exists a Schwarz function w(z), analytic in F with
w0)=0 and |w(z)|<1l, z€FE

such that

If the function g is univalent in F,
f(2) < g(2) = £(0) = 9(0)
and
f(E) Cg(E)

It is well known (see Duren [6]) that every function f € S has an inverse map f~!, defined by f~1(f(2)) = z,
z€ Eand f(f'(w)) =w, (Jw] <ro(f)iro(f) = ), where

fHw) = w — agw? + (243 — az)w® — (5a3 — 5agaz + as)w* + - - (1.4)

A function f € A is said to be bi-univalent in F if both f and f~! are univalent in E.

Let ® denote the class of bi-univalent functions defined in the unit disk E. Lewin [9] for f(z) of the form
(1.1) showed that |as| < 1.51 for every f € ®. Brannan and Clunie [3] conjectured that |az| < v/2 for
bi-starlike functions and |as| < 1 for bi-convex functions.

Also, Brannan and Taha [4] introduced certain subclasses of bi-univalent functions called bi-starlike function
of order a denoted by S¢(a) and bi-convex function of order « denoted by Cg () corresponding to the
classes of functions S*(«) and C(«) respectively. For a further historical account of functions in the class
O, ( see [2],[5], [13] and [14]).

Let D™ : A — A be defined by

Df(z) = f(2)
D'f(z) = 2f'(2)
D" f(z) = z[D" ' f(2))

This is referred to as Salagean differential operator [12]. Fekete and Szegé [7] introduced the generalised

functional a3 — Aa3, where X is a real number. Keogh and Merkes [8] studied the Fekete-Szegd problem for

the classes S* and K. Ma and Minda [10] bring together various subclasses of starlike and convex functions
zf'(z)

for which either the quantity ) OF 1+ ZJ{,';S) has positive real part in the unit disk. The results of Ali

et al. [1] generalized the results of Brannan and Taha [4] using subordination.
Chebyshev polynomials plays a considerable role in numerical analysis and mathematical physics. It is
well-known that the Chebyshev polynomials are of four kinds, but in this paper the second kind shall be
considered.

The second kind of Chebyshev polynomials is defined as

sin(n + 1)A

U,(t) = S (1.5)
U, (t) satisfies the recurrence relation
Un(t) =2tUp—1(t) — Up—a(t), n>2
Few examples of Chebyshev polynomials of the second kind are
Uo(t) =1, Ui(t) =2t,Us(t) = 4t* — 1, Us(t) =8> —4t,---[11] (1.6)

49



AYINLA, Rasheed O.

The generating function for U, (t) is given by

H(z,t)= ZU zeFE (1.7)

1—21fz—|—z2

For v € [0,1], 0 € (5£,%), n€Np and t € (3,1), a function f(z) € ® given by (1.1) is said to be in the
class Cg(7y,0,n,t) if the following subordination holds for all z,w € E

v 22y D) 1
1—e 20942, 2 2 L H(z,t _ 1.8
( ¢ 72) z (z,) = 1— 2tz + 22 (18)
and D g(w)
. n 1
1—e 2022 29I gy = — 1.9
(1—e™7%w®) — W) =TT (1.9)
where g = f~! is defined by
FHw) = w — aw® + (243 — az)w® — (5a3 — Bagaz + ag)w* + - -
If t = cos A where \ € (%, %) then,
H(z,t) = . (1- 2(:05)\2—1—22)71
’ 1 —2cos Az + 22
= DA
- Z sinnt A n ek
— sin A
H(z,t) =1+ Ul(t)z + Us(t)2? + Us(t)2® + - - (1.10)
Also,
H(w,t) = Ur(t)w + Uz (t)w® + Us(t)w® + - -- (1.11)
2 Preliminary Lemmas
We need the following lemma to prove our results.
Let P denote the class of Caratheodory functions. p(z) = 1 4+ p1z 4+ pe2? +3323 4+ ... (2 € E)
which are analytic and satisfy p(0) =1 and Rp(z) >0  Let p € P. Then
Pl <2 (keN) [6] (2.1)
3 Main Results
Let f(z) € Co(v,0,n,t), v€[0,1], 0 € (5F, %), n€ Ny and t € (3,1). Then
t2(2t +~2)
< 1
laz] < \/|3n+1 2 — 22 (442 — 1)) (8:1)
t2 2t
|ag| < 92n + gntl (3.2)
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Proof
Let the function f(z) € ® given by (1.1) be in the class Cy (7,0, n,t).
From (1.8) and (1.9)

