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Abstract

In this paper, we investigate the recurrence properties of the generalized Pentanacci sequence
and present how the generalized Pentanacci sequence at negative indices can be expressed by
the sequence itself at positive indices.
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1. Introduction

We can propose an open problem as follows: Whether and how can the generalized Pentanacci sequence
W,, at negative indices be expressed by the sequence itself at positive indices?

We present our main result as follows which completely solves the above problem for the generalized
Pentanacci sequence W, .

Theorem 1. For n € Z, we have

W_, = g0 " (WoH —4W, H3 +3WoH3,, + 12H2 Wy, — 6WoH2 Hay, — 6Wo Hyy, — 8W,, Hap, — 12Ho, Woy, —
24HnW3n + 24W4n + 8WOHrLH3n + 12WanH2n)

= vin(W4n - HnW3n + %(H% - HQn)WQn - %(Hf{ + 2H3n - 3H2an)Wn + i(H:% + 3H22n - 6H72,H2n -
6Hy, + 8Hs, Hy,)W).

Note that H,, can be written in terms of W,, using Remark 2 below.
The generalized (r, s, t,u,v) sequence (the generalized Pentanacci sequence or 5-step Fibonacci sequence)

{Witnso = {Wy(Wo, Wi, Wa, Wa, Wy;r, s,t,u,0) } >0
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is defined by the fifth-order recurrence relations
Wop=1Wp_1+sW,_ o+tW,_3+uW,_4+vW,_s, Wo=a, Wi =bWy=c,W3=d,Ws=¢e (1)

where the initial values Wy, Wy, Wa, W5, W, are arbitrary complex (or real) numbers and r, s, t,u,v are
real numbers. Pentanacci sequence has been studied by many authors and more detail can be found in
the extensive literature dedicated to these sequences, see for example [2,3,4,9] and references therein. The
sequence {W,},>0 can be extended to negative subscripts by defining

u t s T 1
W_, = —;W—(n—l) - ;W—(n—Q) - ;W—(n—B) - EW—(n—ZL) + ;W—(n—S)

for n =1,2,3,.... Therefore, recurrence (1) holds for all integer n.
In the following Table 1 we present some special cases of generalized Pentanacci sequence.

Table 1 A few special case of generalized Pentanacci sequences.

No Sequences (Numbers) Notation

1 Generalized Pentanacci {Vi.} = {W,,(Wo, Wy, Wo, W3, Wy;1,1,1,1,1) }
2 Generalized Fifth Order Pell {Vo} = {W,(Wo, Wy, Wa, W3, Wy;2,1,1,1,1)}
3 Generalized Fifth Order Jacobsthal {Vo} = {W,,(Wo, Wy, Wa, W3, Wy;1,1,1,1,2)}
4 Generalized 5-primes {Vo} = {W,(Wo, Wy, Wa, W5, Wy; 2,3, 5,

7,11)}
In literature, for example, the following names and notations (see Table 2) are used for the special case
of r,s,t,u,v and initial values.

Table 2. A few special case of generalized Pentanacci sequences.

Sequences (Numbers) Notation OEIS [5]  Ref
Pentanacci {P,} ={W,(0,1,1,2,4;1,1,1,1 )} A001591 [6]
Pentanacci-Lucas {Qn} ={W,(5,1,3,7,15;1,1,1,1,1)} A074048  [6]
fifth order Pell {P(5)} {W,(0,1,2,5,13;2, 1,1, ,1)} A141448  [7]
fifth order Pell-Lucas {Q )} {Whn(5,2,6,17,46;2,1,1,1,1)} [7]
modified fifth-order Pell (B} = {(W,(0,1,1,3,8:2,1,1,1,1)} 7]
fifth order Jacobsthal {J(s)} {Wn(0,1,1,1,1;1,1,1,1,2)} A226310 [10,1]
fifth order Jacobsthal-Lucas {j (5)} = {W,(2,1,5,10,20;1,1,1,1,2)} A226311  [10,1]
modified fifth order Jacobsthal {K } ={W,.(3,1,3,10,20;1,1,1,1,2)} [10]
fifth-order Jacobsthal Perrin {QS’)} ={W,(3,0,2,8,16;1,1,1,1,2)} [10]
adjusted fifth-order Jacobsthal (S} = {(W,(0,1,1,2,4;:1,1,1,1,2)} [10]
modified fifth-order Jacobsthal-Lucas {RE{”)} ={W,(5,1,3,7,15;1,1,1,1,2)} [10]
5-primes {G} ={W,(0,0,0,1,2;2,3,5,7,11)} [8]
Lucas 5-primes {H,} ={W,(5,2,10,41,150;2,3,5,7,11)} [8]
modified 5-primes {En} ={,(0,0,0,1,1;2,3,5,7,11)} [8]

