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Abstract

In this paper, we investigate the generalized Leonardo sequences and we deal with, in detail,
three special cases, namely, modified Leonardo, Leonardo-Lucas and Leonardo sequences. We
present Binet’s formulas, generating functions, Simson formulas, and the summation formu-
las for these sequences. Moreover, we give some identities and matrices related with these
sequences. Furthermore, we show that there are close relations between modified Leonardo,

Leonardo-Lucas, Leonardo numbers and Fibonacci, Lucas numbers.
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1. Introduction

The sequence of Fibonacci numbers {F,} and the sequence of Lucas numbers {L,} are
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defined by
F, = n—1+Fn—Qa 77'227 F0:07 Fl:17

and

Ln:Ln—1+Ln—27 7122’ L0:2a L1:1

respectively. The generalizations of Fibonacci and Lucas sequences lead to several nice and
interesting sequences.
In [5], Catarino and Borges introduced a new sequence of numbers called Lenonardo num-

bers. They defined Lenonardo numbers as
ln=li-1+li—2a+1, n>2
with [y = 1,11 = 1. The first few values of Lenonardo numbers are
1,1,3,5,9,15,25,41,67,109, 177,287,465, . ..

Lenonardo sequences has been studied by many authors, see for example, [1,4,14,24].
Now, we define two sequences related to Lenonardo sequence. Modified Leonardo and

Leonardo-Lucas numbers are defined as
Gn,=Gp_1+Gn_o+1, with Gy =0,G1 =1, n>2,

and

H,=H, 1+H, -1, with Hy=3,H =2, n > 2,
respectively. The first few values of modified Leonardo and Leonardo-Lucas numbers are
0,1,2,4,7,12,20, 33,54, 88,143,232, 376, . ..

and

3,2,4,5,8,12,19, 30,48, 77, 124, 200, 323, . ..

respectively. The sequences {G,}, {H,} and {l,} satisfy the following third order linear re-

curences:

G, = 2Gn-1—Gp_s, Go=0,G1 =1,G3 =2,
H, = 2H, 1—-H, 3, Ho=3,H1 =2,H; =4,
ln = 2lp1—lns3, lo=11l =1l =3.
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There are close relations between modified Leonardo, Leonardo-Lucas, Leonardo numbers and

Fibonacci, Lucas numbers. For example, they satisfy the following interrelations:

Gn - Fn+2 - 1;
H, = L,+1,
ln = 2Fn+1 - ].,
and
5Gn - 3Ln+1 + Ln - 57
Hn = 2Fn+1 _Fn+17
5l, = 2Lns1+ 4L, — 5.

The purpose of this article is to generalize and investigate these interesting sequence of
numbers (i.e., modified Leonardo, Leonardo-Lucas, Leonardo numbers). First, we recall some
properties of generalized Tribonacci numbers. The generalized (r, s,¢) sequence (or generalized

Tribonacci sequence or generalized 3-step Fibonacci sequence)
{Wn(Wo, Wy, Wa;r,s,1) }n>0
(or shortly {W,},>0) is defined as follows:
W, =1Wp_ 14+ sW,_o+tW,_3, Wo=a,Wy =bWy=¢, n>3 (1.1)

where Wy, W, W, are arbitrary complex (or real) numbers and r,s,t are real numbers.
This sequence has been studied by many authors, see for example [2,3,6,7,8,10,11,12,13,17,18,23,25,26].

The sequence {W,,},>o can be extended to negative subscripts by defining
S r 1
W_,= _EW—(n—l) - EW—(n—Q) + gW—(n—S)

for n =1,2,3,... when ¢ # 0. Therefore, recurrence (1.1) holds for all integer n.

As {W,} is a third-order recurrence sequence (difference equation), it’s characteristic equa-

tion is
23 —ra? —sx—t=0 (1.2)
whose roots are
a = afrst)= g—i-A—i—B,
B8 = pBlrs,t) = g +wA + w?B,
v = q(rst)= g +w?A +wB,
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where
r3 rs t 1/3 3 rs t 1/3
A = — 4+ =+ = A B=(—4+—+=--VA
<27+6+2+\F> ’ (27+6+2 > ’
3t r2s?2  rst  §° 2 -1+ Z\/g
A = A t=————+———+ — =— = 2mi/3).
st =%~ Tst s whT @ 2 exp(2mi/3)
Note that we have the following identities
at+p+y =
aft+ay+py = —s,
afy = t.

