Journal of Progressive Research in Mathematics
Vol 18,3 - 2021 — E-ISSN: 2395-0218
http://www.scitecresearch.com/journals/index.php/jprm

A Study On Generalized Mersenne Numbers

Yiiksel Soykan

Department of Mathematics, Art and Science Faculty,
Zonguldak Biilent Ecevit University, 67100, Zonguldak, Turkey.

Email: vuksel_sovkan@hotmail.com

Received: August 19, 2021; Accepted: September 11, 2021; Published: September 20, 2021

Copyright (©) 2021 by author(s) and Scitech Research Organisation(SRO).
This work is licensed under the Creative Commons Attribution International License (CC BY).

http://creativecommons.org/licenses /by /4.0

Abstract

In this paper, we introduce the generalized Mersenne sequence and we deal with, in detail, two
special cases, namely, Mersenne and Mersenne-Lucas sequences. We present Binet’s formu-
las, generating functions, Simson formulas, and the summation formulas for these sequences.

Moreover, we give some identities and matrices related with these sequences.
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1. Introduction

A Mersenne number, denoted by M,,, is a number of the form M, = 2™ — 1. The Mersenne sequence

{M,,}n>0 can also be defined recursively by

M, =3M, 1 —2M,,_»
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with initial conditions My = 0, M; = 1. A Mersenne-Lucas number, denoted by H,,, is a number of the form
H, = 2"+ 1. The Mersenne-Lucas sequence {H,},>0 can also be defined, by the second-order recurrence
relation,
H,=3H, 1—2H, -

with initial conditions Hy = 2, H; = 3. {M,, },,>0 is the sequence A000225 in the OEIS [21], whereas {H,, }n>0
is the id-number 4000051 in OEIS. Note that Mersen-Lucas numbers are also called as Fermat numbers. In
fact, there are two definitions of the Fermat numbers. The less common is a number of the form 2" + 1, the
first few of which are 2,3,5,9,17,33,... (OEIS A000051). The much more commonly encountered Fermat
numbers are a special case, given by the binomial number of the form F, = 22" + 1. The first few for
n=0,1,2,... are 3,5,17,257,65537,4294967297, ... (OEIS A000215).

Mersenne sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to this sequence, see for example, [1,2,3,4,5,6,7,8,9,10,15,16,17,18,19,20,23,27,28].

A straightforward calculation shows that if M,, is a prime number, then n is a prime number, though not
all M,, are prime. When M,, is a prime number, it is called Mersenne prime. The Mersenne numbers play
a key role in an investigations on the prime numbers so, throughout the history, many researchers searched
to find Mersenne primes. Some tests are very important for the search for Mersenne primes, mainly the
Lucas-Lehmer test. There are other tests such as Pepin’s test. For example, in [22, Theorem 3.3], Solcové
and Ktizek proposed some Mersenne numbers that can stand as a base in Pepin’s test.

There are papers (see, for instance [2,3,7,19]) that seek to describe the prime factors of M,,, where M,
is a composite number and n is a prime number. Moreover, some papers seek to describe prime divisors of
Mersenne number M,,, where n cannot be a prime number (see for example [8,16,18,20,27]).

Generalizations of Mersenne numbers can be obtained in various ways (see for example [5,10,17,23]). Our
generalizations of Mersenne numbers in section 2 are not Mersenne in the sense of [10,23].

The purpose of this article is to generalize and investigate these interesting sequence of numbers (Mersenne
numbers). First, we recall some properties of Fibonacci numbers and its generalizations, namely generalized
Fibonacci numbers.

The Fibonacci numbers and their generalizations have many interesting properties and applications to
almost every field such as architecture, nature, art, physics and engineering. The sequence of Fibonacci

numbers {F), },>0 is defined by
F,=F, 1+ F, 2 n>2 Fp=0, b =1

The generalization of Fibonacci sequence leads to several nice and interesting sequences. The general-
ized Fibonacci sequence (or generalized (r, s)-sequence or Horadam sequence or 2-step Fibonacci sequence)

{W,,(Wo, Wi;r, s)}n>o (or shortly {W,,},,>0) is defined (by Horadam [12]) as follows:

Wop=rWpn_1+ sW,_o, Wo=a,Wy=b, n>2 (11)
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where Wy, W are arbitrary complex (or real) numbers and r, s are real numbers, see also Horadam [11,13,14]
and Soykan [25].

For some specific values of a, b, r and s, it is worth presenting these special Horadam numbers in a table
as a specific name. In literature, for example, the following names and notations (see Table 1) are used for
the special cases of 7, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences.