Here, OEIS stands for On-line Encyclopedia of Integer Sequences. For easy writing, from now on, we
drop the superscripts from the sequences, for example we write J,, for JT(L5).

It is well known that the generalized (r, s, t, u,v) numbers (the generalized Pentanacci numbers) can be
expressed, for all integers n, using Binet’s formula

W, = A1a™ 4+ Ax8™ + Agy™ + Ay0™ + As A"
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where
A, = P1
(a—=B)(a—7)(a—d)(a—N)
Ay = P2 ’
B=a)(B=2(B—=06)(B—2A)
Ay = P3
(y—a)(y =By =)y = A)’
A, = Pa
(6—a)(d=B)0 =) —A)
A5 = b5 .
A=a)A=B)A=7)(A =)
and
pr = Wi—(B+y+5+NW3+(BA+ By + Ay + 80+ X0+ v0)Wo—(BAy + B + 570 + AMyo) W +(BAv) W,
p2 = Wi—(a+v+0+NWit(ad+ ay+ ad + Ay + A0 + ) Wy—(ay + aXd + ayd + AW +(ayd) W,
ps = Wi—(a+pB+6+NWit(af +ar+ BA+ad + 5+ M)W ,—(aBX + afd + ald + BAO)W +(aBSA0)W g,
pa = Wi—(a+B+v+NWit(af +ar+ay+ B+ By + Ay)Wy—(aBA + afy + aly + BAY) W +(af y) W,
ps = Wi—(a+B+v+0)Wit(af +ay+ad+ By + B6+70)Wy—(afy + afd + ayd + ByO) W +(afyd) W,

and «, 8,7, d, A are the roots of characteristic equation of W,, which are given by

2d —rat —sad —ta® —ux —v =0 (2)
Note that we have the following identities

a+B+y+5+A=mr,
af +al+ay+ BA+ad+ By + Ay + B0+ A+ = —s,

af A+ afy+ ary + afd + add + BAy + ayd + A + Byd + Ayd = ¢, (3)
aBAy + aBAd + afyd + alyd + fAYd = —u,
afyo\ =v.

Note that the Binet form of a sequence satisfying (2) for non-negative integers is valid for all integers
n. Now we define two special cases of the generalized (r,s,t,u,v) sequence {W,}. (r,s,t, u,v) sequence
{Gn}n>0 and Lucas (1, s,t,u,v) sequence {H, },>0 are defined, respectively, by the fiifth-order recurrence
relations

Grnys = 1Guiga+ sGpis+1tGryo +uGnyp1 + vGy,
Gy = 0,Gi=1,Go=7r,G3=71>+5,Gs =71+ 2sr +1,
Hyys = rHypg+sHyis+tHyi0+uH, 1 +vH,,
Hy = 5,H =7 Hy=2s+1% Hy =134 3sr+3t, Hy = r* + 4r%s + 4tr + 25> + 4u.

The sequences {Gy, }rn>0 and {Hy}n>0 can be extended to negative subscripts by defining

U t S r 1
Gon = = G- = G2~ [G-(n-3) = ;G-(n-0) T ;G-(n-5),
U t S r 1

H_,

_;H—(n—l) - ;H—(n—2) - EH—(n—S) - ;H—(n—4) + ;H—(n—5),
for n =1,2,3, ... respectively.