If A(r,s,t) > 0, then the Equ. (1.2) has one real («) and two non-real solutions with the latter
being conjugate complex. So, in this case, it is well known that the generalized (r, s,t) numbers
(the generalized Tribonacci numbers) can be expressed, for all integers n, using Binet’s formula

n

pra” p28" D37

Al Py oy S ey S v T vy

(1.3)
where
pr=Wa— (B+7)Wi+ ByWo, p2 = Wa — (a+7)Wi + ayWo, p3 = Wa — (o + B)W1 + aSW,.
(1.3) can be written in the following form:
W, = Aja™ + A" + Azy™

where

_ Wy — (8 +v)W1 + ByWy
(= B)(a—1)

_ W2 — (Oé + ’7)W1 + Oé’}/WO
(B=a)B =)

_ Wy — (a + 5)W1 + afWy

4 e S I )

7A2

o0
Next, we give the ordinary generating function ) W,z" of the sequence W,,.
n=0

oo
Lemma 1. Suppose that fw, (x) = Y, Wypa™ is the ordinary generating function of the generalized (r, s, t)
n=0

oo
sequence (the generalized Tribonacci sequence) {Wy}n>0. Then, > Wyz™ is given by
n=0

n Wo+ (Wi —rWo)x + (We — rWy — sWy)z?
E Wy = .
1—rz—sx? —ta3

(1.4)

We next find Binet’s formula of the generalized (r, s,t) sequence (the generalized Tribonacci

sequence) {W,,} by the use of generating function for W,,.
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Theorem 2. (Binet’s formula of the generalized (r,s,t) numbers (the generalized Tribonacci numbers)) For

all integers n, we have

n

qra” Q2" q37

where

W, = + + 1.5
@B " B-aB-7 " G-aG—p =
Q= W()Oé2 + (W1 — ’I"Wo)Ol + (WQ —rW; — SW()),
g2 = W0ﬁ2 + (Wl — ’I“Wo)ﬁ + (Wg —rWi — SW()),
a3 = Wo + (Wi —rWo)y + (Wa — rWq — sWp).
Note that from (1.3) and (1.5) we have
Wy — (B+7)W1+ YWy = Woa? + (Wi —rWo)a + (Wa — rWy — sWp),
Wy — (@ +NWi+ayWy = WoB2+ (Wy —rWo)B + (Wa — rWy — sWp),
Wy — (Oé + ﬂ)Wl +afWy = Wo’}/Z + (W1 — ’I“Wo)’}/ + (Wg —rWi — SWO)
Matrix formulation of W,, can be given as
Wiao r s t Wy
Wn+1 = 1 0 0 Wl . (16)
W 0 1 0 Wo

For matrix formulation (1.6), see [9]. In fact, Kalman gave the formula in the following

n

W, 010 Wo
Wper | =1 0 0 1 Wi
| r s t Wy

Now, we present Simson’s formula of generalized Tribonacci numbers.

Theorem 3 (Simson’s Formula of Generalized Tribonacci Numbers). For all integers n, we have

Wiy Wippa Wi Wy Wi Wy
Wapr Wn Wy =8| W Wy W_y |- (1.7)
Wn Wn —1 Wn— 2 WO W_ 1 wW_ 2

Proof. For a proof, see Soykan [16]. O

Next, we consider two special cases of the generalized (r,s,t) sequence {W,,} which we call

them (r,s,t) and Lucas (r,s,t) sequences. (r,s,t) sequence {G,},>o and Lucas (r,s,t) sequence
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{H,}n>0 are defined, respectively, by the third-order recurrence relations

Gn+3 = TGn+2 + SGn+1 + th, Go=0,G1 = 1, Gy = T, (18)

Hny3 = rHyo+sH, 1 +tH,, — Ho=3H =nr Hy=2s+r>% (1.9)
The sequences {G, },>0 and {H,},>0 can be extended to negative subscripts by defining

s r 1
G.n=—G_ n—1) — -G_ n— -G_ n—3)»
7 G—(n-1) = 76 —(n-2) T 3G -(n-3)

s r 1
H y=—"H (1)~ ~H_ (n_oy+ 7H_(_
n= ooy T o) ()

for n =1,2,3, ... respectively. Therefore, recurrences (1.8)-(1.9) hold for all integers n.
For all integers n, (r,s,t), Lucas (r, s,t) and modified (r, s,¢) numbers (using initial conditions

in (1.3) or (1.5)) can be expressed using Binet’s formulas as

n+1 ﬁn-‘rl ,yn-‘rl
Gn = “ ’
@ Bla—  B-a)B- (- -p
H, = a™ + 511 + ,Yna

respectively.
Lemma 1 gives the following results as particular examples (generating functions of (r, s, )

and Lucas (r, s,t) numbers).

