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Abstract

In this paper we study Armendariz semiring, which has been introduced by V.Gupta and
P.kumar, in the paper entitled ‘Armendariz and qusi-Armendariz and PS-semirings’ [8] .We
extend some results of Armendariz rings and semi-commutative rings of [3] for semirings with
1 # 0. (i)We obtain that for a semirings S, S is Armendariz if and only ¢S and (1 + ¢)S are
Armendariz for every idempotent ¢ of S if and only if ¢S and (1+¢)S are Armendariz for every
central idempotent e of S. (ii) For a semiring S if S/I is an Armendariz semiring for some
reduced ideal I of S then S is Armendariz.
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1. Introduction

In 1934, H.S. Vandiver published a paper [13] entitled “Note on a simple type of Algebra in which the
cancellation law of addition does not hold” which opened a new horizon in the research of Advanced algebra.
In this paper, he introduced a new type of algebraic system which is commonly known an Semiring. Semiring
is a common generalization of the theory of associative rings and the theory of distributives lattices. A
semiring is an algebraic system consisting of a nonempty set S together with two binary operations, called
addition and multiplication, which forms a commutative semigroup relative to addition, a semigroup relative
to multiplication and the left, right distributive laws hold. The set of natural numbers is a natural example
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of a semiring. Now a days there has been a remarkable growth of the theory of semiring. Many classical
notions of the ring theory have been generalized to semiring.

The theory of semirings and related topics are scattered over diverse areas of mathematics. Semirings

arise in combinatorics and graph theory, automata and formal language, commutative and noncommutative
ring theory, Euclidean geometry and topology, functional analysis and mathematical modelling of quantum
physics, probability theory and optimization theory and many other areas of mathematics. More information
about semiring can be found in [6] written by J.S.Golan; in [9],written by U.Hebish and H.J.Weinert and in
[4],[5] written by K.Glazek.
A ring R is said to be Armendariz if the product of two polynomials in R[] is zero if and only if the product of
their coefficients is zero. More precisely, if f(z) = ap+a1z+....4+amz™ and g(x) = by+b1x+....+b,a™ € R[z]
be such that f(z)g(x) = 0, then a;b; = 0 for all i=0,1,2.....m and j=0,1,2,....n. We will refer to this as
the Armendariz condition. This definition was given by Rega and chhawchharia in [11] using the name
Armendariz since E.P. Armendariz had proved in [2] that reduced rings satisfied this condition.

2. Preliminaries

Definition 1. A nonempty set S together with a binary addition + and a multiplication - is called a semiring
if

(i) (S,+) is commutative semigroup.

(i) (S,-) is semigroup.

(iit)for any three elements a,b,c € S

the left distributive law a.(b+ ¢) = a.b+ a.c and

the right distributive law (b + ¢).a = b.a + c.a both hold.

Example 1. The set of all natural no N, and the set Zg are SemMATINgs.

Definition 2. An element '0’ in S is called a zero element of S if a+0=04a =a,Ya € S and’'0 is called
an absorbing zero if a.0 =0.a=aVae€S.

Example 2. The set of all natural no N, and the set Zé‘ are Semirings.

Definition 3. An element 0’ in S is called a zero element of S ifa+0=0+a =a,Ya € S and'0 is called
an absorbing zero if a.0 =0.a=a VvV a€S.

Definition 4. An element '1’ in S is called an identity element of S if a.1 =l.a=a,V a€ S.
Definition 5. A semiring S is called commutative if a.b = b.a. for all a,b € S.

Definition 6. A subset T' of a semiring S with zero is called a subsemiring of S if it contains 0 and is closed
under the operations of addition and multiplication in S.

Definition 7. A nonempty subset I of a semiring S is called a left ideal of S if

(i) a,b € I implies a+b e I and

(i) a € I, s € S implies s.a € T

Similarly we can define a right ideal of a semiring. A nonempty subset I of a semiring S is called an ideal
of S if it is a left ideal as well as a right ideal of S.

Definition 8. Let I be a proper ideal of a semiring S. Then the congruence on S, denoted by p; and defined
by splsl if and only if s+ay = s + as for some ay,as € I, is called the Bourne congruence on S defined by
the ideal 1.

We denote the Bourne congruence (pr) class of an element s of S by s/pr or simply by s/I and denote the
set of all such congruence classes of S by S/pr or simply by S/1I.