Name of sequence Wy (a,b;r, s) Binet Formula OEIS|[21]

W,(0,1;1,1) = F, (HT\/E) \;3(12@) A000045
Lucas Wo(2,1:1,1) = Ly, (1+2\/5)n + (“Tﬁ)n A000032

(1+v2)" - (1-v2)"

Fibonacci

Pell W,(0,1;2,1) = P, A000129
Pell-Lucas Wa(2,2:2,1) =Qn  (1+v2)" +(1-v2)"  A002203
Jacobsthal W,o(0,1;1,2) = J, - A001045

Jacobsthal-Lucas W, (2,1;1,2) = j, 2" 4+ (=)™ A014551

Here, OEIS stands for On-line Encyclopedia of Integer Sequences.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
W= —_W +iw
- T T —(n—1) s —(n—2)

for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.
Now we define two special cases of the sequence {W,,}. (r,s) sequence {G,,(0, 1;7, s)},>0 and Lucas (r, s)

sequence {H,(2,7;7,s)}n>0 are defined, respectively, by the second-order recurrence relations

Gn+2 = anJrl + 3Gn7 GO = 07 Gl = 17 (12)

Hn+2 = THn+1+SHn, HO :2,H1 =7, (13)

The sequences {Gy, }n>0, {Hn}n>0 and {E, },>0 can be extended to negative subscripts by defining

r 1

Gon = ——G_ n— -G_ n—2)
SO--1) T G-(n-2)

r 1
H., = ——H_ (n —H_(_2),
S H--1) T 2H-(n-2)

for n = 1,2, 3, ... respectively. Therefore, recurrences (1.2)-(1.3) hold for all integer n.
Some special cases of (r,s) sequence {G,,(0,1;r,5)},>0 and Lucas (r, s) sequence {H,,(2,7;7,s)}n>0 are

as follows:
1. G»(0,1;1,1) = F,, Fibonacci sequence,

2. H,(2,1;1,1) = L, Lucas sequence,
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3. G,(0,1;2,1) = P,, Pell sequence,

4. H,(2,2;2,1) = Q,, Pell-Lucas sequence,

5. Gn(0,1;1,2) = J,, Jacobsthal sequence,

6. H,(2,1;1,2) = j,, Jacobsthal-Lucas sequence.

The following theorem shows that the generalized Fibonacci sequence W,, at negative indices can be

expressed by the sequence itself at positive indices.

Theorem 1. For n € Z, for the generalized Fibonacci sequence (or generalized (r, s)-sequence or Horadam

sequence or 2-step Fibonacci sequence) we have the following:
(a)
W_, = (-1)7""'sT(W, — H,W))

= (=)™ (W, — H,Wp).

(b)

B (71)n+137n
- —WIQ +5Wg +TWOW1

W_, (W) — rWo)WoWyy1 — (Wi + sWE)W,,).

Proof. For the proof, see Soykan [26, Theorem 3.2 and Theorem 3.3]. O

The following theorem presents sum formulas of generalized (r, s) numbers (generalized Fibonacci num-

bers).

Theorem 2. Let x be a real (or complex) number. For all integers m and j, for generalized (r,s) numbers

(generalized Fibonacci numbers), we have the following sum formulas:

(a) If (—s)™a? —xH,, +1#0 then

n e\ n+1 ()™ pntl . ()™ .
S e Wy = ("0 = H )™ Wy ()" M Wongon Wy = ()" Wi
k=0

(—s)ma? —axHy, + 1

(b) If (—s)™2? — xH,, +1 = u(z — a)(z — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e., v = a or
r =0, then

Xn:ka P (z(n+2) (=8)" = (n+ D) Hp)2" Wigmn + (=8)" (0 + D" Wit jom — (=5)" Wj—m
k=0 e 2(_S)mx_Hm '

(c) If (=s)™a? — xH,, + 1 = u(x — ¢)?> = 0 for some u,c € C with u # 0, i.e., x = c, then

LN C(n+ ) ((=9)" (n+2)a™ —na™  Hy) Winngg +n(n+1) (=) 2" "Wt jm
k=0
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Proof. Tt is given in Soykan [26, Theorem 4.1]. O
Note that (1.4) can be written in the following form

ika o = ((=8)" z — Hm)xn+1wmn+j + (=)™ xn+1Wmn+j*m + a(Hyp — (=)™ z)W; — (=)™ aWj—m
— ik (—s)ma? —zHy + 1 '

(oo}
We give the ordinary generating function >, W,z" of the sequence {W,}.

n=0

o0
Lemma 3. Suppose that fw, (x) = > Wypa™ is the ordinary generating function of the generalized Fibonacci
n=0

[e.e]
sequence {Wytn>o. Then, > Wya™ is given by
n=0

3wt = Mg CR e 15)
Proof. For a proof, see [25, Lemma 1.1]. O
1.1 Binet’s Formula for the Distinct Roots Case and Single Root Case
Let o and 3 be two roots of the quadratic equation
2 —rr—s=0, (1.6)

of which the left-hand side is called the characteristic polynomial (or the characteristic equation) of the

recurrence relation (1.1). The following theorem presents the Binet’s formula of the sequence W,,.