Corollary 4. Generating functions of (r, s,t), Lucas (r,s,t) and modified (r,s,t) numbers are

> x
g G,z = -
. " 1—rx —sx2 —tz3’
e
o0
ZH " 3 —2rx — sz?
nd =
‘ 1—rx —sx2 —tz3’
-

respectively.

The following theorem shows that the generalized Tribonacci sequence W, at negative

indices can be expressed by the sequence itself at positive indices.
Theorem 5. For n € Z, we have
—n 1 2
W—n =t (W2n - Han + E(Hn - HQn)WO)

Proof. For the proof, see Soykan [19, Theorem 2.]. O

Using Theorem 5, we have the following corollary, see Soykan [19, Corollary 6].

Corollary 6. Forn € Z, we have

(a) G_, = #((2% —82)G2 +tGap + 8G oGy — (3t +78)Gry1Gh).
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(b) H_, = -1 (H2 — Hy,).

2tn

Note that G_, and H_,, can be given as follows by using Go =0 and Hy = 3 in Theorem 5,

1

G—n = tin(GQn - HnGn + i(HEL - H27L)GO) = tin(G2n - HnGn)a
1 1

Hop = "(Hyn — HyHy + 5 (Hy — Han)Ho) = 5o (Hy = Han),

respectively.

2 Generalized Leonardo Sequence

In this paper, we consider the case r = 2,s = 0,t = —1 and in this case we write V,, = W,,.

A generalized Leonardo sequence {V,,},>0 = {V,,(Vo, V1, V2)}n>0 is defined by the third-order

recurrence relations

V=2V 1 — Vo3

with the initial values Vy = ¢, V7 = ¢1, Vo = ¢ not all being zero.

The sequence {V,},>0 can be extended to negative subscripts by defining
Von = 2V—(n—2) - V—(n—3)

for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integer n.

(2.1)

(1.3) can be used to obtain Binet formula of generalized Leonardo numbers. Binet formula

of generalized Leonardo numbers can be given as

zia™ 298" 23"

@—Ba—7 B-aB-7 G-an-5

Zlan+1 _ ZQﬂnJrl

V, =

= — z
(a—B) ’
where
z1 = %—(2—0&)‘/1—}-(1—&)‘/07
29 = ‘/2—(2—5)‘/1-"-(1—5)‘/0,
zz3 = V-V -W.

Here, o, and v are the roots of the cubic equation

? =20 +1= (2 -2—-1)(z—1) =0.
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Moreover

Note that

or

Tl
EE

a+ B+~
aff + ay + By

afy

a+p=1, af=-1.

The first few generalized Leonardo numbers with positive subscript and negative subscript

are given in the following Table 1.

Table 1. A few generalized Leonardo numbers

n Va V_n

0 Vo Vo

1 \%1 2V =V,

2 Va 2o -0

3 2Vo — Vo 4V — Vo — 2V,

4 4Vo — Vi — 2V aVoh —4Vi + Vy

5 Vo — 2V — 4V 9V) —4Vy — 4V,

6 12V — 4V — 7V, IV — 12V + 4V,
7 20V, —7V; — 12V 22V — 12Vy — 9V,
8 33Ve — 12V7 — 20V, 22Vy — 33V1 + 12V,
9 54V, — 20V, — 33V, 56V, — 33V — 22V5,
10 88Vy — 33V1 — 54V, 56V — 88V1 4 33V,
11 143Vy — 54V — 88V) 145V; — 88Vy — 56V,
12 232V5 — 88V — 143V, 145V — 232V 4 88V;,

13 376V, — 143V; — 232V,

3781 — 232V — 145V,

Now we define three special cases of the sequence {V}.