It should be noted that for any s € S and any proper ideal I of S, S/I is not necessarily equal to S+ I =
{s+a:a €I} but surely contains it.
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Definition 9. For any proper ideal I of S if the Bourne congruence pr, defined by I, is proper i.e 0/I # S
then we define the addition and multiplication on S/I by a/I +b/I = (a+b)/I and (a/I)(b/I) = (ab)/I for
all a,b € S. With these two operations S/I forms a semiring which is called the Bourne factor semiring or
simply the factor semiring.

Definition 10. A proper ideal I of a semiring S is called a prime ideal if AB C I implies either A C I or
B C I, where A and B are ideals of S.

Definition 11. A semiring S is called a prime semiring if {0} is a prime ideal of S.

Definition 12. A proper ideal I of a semiring S is called a semiprime ideal if A2 C I implies that A C I,
where A is an ideal of S.

Definition 13. An element a of a semiring S is said to be nilpotent if there exists a positive integer n such
that a™ = 0.

Definition 14. An ideal I of a semiring S is said to be nil ideal if each element of I is nilpotent.

Definition 15. An ideal I of a semiring S is said to be nilpotent if there exists a positive integer n such
that I™ = 0.

Definition 16. Let A be a nonempty subset of a semiring S. Right annhilator of A, denoted by anng(A),
is defined by annr(A) ={s € S: As = (0)}.

Analogously we can define left annhilator (anny (A)) of A. Annhilator of a set A, denoted by ann(A), is a
left as well as a right annihilator of A.

Remark 1. If S is a semiring with absorbing zero then anng(A) is a right ideal of S and anny(A) is left
ideal of S. If A is an ideal of S then both annihilators are ideals of S.

Definition 17. A semiring S is called zerosumfree if a +b =0 for some a,b € S, implies that a =b = 0.

Throughout this paper by a semiring S we shall always mean a semiring with zero and identity.
3. Armendariz semiring and Abelian semiring

Definition 18. A semiring S is called Armendariz if f = > i~ a;x’,g = > im0 bjzl € S[x] be such that
fg =0 then a;b; =0 for all i and j.

Example 3. Let S be a zerosumfree semiring. Also let f = Y1 a;x%, g = Z?:o bjz? € S[z] be such that
f(x)g(x) =0. Then we have agbg = 0, agby +a1bg = 0, agba+a1by1+asby = 0,...., agbp+a1bp_1+....+anbo =
0. From the second equation we get agby = 0 and a1bg = O(since S is zerosumfree semiring). Again from the
third equation we get agba +a1by = 0 = agba = a1by = 0(since S is zerosumfree semiring) and asbg = 0(since
S is a zerosumfree semiring). Continuing this process we get a;b; = 0V i, j. Hence S is Armendariz semiring.

Example 4. Let ZT be the semiring of all positive integers. Let f(z), g(x) € Z/9Z|x] be such that
f(x)g(z) = 0. This implies that 3%|f(x)g(x). Let f(z) = 3"f (x) and g(z) = 3°g (z) for some f (x)
and g (x) such that the g.c.d of the coefficient of f (x)(also of g (x)) is not divisible by 3. Obviously 3%|37+5.

Sor—+s>2. It follows that cT,E =0 for all i and j. Hence Z/9Z is Armendariz semiring.
Proposition 1. [8] Subsemiring of an Armendariz semiring is Armendariz.

Proposition 2. Suppose S is an Armendariz semiring. If f1, fa,....fn € S[z] are such that f1fa......fn, =0,
then ajasas...... an, =0, where a; is a coefficient of f;.
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Proof. We shall prove the proposition by induction on n. If n = 1, proof is obvious. Next suppose that n = 2
i.e f1fo = 0. Since S is Armendariz, ayjas = 0, where a; is any coefficient of f; and as is any coefficient of fs.
Suppose that the proposition is true for all k¥ < n. Suppose that fifofs...fn, = 0. Then fi(faf3.....fn) = 0.
By our induction hypothesis a;b = 0 where a; is any coeflicient of f; and b is any coefficient f fs...f,. Then
we have ai(fafs.....fn) = 0, i.e (a1 f2)(f3f4-...-fn) = 0. By our induction hypothesis ajas......a, = 0, where
a; is any coefficient of f;. O

Theorem 3. [8] A semiring S is Armendariz if and only if S[z] is Armendariz.
Definition 19. A Semiring S is called abelian if every idempotent e of S central, i.e es = se Vs € S.
Theorem 4. An additive cancellative semiring S is abelian if and only if S[z] is abelian.