Theorem 4. The general term of the sequence Wy, can be presented by the following Binet formula:

W1 — BW, Wi — aW,
17%)04" - 170505" , if a # B (Distinct Roots Case)

W, = a—p a=p
(nWy —a(n—1) Wy)a™t , ifa= g (Single Root Case)
wa" - Mﬁ" , if a # B (Distinct Roots Case)
= a—p a—p :
(nW1 — % (n—1) Wp) (%)nil , ifa= B (Single Root Case)

Proof. For a proof, see Soykan [25] and [26]. O

The roots of characteristic equation are

where
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and the followings hold

a+p =
af = -—s,
(a—B)? = (a+pB)?—4af =12 +4s.

If A =72+ 4s # 0 then o # S i.e., there are distinct roots of the quadratic equation (1.6) and if A =
r?2 +4s = 0 then o = 3, i.e., there is a single root of the quadratic equation (1.6).
In the case r? + 4s # 0 so that o # 3, for all integers n, (r,s) and Lucas (r,s) numbers (using initial

conditions in Theorem 4) can be expressed using Binet’s formulas as

n /BTL
Gn = a 5
@=5 " (B-a)

Hn = an+ﬁna

respectively. In the case 72 4+ 4s = 0 so that a = 3, for all integers n, (r,s) and Lucas (r, s) numbers (using

initial conditions in Theorem 4) can be expressed using Binet’s formulas as
~1
G, = na"

H, = 2",

respectively.

2 Generalized Mersenne Sequence

In this paper, we consider the case r = 3, s = —2. A generalized Mersenne sequence {W,, },>0 = {W,,(Wo, W1) }n>0

is defined by the second-order recurrence relation
Wy, =3Wy_1 —2W,,_o (2.1)

with the initial values Wy = ¢o, W1 = ¢;1 not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining

3 1
W_, = §W7(n71) - §W7(n72)
for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.

By Theorem 4, the Binet formula of generalized Mersenne numbers can be written as

W1 - ﬁWO n W1 - OZWO

W, = — "
a—p « a—p p
where o and B are the roots of the quadratic equation 2 — 3z 4+ 2 = 0. Moreover
a = 2
g =1

95



Soykan, Y.

Note that
a+f = 3,
af = 2,
a—p3 =1
So
W, = (W — Wy)2" — (W1 — 2Wy). (2.2)

The first few generalized Mersenne numbers with positive subscript and negative subscript are given in

the following Table 1.

Table 1. A few generalized Mersenne numbers

n W W

0 Wo Wo

1 Wi Wo—3Wh

2 3Wy — 2W, IWo — 2wy

3 W1 — 6Wy TWo — W

4 150, — 140, LWo — 121
5 31W; — 30W, BWo — W
6 63, — 620, T Wo— G
T12TW, —126W, 255w, — 120w,
8 255W, —254W, Sy, — 2By,
9 51IW; —510W, 02y, - Sy,
10 10230, — 1022w, 20Ty, — 1023y,
11 2047W; — 2046W, 2095y, _ 2047y,
12 4095W; — 4094W, 8181y, — 4095y,

Now we define two special cases of the sequence {W,, }. Mersenne sequence {M,, },,>¢ and Mersenne-Lucas

sequence {H, },>0 are defined, respectively, by the second-order recurrence relations

My,

3My 1 —2M,, 2, My=0,M; =1, (2.3)
H,

3H, 1 —2H, 5, Hy=2 Hj =3, (2.4)

The sequences {M,, },,>0 and {H,},>0 can be extended to negative subscripts by defining

3 1

M_, iM_(n_U - §M—(n—2)a
3 1

H_, sH-(n-1) = GH-(n-2),

for n = 1,2, 3, ... respectively. Therefore, recurrences (2.3)-(2.4) hold for all integer n.
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Next, we present the first few values of the Mersenne and Mersenne-Lucas numbers with positive and

negative subscripts:
Table 2. The first few values of the special second-order numbers with positive and negative subscripts.
n 0 1 2 3 4 5 6 7 8 9 10 11 12

M, 0 1 3 7 15 31 63 127 255 511 1023 2047 4095

M o -+ -3 _7 _1 _3 _63 _ 127 255 _ 511 _ 1023 _ 2047  _ 4095

—-n 2 4 8 16 32 64 128 256 512 1024 2048 4096
H, 2 3 5 9 17 33 65 129 257 513 1025 2049 4097
H 2 3 5 9 17 33 65 129 257 513 1025 2049 4097
n 2 1 8 16 32 64 128 256 512 1024 2048 4096