Modified Leonardo sequence

{Gn}n>0, Leonardo-Lucas sequence {H,},>0 and Leonardo sequence {l,},>o are defined, re-
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spectively, by the third-order recurrence relations

Gn = 26w 1—Gng  Go=0,G1=1,Gy=2, (2.6)
H, = 2H, | —Hn 3,  Ho=3H, =2 Hy=4, (2.7)
ZTL = 2l’rb—l - ln—37 lO = 17 ll = 1, l2 = 37 (28)

The sequences {G,},>0, {Hn}tn>0 and {l,},>0 can be extended to negative subscripts by

defining

Q
:
[

2G_(n—2) = G_(n—3)

=
3
I

2H7(n72) - Hf(n73)

i
3
Il

2l_(n—2) = l_(n—3)

for n =1,2,3, ... respectively. Therefore, recurrences (2.6)-(2.8) hold for all integer n.

Gn, H,, and [,, are the sequences A000071, A001612, A001595 in [15], respectively.

Next, we present the first few values of the modified Leonardo, Leonardo-Lucas and Leonardo
numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative

subscripts.

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
G, 0 1 2 4 7 12 20 33 54 88 143 232 376 609
G_yp o -1 0 =2 1 -4 4 -9 12 =22 33 —56 88
H, 3 2 4 5 8 1219 30 48 77 124 200 323 522
H_, 0 4 -3 8 -—-10 19 -—-28 48 75 124 198 323 520
I, 1 1 3 5 9 15 25 41 67 109 177 287 465 753
l_n -1 1 -3 3 -7 9 =17 25 —-43 67 —111 177 —289

For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo numbers (using initial

conditions in (2.3)) can be expressed using Binet’s formulas as

n+1 n+1 n+1 n+2 _ on+2
Gn = a + ﬂ + v = @ ﬂ -1
(@a=B)a=7) B-a)B-7) ©OG—-a)ly—5) a—p
2 n+1 _ on+l
Lo Aamtopn
a—p
respectively. Note that Binet’s formulas of Fibonacci and Lucas numbers, respectively, are
Fn _ a™ N 571 _ a™ — 5717
a—B pf-a a-p

L, = o"+p",
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and so
G, = Fuo2—1, (2.9)
H, = L,+1, (2.10)
l, = 2F,;1—1. (2.11)

oo
Next, we give the ordinary generating function ) V,2" of the sequence V.
n=0

[ee]
Lemma 7. Suppose that fy, (x) = > V™ is the ordinary generating function of the generalized Leonardo
n=0

oo
sequence {Vy, }n>0. Then, > V,a" is given by
n=0

i‘/f‘?"* Vo + (Vi —2Vp)a + (Vo — 2V))a?
vt L 1—2z+ a3 '

Proof. Take r=2,5s =0,t = —1 in Lemma 1. 0

The previous lemma gives the following results as particular examples.

Corollary 8. Generated functions of modified Leonardo, Leonardo-Lucas and Leonardo numbers are

oo N T

> Gua" = 12z + a8
n=0

= 3—-4
o 1—-2x+zx
SN 1—x+a2?
Shat = I
o 1—-2rx+zx

respectively.

3 Simson Formulas
There is a well-known Simson Identity (formula) for Fibonacci sequence {F,}, namely,
Fn+1F7z—1 - F72L = (71)”‘

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula)

as well. This can be written in the form

Fn+1 Fn
Fn anl

= (—1)".

The following theorem gives generalization of this result to the generalized Leonardo sequence

{Vatn>o-
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Theorem 9 (Simson Formula of Generalized Leonardo Numbers). For all integers n, we have

‘/71+2 Vn+1 Vn
Vitr Voo Vior | = (CDP(EVE VP =V +20@WVE + VoV = 2VEVs + ViVe) — 3111 Va).
Vn anl Vn72

Proof. Take r =2,5s =0,t = —1 in Theorem 3. [J

The previous theorem gives the following results as particular examples.

Corollary 10. For all integers n, Simson formula of modified Leonardo, Leonardo-Lucas and Leonardo

numbers are given as

Gni2 Gniy1 Ga
Gny1 Gn  Gnoa | = (D7,
G, Gpo1 Gno
Hypio Hnppr o Hy
Hny1  H, H,, | = 5(=1)"
H, H, .1 H,-

ln+2 ln—i—l ln

ln—i—l ln ln—l = 4(_1)n+1,

ln lnfl ln72

respectively.