Proof. Suppose that S is abelian. Then every idempotent of S is central. Let f € S[z] be idempotent. Then
fP=f. Let f=eg+er1x+ex®+...... + ez where e; € S,i=0,1,2,.....,n. Now f2 = f implies that

€8 = €Qererneannn. (1)

€0€1 + €160 = €1.euenennn. (2)

epes + e1e1 + e2eg = €g......... (3)

€0€n + €1€n—1 F cevrenn. +eneo = €peeerenn.. (n)

(1) yields e is idempotent; so it is central. If we multiply equation (2) on the left side by ep,we get
epe1 +egereg = epger. But egerieg = ege; because e is central and since S is additively cancellative, ege; = 0
and from (2)we get e; = 0. Hence equation (3) becomes eges + e2eg = ez, If we multiply equation (3) on the
left side by ey we get eges + egeseg = egea. But egesey = eges. Since S is additively cancellative, eges = 0
and from (3) es = 0. Proceeding in this way we can see that e, = 0. Thus f = e is an idempotent of S and
hence it is central. So S[z] is abelian. Conversely assume that S[z] is abelian. Since every idempotent of S
is an idempotent of S[z], every idempotent of S is central. So S is abelian. O

Theorem 5. For a semiring S the following statements are equivalent:
(1) S is an Armendariz semiring.

(2) eS and (14 ¢€)S are Armendariz for every idempotent e of S.

(3) eS and (1 +¢€)S are Armendariz for every central idempotent e of S.

Proof. (1) = (2). Obviously 0 = e.0 € eS. So €S is non-empty. Let ex, ey € eS where z,y € S and e is an
idempotent of S. Then ex + ey = e(x + y) € eS and also ex.ey € eS. Thus eS is a subsemiring of S, and
hence it is Armendariz. Similarly we can prove that (1 + €)S is Armendariz for every idempotent e of S.
(2) = (3) is obvious.

(3) = (1) Let f(z) = Y "gair’ and g(z) = }7_(bja/ where a;,b; € S for i = 0,1,2.....,n and j =
0,1,2,.....,m. Let f(x)g(z) = 0. Let e be a central idempotent of S. Let fi(x) = ef(z), fa(x) = (1+e

01(z) = eg(z) and ga(z) = (1 + €)g(x). Now fo(w)g1(x) = e (x).eg(x) = e2£(x)g(x) = e ()g(x) = 0,(since
e is a central idempotent) and fo(x)ga(z) = (1 + e)f(x).(1 + e)g(z) = (f(z) + ef(x))(g(z) + eg(z)) =
f(x)g(x) + 3ef(x)g(x)(since e is a central idempotent)= f(z)g(x) + 3f1(x)g1(x) = 04 0 = 0. Since fi(x),
g1(x) € eS[z] and eS is Armendariz, f1(z)g1 () = 0 implies that ea;.eb; = 0 i.e ea;b; = O(since e is central
idempotent). Again fa(x), go(z) € (1 + e)S[z] and (1 + €)S is Armendariz, fa(z)g2(x) = 0 implies that
(I +e)a;.(1 +e)b; = 0 ie ab; + 3ea;b; = 0 which implies that a;b; = O(since ea;b; = 0). Thus S is
Armendariz. O

Definition 20. An ideal I of a semiring S is called a k-ideal if a, b€ S, a+b € I and a € I implies b € 1.
Definition 21. A semiring S is called the reduced if it has no non zero nilpotent elements.

Theorem 6. [8] Let S be a semiring. Let S/I be an Armendariz semiring for some k-ideal I of S. If I is
reduced then S is Armendariz.

Definition 22. An element a of a semiring S is called regular if it is neither a left nor a right zero divisor.
Following the definition of right quotient ring [12] we define right quotient semiring as follows.
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Definition 23. A semiring Q is said to be a right quotient semiring of a semiring S with respect to a set T
of regular elements of S if

(i) S CQ

(ii) The elements of T are units in Q.

(iii) The elements of Q have the form ac™! where c€ T, a € S.

Theorem 7. Suppose that there exists a right quotient semiring @ of a semiring S. Then S is Armendariz
if and only if Q is Armendariz.