. Dn+1
(1— e ?74%2?) Tf(z) =14+ U (t)r(z) + Ua(t)r?(2) + - - (3.3)
and Dot
(1—e?7y%w?) Dgl) _ 1+ Uy (t)s(2) + Us(t)s*(w) + - - - (3.4)
For some analytic functions r(z) and s(w)
r(z)=ciz4+c2® e3P +--- z€E (3.5)
s(w) =dw+ d2w2 + d3w3 + - zelk (36)

such that r(0) = s(0) =0, |r(z)| <1 and |s(w)| < 1. It is well known that if |r(z)] < 1 and |s(w)| < 1 then

el <1 (3.7)
and
|d;| <1 (3.8)
But,
) pntl .
(1 _ 6—2207222) f(2) — 142",z + (3n+1a3 _ 6—21072) 224
z

(4n+1a4 _ 2n+1672i072a2) 23 4. (39)
From (3.3),3.4),(3.5) and (3.6)

D"f(z)

(1—e?74%2%) =14 Ui(t)erz + [Ur(t)es + Ua(t)ci] 2°

+ [Ul (t)Cg + Ug(t)chcg + 6:13] 23 —+ - (310)

. Dn+1
(1-e?"v°w?) D™ gw) 1+ Uy (t)diw + [Ur(t)da + Uz (t)d7] w?
+ [U1(t)ds + Us(t)2dydy + di] w® + -+ (3.11)

Equating coefficients in (3.9) and (3.10) give

2"y = Uy (t)ey (3.12)
3"Masz — e 2992 = Uy (t)ey + Us(t)c3 (3.13)
and

—2" gy = Uy (t)d, (3.14)
3" (243 — a3) — e 2742 = U, (t)dy + Us(t)d? (3.15)

Adding (3.12) and (3.14) give
2" ay + (=2 ag) = Uy (t)er + Ur(t)ds (3.16)
= =—d; (3.17)
2 =d? (3.18)
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Squaring (3.12), (3.14) and adding the new equations and simplifying give

s ()& + )

a2 s (3.19)
Also, adding (3.13),(3.15) and simplifying give
U (t dy) + 2U7 (t)e 7>
i = U0+ dy) + 2070 520)
2. 3nH1UF(t) — 22n+3UL(1)
Applying (1.6) in (3.20) and simplifying gives
t2(2t +2)
< 3.21
jaz| < \/|3n+1 22 (442 — 1) (3.21)
Subtracting (3.15) from (3.13) gives
Ui (t)(c2 — da)
asz = CL% -+ W (322)
putting (3.19) in (3.22) gives
UE(t)(ci +di)  Ui(t)(c2 —da)
as = 922n+3 + 2. 3n+1 (323)
Applying (1.6),(3.6),(3.7) in (3.23) gives
t2 2t
las| < 52n + PYES) (3.24)
which coincides with the result in [5].
Remark. For n = 0 and v = 1, the following consequence is given as follow
Corollary 1. For t € (%, 1). Let the function f € ® given by (1.1) be in the class Cy (7, o, n,t).Then
tv2t + 1
las] < 21— (3.25)
V1=
Corollary 2. For n =0
2t
las| < % + 3 (3.26)

which coincides with the result in [5]. Let f(2) € Co(7v,0,n,t), v €[0,1], 0 (3£, %), n€ Npand t € (3,1).
Then for any real number g

(2t3+1%92) . (2t3+1%9%) 2t
|a‘ N a2| < 2|]- - M| ‘3n+1,t2,22n(4t2,1)| Zf |]- - U| ‘3n+1t2,22n(4t2,1)| 2 W
37 Haz| = 4t : 1 (2t°+1%~%) < 2t
I+l Zf | - M| [3nF1{2—22n (442)] = 3ntl

Proof. Substituting (3.22)
o Uit)(ca—da)

ag—uagzaz—i— 5. 3n+1 — [as
Applying (3.20) and simplifying further give

Ui(#)(e2 — d2) [UR(t)(ca + da) + 2U2(t)e2i7~2]

2
—pa? = 1- 2
as nas 9. gn+l + ( ;U') 9. 3n+l U12 (t) _ 22n+3U2 (t) (3 7)
Applying (1.6) in (3.27) gives
2t t2(2t +4?)
_na?l < 22 1— 3.28
|a3 :ua2| = 3n+l + | Ml |3n+1 12— 22”(4t2 _ 1)‘ ( )
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If ) )
1=l t2(2t + %) S 2
K [3ntL. 42 — 22n(442 — 1) = 3niL
then
5 t2(2t +~?)
|a3 - Ma2‘ < 2|1 - U' |3n+1 42 _ 22”(4t2 — 1)|
Also, if
1l t2(2t +~?) o2
Flign+T 2 “o2naz — 1) = 3n#1
then

4
|ag — paj| < Frs)
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