4 Some Identities

In this section, we obtain some identities of modified Leonardo, Leonardo-Lucas and Leonardo

numbers. First, we can give a few basic relations between {V,,} and {G,}.
Lemma 11. The following equalities are true:

(a) Vi, =4V — Vo — 2V5)Gpaa + (4Vh — V1 + 4V2)Grys + (4V1 — 4V — Vo) Ga.
(b) Vo= (2Vo = V1)Grys + (4V1 — 4Vo — V2)Grpo + (Vo — 4V1 + 2V2) Gy

(c) Vo= (2Vi = V2)Gppa + (Vo — 4Vi + 2V2)Grp1 + (Vi — 2V0) G

(d) Vi =VoGni1 + (Vi —2V0)Gp + (V2 — 2V1)G1.

(e) Vn = VlGn + (‘/2 - 2V1)Gn—1 - ‘/()Gn—2~
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() (Vo+ Vi —Vo)(V§ = V2 = V& = VoVi = VoVa + 3ViVa) G = —(VE + Vo Vi — 2ViVo) Vs + (V2 + 2V3 +
2VoVi — VoVo — 4ViVa) Vi ys — (VF — 2VoVa + ViVa) Voo

(g8) Vo+Vi—Wo)(VE—=V2=VZ=VoVi —VoVa+3ViVa)Gy, = (VE—=VoVa)Viuys — (VE—2VoVa+ ViVa) Vo +
(V& +VoVi = 2ViVo) Vi,

(h) (Vo + Vi —Vo)(VE = V2 =V —VoVi = VoVa + 3ViVa)G,, = — (Vi — 2V2 + ViVa) Voo + (V2 + VoV —
2ViVa) Vg1 + (V2 + VoVa) V.

() (Vo+Vi—Wo)(VE = V2 =V —VoVi — VoVa + 3ViVa)Gy = —(2VE — 4VE — ViZ — VoVi + 4ViVa)Vey +
(=VE2 +VoVa)V, + (V@ = 2VE+ ViVo)V, 1.

(G) Vo+Vi=1a)(V§ =V =V =VoVi —VoVa+3V1V2) G = —(AVE —TVE =2V =2V Vi — Vo Vo +8V1 V)V, +
(V02 o 2V12 +ViVe)Vio1 + (2V02 - 4V12 - V22 —VoVi +4ViVa)V,, o,

Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Vn:aXGn+4+bXGn+3+CXGn+2

and solving the system of equations

Vo = axGy+bxGsz+cxGy
Vi = axGs+bxGyi+cxGs
Vo = axGeg+bxGs+cxGy

we find that a =4V — Vo — 2V5, b = 4V — 9V; +4V5, ¢ = 4V — 4Vy — V5. The other equalities can be
proved similarly.
Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {V,,} and {H,}.
Lemma 12. The following equalities are true:
(a) 5V, = —(4Vo + 8Vy — TVa)Hpqa + (Vo + 12V4 — 8Va)Hyy 3 + (8Vo + Vi — 4Va) Hyp o
(b) 5V, = —(TVo +4V1 — 6Va)Hy 34+ (8Vo + Vi — 4Va)Hy o + (Vo + 8Vy — TVo)Hp .
(c) 5V = —(6Vo +TVi — 8Va)Hyyo + (4Vo + 8Vy — TVo)Hyyq + (TVo + 4V1 — 6V2) H,,.
(d) 5V, = —(8Vh + 6V — 9Va)Hppq + (Vo + 4V1 — 6Vo)H,, + (6Vy + TV1 — 8Va) Hyp 1.
(e) 5V, = —(9Vp + 8V4 — 12Va)H,, + (6Vi + TVi — 8Va)Hp_y + (8Vp + 6Vi — 9Va) H,,_s.

(f) (V() + Vi — VQ)(V02 — V12 — ‘/22 —VoVi—WVoVo + 3V1‘/2)Hn = (3V12 + 4‘/22 + 4oV — 3V Vo — 8V1‘/2)Vn+4 —
(BVZ +4V2 + 8VE + 8V Vi — 10Vo Vs — 13V1 Vo) Vs + (AVE + 3VE + 3V Vi — 8V Vs — 2Vi Vo) Vo,
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(8) Vo+Vi—Vao)(V@ =V —=VE=VoVi = VoVa+3ViVa)H,, = —(3V — 2VE2 — 4V Vo + 3V1 Vo) Vigs + (4VE +
3V2 + 3VoVh — 8VoVa — 2ViVa) Vi — (BVE + 4V2 + 4V Vi — 3V Va — 8V1 V) Viss.