Proof. Suppose that S is Armendariz. Consider two polynomials f(z) = Y." a;z’, g(z) = Z?:o Bjzd
of Q[z], such that «;,3; € Q. We may assume that a; = a;u" ", Bj = ij_l with a;,b5,u,v € S, and
u,v regular. Again for each j there exists c;,w € S with w regular such that u='b; = c;w™!. Now
filz) = X axt g1 () = Z?:o bjzl € S[z] . Again we have 0 = f(z)g(z) = > 1", Z?ZO(%ﬂj)miﬂ =
Dm0 2 j—olau” ) (bjo 2™ = 57 S g ai(u by v et = 3T ST aiewT o et = 3T ST aic(vw) T
f1(z)g1(x)(vw)~t. Hence fi(z)g1(z) = > iry ?:O(aicjx”j) =0 in S[z]. Since S is Armendariz, a;c; =0
Vi, j and so o;3; = (a;u™)(bjvt) = a;(utb;)v™! = aje;w™to™! = 0V i,j. Therefore Q is Armendariz.
Converse follows, since subring of Armendariz semiring is Armendariz. O

Definition 24. Let S be a semiring and S[[z]] denote the set of all sequences {a,} = {ag, a1, ....} of elements
of S. Then Sl[z]] is a semiring with addition and multiplication defined by {an} + {bn} = {an + bp} and
{an}{bn} = {cn} where ¢, = >y aibp—;. This semiring S([z]] is called the semiring of formal power series
over S.

Obviously S[z] is a subsemiring of S[[z]]. Any element of S|[x]] will be written as f(z) =", anx™.

Definition 25. A semiring S is called a semiprime semiring if {0} is a semiprime ideal of S.

Definition 26. A semiring S is called power-serieswise quasi-Armendariz if whenever f = > 2 a;x?,
9=>7" bjzl € S[[z]] be such that fSg =0 then a;Sb; =0 for all i and j.

Theorem 8. [8] Let S be a semiprime semiring. Then S is a p.s-quasi Armendariz semiring.

Definition 27. A semiring S is called quasi-Armendariz if whenever f =3""" a;,z',g = Z;‘l:o bjzl € S[x]
be such that fSg =0 implies that a;Sb; =0 for all i and j.

Theorem 9. [8] Let S be a p.s quasi-Armendariz semiring. Then matriz semiring T, (S) of all n x n
matrices over S is also a p.s quasi-Armendariz semiring.

Corollary 1. [8] Let S be a quasi-Armendariz semiring. Then T,,(S) is also a quasi-Armendariz semiring.

Theorem 10. /8] Let S be a p.s quasi-Armendariz semiring. Then eSe is also a p.s quasi-Armendariz
semiring for any non-zero idempotent e in S.

Corollary 2. [8] Let S be a quasi-Armendariz semiring. Then eSe is also a quasi-Armendariz semiring for
any non-zero idempotent e in S.

4. Armendariz semiring and Semicommutative semiring

Definition 28. A semiring S is called semicommutative if for every a € S, {b € R : ab = 0} is an ideal of
S. i.e the right annhilator of a in S is an ideal of S.

Theorem 11. For a semiring S the following statements are equivalent:
(1) S is semi-commutative.

(2) Any right annihilator over S is an ideal of S.

(3) Any left annihilator over S is an ideal of S.

(4) For any a,b € S, ab =0 implies aSb = 0.
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Proof. we shall show that (1) = (2) = (4) < (3) and finally (4) = (1)

(1) = (2)

Since S is semi-commutative, from the definition of semicommutative semiring ranng(z) is an ideal of S;
Hence (2).

(2) = (4) Let a,b € S be such that ab = 0. Then b € ranng(a). Since by (2), ranng(a) is an ideal of S,
sb € ranng(a) V s € S. Hence asb =0V s € S,i.e aSb = 0.

(4) = (3) We define left annihilator of an element = € S, denoted by lanng(z), as follows: lanng(x) = {b €
S : bx = 0}. It can be readily seen that lanng(x) is a left ideal of S. Let b € lanng(x). Then bx = 0. By
(4) bsz = 0V¥s € S. This implies that bs € lanng(x). So lanng(z) is a right ideal and hence an ideal of S.
(3) = (4) Let a,b € S, be such that ab=0. Then a € lanng(b) V s € S. By (3), as € lanng(b) V s € 5. So
aSb=0

(4) = (1) The proof is similar to the proof of (4) = (3). O

Theorem 12. Subsemiring of semicommutative semiring is semicommutative.