For all integers n, Mersenne and Mersenne-Lucas (using initial conditions in Theorem 4) can be expressed

using Binet’s formulas as
an /B’ﬂ
+ =2" -1,
(a=p) (B-a)

M'VL

Hy,

I
Q

respectively.

o0
Next, we give the ordinary generating function Y W,az" of the sequence {W,}.
n=0

o0
Lemma 5. Suppose that fw, (x) = > W,a™ is the ordinary generating function of the generalized Mersenne
n=0

oS}
sequence {Wp}n>0. Then, > Wya™ is given by
n=0

o0

W Wi — 3W
E W,z" = o+ (M 20)x
o 1—3z+2x

Proof. In Lemma 3, take r = 3,s = —=2. [

The previous Lemma gives the following results as particular examples.

Corollary 6. Generated functions of Mersenne and Mersenne-Lucas numbers are

> x
Mpz" = ——m— 7,
nzzzo v 1— 3z + 222
inn _ 2 -3z
— " 1 — 3z + 222’

respectively.

Proof. In Lemma ?7, take W,, = M,, with My = 0,M; = 1 and W,, = H,, with Hy = 2, H; = 3,

respectively. [

3 Simson Formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,

Foi1Fn1 — FS = (_1)n
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which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This

can be written in the form
Fn+1 Fn

Fn anl

=(-1)".
The following theorem gives generalization of this result to the generalized Mersenne sequence {W,, },,>0.
Theorem 7 (Simson Formula of Generalized Mersenne Numbers). For all integers n, we have

Wn —+1 Wn
Wn Wn -1

= 2" (Wy — W) (2Wo — W) . (3.1)

Proof. For a proof of Eq. (3.1), see Soykan [24], just take s = —2. O

The previous theorem gives the following results as particular examples.

Corollary 8. For all integers n, Mersenne and Mersenne-Lucas numbers are given as

Mn+1 Mn o _27171
Mn Mnfl 7

Hn—i—l Hn o 2n71
Hn anl ,

respectively.

4 Some Identities

In this section, we obtain some identities of generalized Mersenne, Mersenne and Mersenne-Lucas numbers.

First, we can give a few basic relations between {W,,} and {M,}.

Lemma 9. The following equalities are true:

8W, = (15Wo— TW1) M — (31Wo — 15W1) M,y 45, (4.1)
AW, = (TWo — 3W1) M3 — (15Wy — TW1) M40,
MW, = (3Wo—W1)Mypis — (TWo — 3W1) My,

W, = WoM,1+ (—3Wo + W1)M,,

W, = WiM, — 2WoM,_1,
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and

8(Wo — W1)(2Wo — Wi)M,, = (6Wo — TW1)Wips — (14Wo — 15W1) Wss
A(Wo — W) 2Wo — WM, = (2Wo — 3W1)Wips — (6Wy — TW1) Wipo
2Wy — W) (2Wo — WM,y = —WiWiis — (2Wo — 3W1)Wiia

(Wo — W) (2Wo — W) M,y = —WoWnir + WiW,

(Wo — W1)(2Wo — WM, = (=3Wo + W)Wy + 2WoW,_1

Proof. Note that all the identities hold for all integers n. We prove (4.1). To show (4.1), writing
Wn =a X Mn+4+b>( Mn+3

and solving the system of equations

WO a><M4+b><M3

Wi

aXx Ms+bx My

we find that a = §(15Wo — TW1),b = — £ (31Wy — 15W7). The other equalities can be proved similarly. [
Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {H,} and {W,}.

Lemma 10. The following equalities are true:

SWy = —(1TWo — OW1)Hpss + (33Wo — 1TW1) Hp s
AW, = —(9Wo — 5W1)Hpys + (1TWo — OW1 ) Hpso
oW, = —(5Wo — 3Wi)Hoso + (9Wo — 5W1) Hoir
W, = —(3Wo — 2W1)Hpsr + (5Wo — 3W1)H
Wn = —(4Wo —3W1)H, +2(3Wy — 2W1)H,

and

8(Wo — W) (2Wo — W) H, = —(10Wo — OW1)Wiis + (18Wo — 17TW1) Winss,
AWo — W) 2Wo — W) H, = —(6Wo — 5W1)Wips + (10Wy — 9W1) Wi,
2(Wo — W) (2Wo — W) H, = —(4Wo — 3W1) Wiz + (6Wo — 5W1) W1,
(Wo — W) (2Wo — W) H, = —(3Wy — 2W1)Woy1 + (AW — 3W1) Wy,
(Wo — W1)(2Wo — Wi)H, = (=5Wy + 3W1)W,, + 2(3 Wy — 2W1) W, _

Next, we present a few basic relations between {M,,} and {H,}.
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Lemma 11. The following equalities are true:

8H, = 9Mp44—17My 3

4H, = bHMui3—9IM,i2

2H, = 3M,4+2—5M,41
H, = 2M,+1 —3M,
H, = 3M,—4M,_,

and

8M, = 9H,44—17H, 43,

4M,, = b5H,y3—9H, 4o,

2M,, = 3Hp42 —5Hp,1,
M, = 2H,y1 —3H,,
M, = 3H,—-4H, ;.