Some special cases of (r, s,t, u, v) sequence {G,, (0, 1,7, 72+s,r34+2sr+t;7, 5, ,u,v)} and Lucas (r, s, t, u, v)
sequence {H,,(4,7,2s + 12,73 4+ 3sr + 3t,r* + 4r?s + 4tr + 25 + 4u; 7, s, t,u,v)} are as follows:
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1. G,(0,1,1,2,4;1,1,1,1,1) = P,, Pentanacci sequence,

2. H,(5,1,3,7,15;1,1,1,1,1) = @, Pentanacci-Lucas sequence,

. Gn(0,1,2,5,13;2,1,1,1,1) = P,, fifth-order Pell sequence,

4. H,(5,2,6,17,46;2,1,1,1,1) = Q,, fifth-order Pell-Lucas sequence,

For all integers n, (r, s,t,u,v) and Lucas (r, s, t, u,v) numbers can be expressed using Binet’s formulas as

G B an+3 ﬂn+3 ,yn+3
L ) Y3 O Rl oy g 3y R oy ooy o5 ooy y
§n+3 )\n+3
=0 =BG -10-2 G- - -1 —0)
respectively.

2 The Proof of Theorem 1

To prove Theorem 1, we need following lemma.

Lemma 1. Forn € Z, denote
Sp =" BN 4 oINS + " BT + P AT 4 BUATYTOT
where «, 8,7, and X are as in defined in Formula (3). Then the followings hold:
(a) Forn €Z, we have S, =v"H_,, and S_,, = v "H,.
(b) S, has the recurrence relation so that
S, = —uSp_1 — tvSy_o — s0°2Sn_5 — r03S,_4 + v4S,_5

with the initial conditions Sy = 5, S1 = —u, Sy = u? — 2tv, S3 = —u® + 3tuv — 3sv%, S, = 2t%v? —
4tuv + ut + 4suv? — 4rv3. The sequence at negative indices is given by

—8'02

—ro? —tv —u 1
S_n = 775_(”_1) - S_(n_g) - FS_(n_g) - FS_(n_gl) + HS_(»,L_@, fO'f’ n = 1,273,

o
(c) S, has the identity so that

1
S, = ﬂ(Hﬁ +3H2, — 6H2Hy, — 6Hy,, + 8Hs,H,).

Proof.
(a) From the definition of S,, and H,,, we obtain

H., = o+ +y""+6"+A7"
anﬁn/\n,yn + anﬁn/\n(sn + anﬁn,yndn + an)\n,yn(;n + 6n)\n,yn6n

Sn

Un

ie,S,=v"H_, andso S_, =v™"H,.
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(b) With Formula (3) or using the formula S,, = v H_,,, we obtain initial values of S,, as

Sy = "Hy =05,

S, = ovlH_ = vl(—%) = —u,

Sy = v'H 5= vz(v—g(zﬂ —2tv)) = u? — 2tv,

S; = v’H_ 3= v?’(fv%(u?’ — 3tuv + 3sv%)) = —u® + 3tuv — 3sv?,
Sy = vH 4= v4(vi4()) = 2t%0? — 4tuPv + ut + dsuv? — 4rv?,

For n > 5, we have

(—u)Sp—1 = Si1Sn1

= Sn
+afyoNa" 2B TEN T3 (aBA + By + ady + BAy)
+a" 2B 2N 252 (BN 4 B8 + aXd + BAD)
+a" 22262 (afy + afd + ad + Br0)
+a"TINT2 26772 (o \y 4 @S + ayd 4+ Ay0)
+B" 2N 2262 (BAy + BAS + By 4+ Ayd))

= S, +v(tSn—2 —v(—8Sp_3 — v(rSn_4 —vS,_5)))

and so
S, = —uS,—1 —tvS,_2 — S”UQSn_g — 38,4 + v4Sn_5.