Proof. Suppose S is a semicommuataive semiring and 7" be a subsemiring of S. Let a,b € T be such that ab =
0. This implies that aSb = 0, since S is semicomutative and hence a7b = 0. So T is semicommutaive. [

Corollary 3. Let S be a semiring such that S[x] is semi-commutative. Then S is semi-commutative.
Proof. The proof follows from the theorem 12, since S is a subsemiring of S|[x]. O

Let S be a semiring and €2 be a subsemigroup of S consisting of central regular elements of the semigroup
(S,.). Let Q718 = {a~!s: for all « € Q and for all s € S}. Now we have the following theorem.

Theorem 13. Suppose that S is a semiring and 0 is a subsemigroup of S consisting of central regular
elements of the semigroup (S,-). Then Q718 is a semiring.

Proof. Let a = a's; and b = S sy where a, 8 € Q and 51,80 € S. Now a+b = a " 's; + 3 sy =
a tB7H(Bsy + asy) = (Ba)"(Bsy + asy) € Q7S Let a = a~ls;,b = B7lsy and ¢ = 7y ls3, where
a,B,v € Qand s1,52,53 €S. Now (a+b) +c= (a"ts; + 87 sa) + 7 tsg =a 1871 (Bs1 +asy) +y Ls3 =
a7y (y(Bs1 4 asg) 4 Basz) = (vBa) T (v(Bs1 + ase) + Basz)=(vBa) T ((vBs1 + yass) + Bass) =
(vBa) L ((vBs1+ays2)+aBs3) since a, B, v are central regular elements. Again a+(b+c) = a~ts;+ (B Lso+
Y7 lsg) = a s+ BT (ys2 + Bs3) = a7 BTy T (v Bs1 +alyse + Bs3))=(v8a) M (vBs1 + (ays2 +afs3)).
Therefore a + (b+c¢) = (a+b) + ¢V a,b,c € Q71S. Now a+b=a"1s; + 7 lsy = a 17 (Bs1 + asy) =
(Ba)~Y(Bs1+asz) and b+a = B se+a"ls; = B la " (ase+8s1) = (Ba) " L(ase+Bs1) = (Ba)~1(Bs1+ass).
Soa+b=b+aV ab Thus (2715, +) is a commutative semigroup. Also a-b = a " ts;-B71sy = (o) ts152 €
Q718 and a.(b.c) = a7 ls1. (B say 7 s3) = a7 ls1. BTy (s182) = (vBa)TL(s1.(s283)), since «, 8,7 € Q.In
a similar fashion we can show that (a.b).c = (yBa)~1((s182)s3),50 a.(b.c) = (a.b).c ¥V a,b,c € Q718 since
S is semiring. Thus (2719,.) is a semigroup.Finally we shall show that the both distributive laws holds.
a.(b+c) =a ls;. (B se + 77 1s3) = ats1.87 se + a sy ls3 = a.b + a.c. Similarly we can show that
(a+0b).c=a.c+b.c. Hence Q715 is a semiring. O

Theorem 14. Suppose that S is a semiring and 2 is subsemigroup of S consisting of central reqular elements
of the semigroup (S,-). Then S is semicommutative if and only if Q=15 is semicommutative.

Proof. Suppose that S is a semicommutative semiring. Let a,b € Q715 be such that ab = 0. Thena = a~'s;

and b = B71sy where o, 3 € Q and 51,82 € S. Now 0 = ab = (a™1s1)(B71s2) = a 137 1s155[Since Q is
contained in the center of S]=(Ba) !s1sy. This implies sy;s5 = 0, it follows that s;Ssy = 0, since S is
semicommutative. Let v = w™ls € Q71S, where w € Q and s € S. Now ayb = a lsjw tsf7 sy =
a"twT1B71(s1852) = 0. Hence Q715 is semicommutative. Converse is obvious. O

Proposition 15. The semiring of Laurent polynomials in x with coefficients in a semiring S, consists of all
formal sums >, m;z* with obvious addition and multiplication, where m; € S and k,n are integers(not
necessarily positive). We denote this semiring by S[z; 1]

33



Md. Salim, D. Sinha

Theorem 16. For a semiring S, S[x] is semicommutative if and only if S[x;x =] is semicommutative.