We now present a few special identities for the generalized Mersenne sequence {W,, }.

Theorem 12. (Catalan’s identity of the generalized Mersenne sequence) For all integers n and m, the

following identity holds:
WogmWiom — W2 = =272 — 1)2(Wo — Wh)(2Wo — W7).

Proof. We use the identity (2.2). O

As special cases of the above theorem, we have the following corollary.

Corollary 13. For all integers n and m, the following identities hold:

(2) My My — M2 = —27=m(2m _ 12,

n

(b) HypomHyp — H2 = 27-7(27 — 1)2.

n

Note that for m = 1 in Catalan’s identity of the generalized Mersenne sequence, we get the Cassini

identity for the generalized Mersenne sequnce.

Theorem 14. (Cassini’s identity of the generalized Mersenne sequence) For all integers n, the following
identity holds:
Wi Wy — W2 = 2" YW, — W) (2Wy — W7).

As special cases of the above theorem, we have the following corollary.
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Corollary 15. For all integers n, the following identities hold:
(a) Mn+1Mn,1 — MTQL = 72”71,
(b) Hn+1Hn,1 — Hﬁ =on—1L

The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using (2.2). The next

theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of generalized Mersenne sequence {W,, }.
Theorem 16. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Wit Wy — Wi Wiy = —(2™ = 27)(Wo — Wh) (2Wo — Wh).

(b) (Gelin-Cesaro’s identity)

Wa oWy i Wy 1 Wiy o — Wi = —2"73(Wy — W1)(2Wo — W1)((22 x 22" — 53 x 2" + 22)W32 + 2(11 x
221 _ 53 x 2" 4+ 44)WZ + (—44 x 227 4 159 x 2" — 88)WW7).

(¢) (Melham’s identity)

Wn+1Wn+2Wn+6 — W3+3 =2X 2"<WO — Wl)(2W0 — Wl)(—(100 x 2™ — 23)W1 + 2(50 x 2™ — 23)W0).

n

Proof. Use the identity (2.2). O
As special cases of the above theorem, we have the following three corollaries. First one presents

d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of Mersenne sequence {M,,}.

Corollary 17. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)
Mypor My, — My My gy = 27 — 2™

(b) (Gelin-Cesaro’s identity)

My, oMy y My, (M, o — M2 =2"73(-22 x 22" 4+ 53 x 2" — 22).

(c) (Melham’s identity)

Ti

My i1 My oMy — M2, 5 = —2"11(100 x 2" — 23).

Second one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of Mersenne-Lucas sequence

{Hn}

Corollary 18. Let n and m be any integers. Then the following identities are true:
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(a) (d’Ocagne’s identity)
Hm+1Hn - HmHnJ’_l == 27n - 2”.

(b) (Gelin-Cesaro’s identity)
HyyoHy 1 Hy 1 Hy o — HY = 2773(22 x 22" 4 53 x 2" + 22).
(c) (Melham’s identity)

Hyi1HpioHyp6 — Hp g =2"T1(100 x 2" + 23).

5 On the Recurrence Properties of Generalized Mersenne Se-
quence

Taking r = 3,s = —2 in Theorem 1 (a) and (b), we obtain the following Proposition.

Proposition 19. For n € Z, generalized Mersenne numbers (the case r = 3,5 = —2) have the following
identity:
w_, = -27"(W,—-H,W)
_9-n

_ _ _ 2 2
= ST (2W) — BW) WoWosy — (W2 — 2W2)W,,).

From the above Proposition, we have the following corollary which gives the connection between the
special cases of generalized Mersenne sequence at the positive index and the negative index: for Mersenne
and Mersenne-Lucas numbers: take W,, = M,, with My = 0, M; = 1 and take W,, = H,, with Hy = 2, H, = 3,
respectively. Note that in this case H, = H,.