(h) (Vo+Vi—=Wo)(Vi =V = V5 —=VoVi —VoVa + 3ViVa)H,, = —(2V§ — 4V —3V3 =3V Vi 4+ 8ViVa) Vg —
(BV2 4+ 4V5 + 4V Vi — 3VoVa — 8ViVa)Voyn + (VG — 2V — 4V Vo + 3V1V2) V.

1) Vo+Vi—W)(VE—-VE-VE-VoVi — VoVo +3ViVo)H, = —(4VE — 5V — 2V — 2V Vi — 3V Vo +
8ViVa) Vg1 + (3VE — 2V2 — 4V Vo 4 3Vi Vo)V, + (2VE — 4V — 3V — 3VoVh + 8V Vo)V, 1.

G) (Vo+ Vi — Vo) (V2 = V2 = V2 — VoVi — VoV + 3ViVa)H,, = —(5V2 — 8V — 4V — 4V V; — 2VpVh +
13ViVa)Vy, + (2V2 —AVE —3V2 —3Vu Vi +8ViVa) Vi1 + (AV2 —5VE —2V2 — 2V Vi — 3V Va +8V1 V3) Vi, o

Now, we give a few basic relations between {V,,} and {,}.
Lemma 13. The following equalities are true:
(a) 2V, = (3Vo — Va)lyya — (BVo — 3V1)lpts — (BV1 — 3Va)lyo.
(b) 2V, = (Vo +3Vh —2Va)lpi3 — (BV1 — 3Va)lnga — (3Vo — Va)lnta-
(c) 2Vi = (2Vo + Vi = Va)lnto — 3V — Va)lny1 — (Vo + 3V1 — 2V2) L.
(d) 2V, = (Vo +2Vi — Vo)l — (Vo + 3V1 —2Va)l,, — (2Vo + Vi — Vo)l
(e) 2V, = (Vo + Vi)l — (Vo + Vi = Va)lyor — (Vo + 2Vi — Va)lp—a.

(F) Vo+Vi—=Va) (V= VE=VZ=VoVi = VoVa+3ViVo)l, = (VE+ V2 + VE+ Vo Vi —3VoVa — ViVa)Vigs —
(BVE + V2 +3VE + 3VoVi — TVoVa — 3ViVo)Vias + (VE + V2 + 3VE + 3V Vi — 3VoVa — 5V41 V)V, 1a.

(8) Vo4+Vi—Va)(VE=V2-VE—VoVi —VoVa+3ViVo)l, = —(VE = V2 4+ VE+VoVi — VoVa — ViVa)Viys +
(V@ + VE+3VE+3VoVi — 3VoVa — 5ViVa)Viyo — (V@ + VE+ V2 +VoVi — 3VoVa — ViVa) Vi s,

(h) (Vo+Vi—Va)(VZ—VE—VZ—VoVi = VoVa+3Vi Vo)l = —(VZ—=3V2 —VZ = VoVi + Vo Va +3Vi Vo) Viyyn —
(VE+ VE2+VE+ VoV = 3VoVa — ViVo) Vg + (Vi = V2 + V3 + VoV = VoV — ViVa) V.

() Vo+Vi=Va)(V =V =V3 = VoVi = VoVa+ 3ViVa)ln = —(3VF =5V = V5 = VoVi = VoVa +5V1Vo) Vi +
(V@ = VE+VE+VoVi = VoVa — ViVa)Vyy + (V@ — 3V2 — V2 — VoVi + VoV + 3V11a) V.

(G) (Vod+Vi=Vo) (V@ = V2=V —VoVi =VoVa+3ViVa)l, = —(5VZ —9V2 —3ViE —3VoVi — Vo Vo + 11V V3V, +
(V@ = 3V2 = VE = VoVi + VoVao + 3ViVo) Vo1 + (BVE — BVE — V2 — VoVi — VoVa + 5V1 Vo)V, _o.