Proof. Suppose that S[z] is semicommutative. Let Q = {1, 2,22, ...}. Obviously € is a subsemigroup of S|[x]
and closed under multiplication. Since S[z;x~1] = Q.S[x], it follows that S[x;z~!] is semicommutative by
proposition 15. Converse follows from theorem 12. O

Theorem 17. Let S be a semiring and I be a k — ideal of S such that S/I is semicommutative. Now if T
is reduced then S is semicommutative.

Proof. Let ab= 0 with a,b € S. Now bla C I. Also (bla)? = blabla = 0(Since ab = 0). Since I is reduced,
bla = 0. Again ((aSb)I)? = aSblaSbI = 0,since bla = 0. So (aSb)I = 0,since I is reduced and (aSb)I C I.
Now (a/I)(b/I)=ab/I =0/I =1. Since S/I is semicommutative, then (a/I)S/I(b/I)=0/I,i.eaSb/I =1.
This implies that aSb C I, since I is a k —ideal of S.Now (aSb)? C (aSb)I = 0 which implies that (a.Sb) = 0.
Thus S is semicommutative. O

Theorem 18. Let S be a semicommutative semiring which is also an Armendariz semiring. Then S[z] is a
semicommutative semiring.

Proof. Let f(z),g(z) be two polynomials in S[z]| be such that f(z)g(z) = 0 where f(z) = Y.* a;z" and
g(x) = >27_obja’ and a;,b; € S and i, j € {0,1,2...}. Let h(z) = S o cka® € S[z]. Since S is Armendariz
and f(z)g(z) = 0, a;b; = 0 for all i and j. Since S is semicommutative, a;Sb; = 0. This implies that
a;cpb; = 0 for each i,j and k. Hence f(z)h(x)g(z) = 0. Thus S[z] is a semicommutative semiring. O

5 Armendariz semiring and Reduced semiring

Proposition 19. [8] Subsemiring of a reduced semiring is reduced.
Theorem 20. [8] A semiring S is reduced if and only if S[z] is reduced.
Theorem 21. Every reduced semiring is an Armendariz semiring.

Proof. Let S be a reduced semiring and f,g € S[z] with f(z) = " jaix’, g(z) = 37_(bja’/ where
a;,b; € 8,0< 1< m,0<j<n Let fg =0 We can assume that n = m. Then we have agby = 0,
aibg+agby = 0,....... , b+ ... +agb, = 0. Now (bpag)? = boagboag = 0 which implies that byag = 0, since
S is reduced. Hence left multiplying the second equation by by from the left we get bgaibg + bgagb; = 0.
i.e bpaibg = 0. Again (a1by)? = a1bpaiby = 0 which implies that a;by = 0 since S is reduced. Similarly
we get aibo =0 for 1 g ) g n. Then we get CLob1 = 0, albl + aobg = O, ....... ,an_lbl + + aobn = 0.
Now (b1ag)? = byagbiag = 0 which implies that bjag = 0 since S is reduced. Again we multiply the second
equation by b;. We get bia1b; = 0; (a1b1)2 = a1b1a1b; = 0 which implies that a1b; = 0 since S is reduced.
Continuing this process we get a;b1 = 0V 1 <4 < n. Again continuing the above process we get a;b; =0V
1<i<nand1l<j<n as desired.

The converse is obvious since if a;b; =0V 0 < i< n and 0 < j < n, then fg=0. O

Converse of the above result may not be true which follows from the fact that an Armendariz ring which
is evidently Armendariz seming may not be reduced [4].

Theorem 22. Let S be a semiring and Q(S) be its right quotient semiring of S. Then S is reduced if and
only if Q(S) is reduced.

Proof. Let Q(S) be reduced. Then S is reduced, since subsemiring of a reduced semiring is again a reduced
semiring. Conversely let S be a reduced semiring. Now we shall show that Q(S) is a reduced semiring.
Let ¢ = ab™! € Q(S) where a € S and b is regular such that and ¢> = 0 = ab~lab™! = 0. Obviously
b=ta € Q(S). So there exists elements c¢,d € S with d regular such that b='a = ed™!. Now ac(bd)™t =
acd=1b™1 = ab~lab~! = 0. This implies ac = 0. Now (ca)? = caca = 0. Since S is reduced, ca = 0. Now
from b='a = cd~!, we get ad = bc, which implies that ada = bca = 0. Hence (ad)? = adad = 0. Since
S is reduced, ad = 0. Again a = (ad)d~! which implies that @ = 0. Thus ¢ = ab~* = 0. Hence Q(9) is
reduced. O
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