Corollary 20. For n € Z, we have the following recurrence relations:

(a) Mersenne sequence:

1 —2n
M_, =——M, = 7—'_1
271 27L
(b) Mersenne-Lucas sequence:
1 2" +1

6 The Sum Formula ) 2"W,;;

In this section, we present sum formulas of generalized Mersenne numbers. The following theorem presents

sum formulas of generalized Mersenne numbers (the case r = 3,5 = —2).
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Theorem 21. Let x be a real (or complex) number. For all integers m and j, for generalized Mersenne

numbers we have the following sum formulas:

(a) if 2ma? — xH,, +1#0 then

(6.1)

ﬁixhv (@7 = Hy)x" T Wenngj + 272" M Wt jom + Wy = 272 Wy
= mhs 2mx? — xH,, + 1 )

(b) If 2m2? — xH,, + 1 = u(x — a)(z — b) = 0 for some u,a,b € C withu # 0 and a # b, i.e., x = a or
xr = b, then

“\ 2" (n+2)x — (n+ 1)Hp) 2" Wintj +2™(n+ 1)2" Wangjom — 2" W,
D> Wonkes =
Pt 2m+ly — H,,

(c) If2ma? — xH,, + 1 = u(x — ¢)2 = 0 for some u,c € C with u # 0, i.e., x = c, then

=\ (n+1)(2™(n+2)2" — nz" ' Hy ) Winnts + 2™n(n+ )2 Wontjom
E X ka+j = .
gm+1
k=0

Proof. Take r = 3,5 = —2 and H,, = H,, in Theorem 2. (J
Note that (6.1) can be written in the following form

i 25 W, - 2"z — Hm)$n+1Wmn+j + 2mxn+1Wmn+j7m +a(Hm —2Ma)W; —2maW;_p
= mkt oma2 — g H,, + 1 '

As special cases of m and j in the last Theorem, we obtain the following proposition.

Proposition 22. For generalized Mersenne numbers (the case r = 3,s = —2) we have the following sum

formulas:

(@) (m=1,j=0)

If20> =3z +1#0, e, v #£1, x # 5, then

n

Zka _ (2$ — 3){En+1Wn + 2$n+1Wn71 + (Wl — 3W0)£L’ + W()
F 222 — 31 + 1 ’

k=0

and

if 222 —3x4+1=0, de,x=1 orx:%, then

Z" = QO 2z =3(n+ D))" W +2(n + 1Da" Wi + (Wr — 3W0)
k — .
4o — 3

(b) (m=2,j=0)

If 422 — 52 +1 # 0, i.e,,x#l,x#i, then

n

Z ka o (4.13 — Hg)anerQn + 4£En+1W2n_2 + (3W1 — 7W0).Z‘ + Wy
ok 422 —br +1 ’

k=0

103



Soykan, Y.

and
if4a? =52 4+1=0,4e,x=1o0rz= %, then

z": - (82 — 5+ n(da — 5))x"Wa, 4+ 4(n + 1)a" Way, o + (3W; — TW)
8xr —5
k=0

(c) (m=2,j=1)
If4a® =5z +1#0, e, v £ 1, x # 5, then

- k . (4x—5)x"+1W2n+1 +4$n+1W2n71+2(W1—3W0)$+ Wy
E " Wapy1 = 122
Pt ¢ —dr+1

)

and
if4a? —5x+1=0,de,x=1o0rz= %, then

L. Bz —5+n(4x — 5))z"Wani1 + 4(n + 1)z Wa,_1 + 2(Wy — 3Wp)
D> Warir = 8z —5
k=0

(d) (m=-1,7=0)
If 22 =324+ 2#0, ie., 2 £ 1, x # 2, then

=L "W+ (2 — 3T IW_,, — Wi + 2W)
Z X W_k = )
2 — 3z +2

and
ifx? —3x+2=0,14e,x=1o0rxz=2 then

Zn: by (DT W £ (22 = 3+ e = 3))a" W, — W)
k= .
o (22 — 3)

(e) (m=-2,j=0)
If 22 =524+ 4#0, i.e., x £ 1, x # 4, then

- E Qin—HW,QnJrQ + (l‘ - 5)3?"+1W,2n — Whx + 4W,
ZJC W_op = ;
— 22 —bx +4

and
if 22 —5x+4=0,4e,x=1o0rxz=4, then

zn: W — (N4 1)2"W_opio+ (22 — 5+ n(z — 5))a"W_q, — Ws
L T 22 — 5 '

(£) (m=—2,j=1)
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If 22 =52 +4#0, i.e., v #£ 1, x # 4, then

-~ k . (En+1W,2n+3 + ($ — 5)$n+1W,2n+1 — Wsx + 4W;
Zm Weskir = 2 —bhr+4 ’
k=0

and
if 22 —5x+4=0, i.e., x =1 or x =4, then

- b (n + 1):12”W_2n+3 + (217 -5+ TL(I — 5))$nW_2n+1 — W3
Zx W_ok41 = 97— .
k=0

From the above proposition, we have the following corollary which gives sum formulas of Mersenne

numbers (take W,, = M,, with My =0, M; = 1).
Corollary 23. Forn > 0, Mersenne numbers have the following properties:
(a) (m=1,j=0)