(c) From the definition of S,, and H,, we get

45, + %(HZ — Hyp)Hay, — H3nHy + Hyy = (@8N + " 8"y" 4+ Q" A"y" + o™ 576"
Fa" AT 4 BT 4 a6 4 AT
+B7"8" + A" 6" Hy,
H? = Ha, +3Hy,H, — 3Hz, +6(a"B"\" + """
Fa" N Y 4+ Q"B+ AT 4 BT ATAT
+a " 4 BUATOT + BT + ATy
It now follows that

HY = H}H,
6H?2 Hs, — 8Hs3, H,, — 3H5, + 245, + 6Hy,

1
Sh ﬂ(Hﬁ +3HZ, — 6H2Hy, — 6Hy,, +8Hs,H,). O

Now, we shall complete the proof of Theorem 1.
The Proof of Theorem 1:
Note that for n € Z, we have the following:

1
Ar+ A+ As+ A+ 45 = W
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Now, for n € Z, we obtain

1
Wn X (4Sn + §(H721 - HQn)HQn - H3an + H4n)

= (Ala” + Azﬁn + Ag’yn + A4(5n + A5)\n)
1
= (g(HZ - H2n)W2n - WSan + W4n + SnWO - 'UnW,n)Hn
By Lemma 1 (c) ( using S, = 55 (Hj + 3H3, — 6H2Ha, — 6Hy,, + 8Hs, H,)), it follows that
W_, = Hv " (WoH} —4W, H3 +3WoH3, +12H2Ws,, — 6WoH2 Ha,, — 6Wo Hyy, — 8W,, Hzp, — 12Ho, Wo,, —
24H, Ws,, + 24Wy,, + 8WyoH, Hs,, + 12W,,H,,Ho,,)
= v " (Wyy, — H W3, + %(Hg — Hop)Woy, — %(Hg +2H3,, — 3Ho, H, )W, + ﬁ(Hfl +3H2, —6H2Hy, —
6Hy, + 8Hs3, Hy,)Wy). O
Next, we present a remark which presents how H,, can be written in terms of W,,.
To express W_,, by the sequence itself at positive indices we need that H,, can be written in terms of
W,,. For this, writing

H,=axWpia+bxWpis+ecXx Wpypo+dXx Wy +ex W,

and solving the system of equations

Hy = axWy+bxWs+cecxWe+dx W, +ex W,
H = axWs+bxWi+exWs+dxWy+ex W
Hy = axWg+bxWs+ex Wy+dx Ws+ex Wy
Hy = axWi+bxWsg+exWs+dx Wy+ex Wy
Hy = axWg+bxWy+ex Wg+dx Ws+ex Wy
or 1

a W4 Wg W2 W1 Wo - HO

b Ws Wy W3 Wy WH H,

c | = We Ws Wy W3 W H,

d Wr Ws Wy W4 Wi Hs

e Wg W7 WG W5 W4 H4

we find a, b, ¢, d, e so that H, can be written in terms of W,, and we can replace this H, in Theorem 1.
Using Theorem 1, we have the following corollary.

Corollary 1. Forn € Z, we have

H_, = iv_”(Hﬁ +3H2, — 6H2Hsy, — 6Hy,, + 8Hs, H,).

Using Theorem 1 and Remark 2, we can give some formulas for the special cases of generalized Pentanacci
sequence (generalized (r,s,t,u,v)-sequence) as follows.

We have the following corollary which gives the connection between the special cases of generalized
Pentanacci sequence at the positive index and the negative index.

Corollary 2. For n € Z, we have the following recurrence relations:

(a) Pentanacci sequence:

an - %(6P4n_3P2n(8P2n+1_P2n+P2n+2_P2n+4)+3p2n(Pn_8Pn+1_Pn+2+Pn+4>2_2Pn(8P3n+l_
P3n+P3n+2_P3n+4)+Pn(Pn_8Pn+1 _Pn+2 +Pn+4)3+6p3n(Pn_8Pn+1 _Pn+2+Pn+4) _3Pn(Pn -
8Pni1 — Puy2 + Puta)(8Pony1 — Pon + Ponyo — Panya)).
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(b) Pentanacci-Lucas sequence:
an = i(@i + 3@%77. - GQ%Q%L - 6Q4n + 8Q3nQn)~

The following corollary illustrates the connection between the special cases of generalized fifth-order Pell
sequence at the positive index and the negative index.