Next, we present a few basic relations between {G, } and {H,}.
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Lemma 14. The following equalities are true

5G, = 6H,14—4H, 13— TH, 12,

5G, = 8H,413—THpto —6H, 41,

5G, = 9H,4i2—6H,; —8H,,

5G, = 12H,+1 —8H, —9H,_1,

5G, = 16H, —9H,_1 —12H, o,
and

H, = -3Gp4a+10G 143 —8Gn42,

H, = 4G,13—8Gn+2+ 3Gn41,

H, = 3G,11 —4G,,

H, = 2G,—-3G,_2.

Next, we give a few basic relations between {G,} and {l,}.

Lemma 15. The following equalities are true

2Gn = *2ln+4 + 3ln+3 + ln+2;
2Gn = _ln+3 + ln+2 + 21n+17
2Gn = _ln+2 + 2ln-|-1 + ln7
2G, = I+ ln—1,
and

ln = *3Gn+4 + 7G"n+3 - 3Gn+2a

ln = Gnyz—3Gnyp2+3Gnq,

ln = _Gn+2 + 3Gn+1 - Gna

ln - Gn+1 - Gn + anla
l, = Gn + anl - Gn72~

Now, we present a few basic relations between {H,} and {[,}.
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Lemma 16. The following equalities are true

9H, = 5lpis— sy + 2nto,

2H, = lnis+ 2lnis — Bloyt,

2H,, = Alpi2 —5Slnt1 — ln,

2H, = 3lp41— 1l — 4y,

9H, = 5, —4l, 1 — 30, o,

and

5l = 9Hnpq — 11H, 45 — 3Hpso,
5l = THpys— 3Hnypo — 9H,i1,
5l = 11H,so —9H,sq — TH,,
5l, = 13Hn41 — THn — 11H, 1,
5, = 19H, —11H, 1 —13H, .

5 Relations Betwen Special Numbers

In this section we present identities on modified Leonardo, Leonardo-Lucas and Leonardo

numbers and Fibonacci and Lucas numbers. We know that

Gn = Fn+2 — 1
H, = L,+1
ln = 2Fn+1 - ].

We also note that from Lemma 14, Lemma 14 and Lemma 16, we have, respectively,

5Gn = 9Hn+2 - 6Hn+1 - 8I{n7
H, = 3Gn+1 - 4Gna
5ln = llHn+2 - 9Hn+1 - 7Hn

Using the above identities we see that

5G, = 3Lp41+ L, —5, (5.1)
H, = 2F, 4 —F,+1, (5.2)
5l, = 2Lp+1+A4L, —5. (5.3)
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Using the above identities we obtain the following Binet’s formula of generalized Leonardo

numbers in the following forms.

Vo = M =Vo)Fa+Va=-2Vi + Vo)Fp1 — (Vo = Vi = Vg)
£ (Vo + Vi = 2V6) Loy + £ (Vs = 8Vi + Vo)L — (Vs — Vi — )
= N -=W)G,+(Va=2Vi +V)Gr1 + Vo

%(‘/2 + Vi —2Vy)Hpy1 + %(2‘/2 —3Vi+ Vo)Hy, + %(—8‘/2 +7V1 4+ 6Vp)
%(Vl —Vo)lnsr + %(Vz =21 + Vo), + %(—Vg + Vi +2Vh).

By Lemma 11, we know that

(Vo + Vi = W) (Vi = V2 = V5 = VoVi — VoV + 3ViVR)G,,

= —(V§ —2V¢ + ViVa)Vypo + (V5 + VoVi = 2ViVo)Viir + (V2 + Vo Vo)V,

so the identity
Vo=WV1—-W)G,+ (Vo =2Vi + V5)Gr—1 + Vo

can be written in the following form

(Vo + Vi = Va) (Vi = V2 = Vi = VoW1 — VoV + 31 Vo)V,

= (Vi =Vo)(—=(V§ =2V + ViVa)Vypo + (V3 + VoVi — 2ViVa)Vypq + (= V2 + Vo Vo) Vi)
+(Va = 2Vi + Vo) (= (V@ = 2VZ + ViVa)Vipa + (Vi + VoVi — 2V Vo)V, + (= V2 + Vo Vo) Vi)
+(Vo+ Vi = Vo) (Vg = VP = V5 = VoWi — Vo Va + 31 Vo)V

6 Special Identities

We now present a few special identities for the generalized Leonardo sequence {V,}.