If20> = 3w +1#0, e, v #£1, x # 4, then

zn:ka (22— 3)a" M, + 22" M, +x
P k 202 — 3z + 1 ’

and

if 2202 —3x4+1=0, de,x=1 07‘50:%, then

z”:ka ~ (2(n+2)z —3(n+1)a" M, +2(n+ 1)z" M, _; +1
Pt B 4r — 3 '

(b) (m=2,5=0)
Ifda® =52 +1#0, e, v #1, z # %, then

z”: M — (4 — Ho)z" 1 My, + 4" My, o + 32
o 422 — Bz + 1 ’

and

if42? —5x+1=0, ie, xz =1 orm:i, then

Z": Mo — (8 — 5+ n(dx — 5))x" Ma, + 4(n + 1)z Ma,_5 + 3
2k 8z —5 '
() (m=2,j=1)
If42? =504+ 1#0, ie., x #1, x # %, then

i Mo — (4o — 5) 2" Moy 1 + 42" My, 1 + 22 + 1
P 2k+1 4(E2 — 52 + 1 5
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and

ifd4a? =52 4+1=0, e,z =1 ora::%, then

" (87 — 5+ n(dz — 5))a" Mopr1 + 4(n + 1)2" Moy, 1 + 2
Zx Mopyr = 3 .
P x—95

(d) (m=—1,7=0)

If 22 =32 4+2#0, i.e., v £ 1, x # 2, then

)

S atary = O Mo o =9 My —a
— -k 22 -3z +2

and

if22 —3x+2=0,4e,x=1o0rz=2 then

z”:mkM e Da Mo+ (2 = 34 n(e = 3)a" Mo 1
—o (22 — 3)

(e) (m=—2,j=0)

If 22 =52 +4#0, i.e., v # 1, x # 4, then

Y

n n+1M7n -5 n+1M7n_3
Zkaf% =2 RS +2(x ) : :
P 2 —5r+4

and

if 2> —5x+4=0, i.e., x =1 or x = 4, then

N (n+1)a"M 9,19+ (22 — 5+ n(z — 5))2"M_o, — 3
ZSE M_gk = .

26 — 5
k=0

(f) m=-2,7=1)
If 2?2 =524+ 4#0, ie., x # 1, x # 4, then

LA "M _gpys + (@ — 5)a" T M gy — Tz + 4
2 T M oz = 22 — 5z + 4 ’
k=0

and

if 22 —5x+4=0, e, x=1orx =4, then

N A+ 12" M o3+ (2 =5+ n(x —5))x"M 9,01 — 7
Zx M-oki1 = 2¢ — 5 '
k=0

Taking W,, = H,, with Hy = 2, H; = 3 in the last proposition, we have the following corollary which

presents sum formulas of Mersenne-Lucas numbers.
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Corollary 24. Forn > 0, Mersenne-Lucas numbers have the following properties:

(a) (m=1,j=0)
If202 — 304+ 140, de., x # 1, x # %, then
- 2"t H, 4+ 22" H, 1 —3zx+2

20 —
Zkak:(fU 3) i
— 224 —3x +1

)

and
if222 =3z 4+1=0,4e,x2=10rz= %, then

2": gy — (204 2)z = 3(n + 1))a"Hy, +2(n + 1a"Hy oy — 3
P b 4z — 3 '

(b) (m=2,;j=0)
If42? — 50+ 1#0, ie., x # 1, x # i, then
n n+1H2n —+ 4.’En+1H2n_2 — bx —+ 2

d — H.
Sy, = = ) o
— 42 —bx +1

)

and
ifdz? —5x4+1=0,4e,x=10rz= %, then
(8 — 54+ n(dx — 5))x"Hap +4(n+ 1)2"Hop—o — 5

k
E 2" Hop =
= 8r—5

(C) (m:27j:1)

If 422 — 52 +1 # 0, i.e,,x#l,x#i, then

=\ (4o —5) 2" Hapyq + 42" T Hyp o — 62+ 3
ZI Hopy1 =

2 _ )
— 4x? —bxr+1
and
ifdz? —5x4+1=0,4e,x=10rz= %, then
"\ (8x — 54+ n(dx — 5))z"Hopi1 +4(n+ 1)2"Hopy — 6
Zx Hopy1 = 3 .
P T —5