Corollary 3. For n € Z, we have the following recurrence relations:

(a) fifth order Pell sequence:
P_, = +(3P2(9Py41 — 5Py + 2Puio + Poys — Poya)? + 6Py, — 2Py (9Ps,41 — 5P3, + 2Ps 40 +
Psy3 — Panys) — Po(9Pui1 — 5Py + 2P0 + Puys — Poya)® — 6P (9P, 41 — 5Py + 2P g9+ Pryys —
P7L+4) - 3P27L(9P2n+1 - 5P2n + 2P2n+2 + P2n+3 - P2n+4) + 3Pn(9Pn+1 - 5Pn + 2Pn+2 + Pn+3 - Pn+4)
(P41 — 5Py + 2Poyy0 + Popis — Popta)).

(b) fifth order Pell-Lucas sequence:
an = i(Qi + San - GQ%QQTL - 6Q4n + 8Q3nQn)~
(c) modified fifth-order Pell sequence:

E_, (6E4n 6E3n( E, +37En+1 2Fpio — En+3+ En+4)+3Ezn( E, +37En+1 ? Epyo—

6E’n+3 + £Eni4)? — 3E2n( Eop + 3 E2n+1 - E2n+2 E2n+3 + E2n+4) E, ( E, + En+1 -

*En+2 En+3 + En+4) — 2B, (2E3, + 32 E3n+1 - E3n+2 *E3n+3 + E3n+4) + 3k, ( Eop, +
L Eon+1 — 2Foni2 — $Eanis + E2n+4)( E + 8B — 2Ep40 — 6En+3+ Eni4)).

The following corollary illustrates the connection between the special cases of generalized generalized
5-primes sequence at the positive index and the negative index.

Corollary 4. For n € Z, we have the following recurrence relations:

(a) 5-primes sequence:
G_, = W(G (4G, +8G, 1+ %an -9G, 43 + %Gn+4)3 +6G3n(%Gn +8G 1 +5G0—
ﬁ n+3 + 55 %17 n+4) +669G4n + 3G2n( GQTL + %G2n+1 + 11 G2n+2 11 G2n+3 + 55 11 G2n+4) + 3G2n( ?} G +
ﬁGnJrl + 71 Gn+2 - ﬁGnJrS +17 Gn+4) +2G, ( LGy, + A G3n+1 + % G3n+2 Y Css+ & G3n+4) +
3G (& G2n+ S Gont1+ 8 CGona— B CGonss+ 4 G2n+4)( 11G +8G 1+ G — 82G g 3+5Gra)

(b) Lucas 5-primes sequence:

H_y = s (Hjy + 3H3, — 6H2 Hyy — 6Hyy, + 8Hay Hy).

(c) modified 5-primes sequence:
E— 6><11n (6E3n( 130E + 7E‘n—i-l 5E‘n+2 1 En+3 + 27En+4) + 6E4n + 3E2n( 1370 En + 7En+1
B Enio— %7 n+3+% En+4) +3E5, (57 L0 Eyn+1 E2n+1 2_7 2 Eonta— 2 Eon g3+ 22 E2n+4)+E (AXE, +

5Eny1— 27En+2 En+3 + 22 En+4) + 2E, (130 Esn + %E3n+1 52 B30 — 5o Eanys+ 27E3n+4) +
3E, (130 E2n+ E2n+1 27E2n+2 27 E2n+3+ 27 E2n+4)( En+ 7En+1 g? E”+2 64 7 Enyat 27E"+4))

In fact, we use the following identities in the last three corollaries which can be obtained by using Remark

2.
Qn = —Poys+ Poyo+8P,11 — P, (Pentanacci case),
Qn = —Ppia+ Pois+2Py10+9P,11 —5P,, (fifth-order Pell case),
1 2
Q, = EETH_4 - gEn+3 — gEnJrQ + 357En+1 + gEn, (modified fifth-order Pell case),
7 69 67 64 61 .
H, = ST —Gpya + 11Gn+3 11Gn+2 11Gn+1 11G"’ (5-primes case),
2 164 1
H, = —2—2En+4 + %En+3 g—iEnJrg — gEnH — 2i70En7 ( modified 5-primes case),
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