(d) (m=—1,j=0)
If2? =32+ 2#0, ie., x # 1, x # 2, then

N 2" H o+ (2 - 3) 2" H_, -3z +4
Zm Hoi = 22 — 3z + 2 ’
k=0

and

if22 —3x+2=0,4e,x=1o0rxz=2 then

"\ (n+1)2"H_, 11+ (22 — 3 +n(z —3))a"H_,, — 3
ZQZ‘ H_k = .
(2z — 3)

k=0
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(e) (m=-2,j=0)

If 22 =52+ 4#0, ie., x # 1, x # 4, then

)

Zn:x’“H _ @™ H onyo + (z = 5)a" T H 5, — 52 +8
o o2k 22 —b5r+4

and

if 22 —5x+4=0,4e,x=1o0rxz=4, then

=\ (n+1)a"H _gp40+ (22 —5+n(x —5)a"H_3, — 5
Z X H_Qk = .
P 2x — 5

(f) (m=-2j=1)

If 2> =524+ 4#0, ie., x # 1, x # 4, then

)

- k . l‘n+1H_2n+3 + (l‘ — 5)$n+1H_2n+1 —9x + 12
Zx Hok1 = 22 — bz +4
k=0

and

if 22 —5x+4=0,4e,x=1o0rxz=4, then

=\ m+1)a"H_op13+ (2x —5+n(x —5))z"H_op41 — 9
Zx Hoze1 = 2¢ — 5 '
k=0

Taking z = 1 in the last two corollaries we get the following corollary.

Corollary 25. Forn > 0, Mersenne numbers and Mersenne-Lucas numbers have the following properties:

1.

(@) YhooMp=—(n—1) My +2(n+1)My_1 +1.

(b) Yo Map = 5(— (n—3) Map +4(n+1) Man—2 +3).

(€) YhoMapgr = 3(—(n—3) Mapy1 +4(n+1) Map_1 +2).

(d) i M oy =—(+1)M_ 4+ 2n+1)M_, + 1.

(e) Y h oM o= %(— (n+1)M_2y42+ (4n+ 3) M_s, + 3).

(F) YhooM op1 = 3(—(n+1) M _gny5+ (4n+3) M _op11 + 7).
2.

(@) YpooHre=—(n—1)H,+2(n+1) Hooy = 3.

(b) Yr_o Hor = %(— (n—3)Hop +4(n+1) Hypo — 5).

(¢) Yh—o Horr1 = 5(= (n = 3) Hapyr +4(n+1) Hypy — 6).
(d) Yo Hop =~
(e) ZZ:O H_op = %
(£) YpoH-2ket1 = 5(— (n+1) Hoopps + (4n + 3) Hogp1 +9).

(mn+1)H_ 1+ 2n+1)H_, +3.
(=(n+1)H_o9p42+ (4n+3) H_o, +5).
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7 Matrices Related with Generalized Mersenne Numbers

We define the square matrix A of order 2 as:
such that det A = 2. Then, we have

and

If we take W,, = M, in (7.1) we have

Mn+1
M,

()
=) (o
()

We also define

Mn _ Mn+1 _2Mn
Mn *2Mn—1
and
Cn _ WnJrl _2Wn
W, —2W,_ .

Theorem 26. For all integers m,n, we have
(a) M, =A"

(b) C1A™ = A™C,

(c) Crgm =C, My, = M, C,.

Proof. Take r = 3,s = —2 in Soykan [25, Theorem 5.1.]. O

(7.2)

Corollary 27. For all integers n, we have the following formulas for the Mersenne and Mersenne-Lucas

numbers.

(a) Mersenne Numbers.
(32 [ M 20,
1 0 M, —2M,_,
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(b) Mersenne-Lucas Numbers.
An = 3 -2 [ 3Hnt1 —4H, —2(2H,41 —3H,)
1 0 2Hp4+1 —3H, —2(2H, —3H,_1)

Proof.
(a) It is given in Theorem 26 (a).

(b) Note that, from Lemma 11, we have
M, =2H, — 3H,.

Using the last equation and (a), we get required result. O
Theorem 28. For all integers m,n, we have
Wham = Wy Mpy1 — 2Wo 1 My, (7.3)

Proof. Take r = 3,s = —2 in Soykan [25, Theorem 5.2.]. O

By Lemma 9, we know that
(Wo = W1)(2Wo — W1)My, = —WoWpi1 + WiW,,
so (7.3) can be written in the following form
(Wo — W1)(2Wo — W) Wi = Wo(=WoWpgo + WiWpq1) = 2Wo o1 (= Wo W1 + WilWy,).

Corollary 29. For all integers m,n, we have

Mn+m = Man+1 - 2Mn71Mm7
Hn+m = Han+1 - 2Hn—1Mma
and
Hn+m = Hn(sz+2 - 3Hm+1) - 2Hn71(2Hm+1 - 3Hm)
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