Theorem 17. (Catalan’s identity of the generalized Leonardo sequence) For all integers m and m, the
following identity holds:

VirmVamm = Vii = (Vi = Vo) Frsmrz + (Va = 2V + Vo) Fagmir = (Vo = Vi = Vo)) (Vi = Vo) Fpmm2 +
(Vo =2Vi + Vo) Fur — (Va = Vi = Vo)) = (Vi = Vo) Fuga + (Va = 2Vi + Vo) Fogr — (Va = Vi = T0))2.

Proof. We use the identity (Binet’s formula of V},)
Vin=WV1=Vo)Fnqo+ (Vo =2Vi + Vo) Fppr — (Va = Vi = V). O (6.1)

As special cases of the above theorem, we have the following corollary.
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Corollary 18. For all integers n and m, the following identities hold:
(a) Gn+mGn7m - G% = (F7m+n+2 - 1)Fm+n+2 - Fn7m+2 - F72L+2 + 2Fn+2-

(b) Hn+mHn7m - H72L = (Ffm+n+2 - 3F7m+n+1 - 1)Fm+n+2 + 3(_Ffm+n+2 + 3F7m+n+1 + 1)Fm+n+1 +
3Fn—m+1 — Fnomio — F2 o —9F2 | 4+ 6F 1 Foyo +2F, 10 — 6F,41.

(C) Znerlnfm — li = 2(2Ffm+n+1 — 1>Fm+n+1 — 2Fn7m+1 — 4F3+1 + 4Fn+1-

Note that for m = 1 in Catalan’s identity of the generalized Leonardo sequence, we get the

Cassini identity for the generalized Leonardo sequnce.

Theorem 19. (Cassini’s identity of the generalized Leonardo sequence) For all integers m, the following

identity holds:

Vi1 Vo1 = V2 = (=VE=V2+VE+3ViVa—VoVa = VoW1 F2 + (VR + VE—VE = 3ViVa+ Vo Vo + Vo Vi ) F2
+ (Vo = 3Vi 4+ 2Vp) (Va — Vi — Vi) Fogr + (2Va — V4 + 3Vo)(=Va + Vi + Vo) Fu + (VE+ V2 — V2 = 3ViVo +
VOVv2 + ‘/(J‘/I)Fn+1Fn

Corollary 20. For all integers n, the following identities hold:

(@) Gpni1Gn1 —G2 =F2 | —F>—F,Foyy — Fyyy + F.

(b) Hyi1Hy1 — H2 = —5F2 | +5F2 +5F,Foy1 — 4F, 11 + TF,.
(¢) lngiln1 — 12 =2(=2F2, +2F2 4+ 2F,Fp 11 + Fo1 — 2F,).

The d’Ocagne’s and Melham’s identities can also be obtained by using (6.1). The next
theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’s identities of generalized Leonardo

sequence {V,}.
Theorem 21. Let n and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)
Vine1Vo = VinVopr = (Vo = Vi) (Vo + Vi = Va) (Frg1 = Fina) + (Vo — 2V + Vo) (Vo + Vi = Va) (B —
Fn) =+ (V02 - ‘/12 - V22 - VO‘/l - VOVQ + 3V1‘/2)(FnFm+1 - Fan+1)-

(b) (Melham’s identity)

Vi 1VagaVose — Vidy = (V@ — VE = VZ = VoW = VoVa + 3N V) (—=(Vi — Vo) 3, + (Vo — VI)FS +
(Vo = Vo) Foy1 By — (Vo = 2Vi+ Vo) Fp  F) + (Vo + Vi = Vo) ((5Vo + 2Vi — TVa) (Vo + Vi = 2Vo) F7 ) +
(Vo — V) (2Vo 4 3Vi — 5Va) F2 4 (TVE + 3V2 + 17VE + TV Vi — 21V Vo — 13ViVR) Fy 1 ) + (Vo + Vi —
Va)2(—(4Vo + 3Vi — TVa) Fryy —(3Vo + Vi — 4V3)Fy).
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Proof. Use the identity (6.1). O
As special cases of the above theorem, we have the following three corollaries. First one

presents d’Ocagne’s and Melham’s identities of modified Leonardo sequence {G,}.

Corollary 22. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Gmi1Gn — GGry1 = (Froy1 — Frg1) + (FnFog1 — FrnFnyr).
(b) (Melham’s identity)
Gn41Gny2Gnie — Go g =Fo | — F2 —36F., | — 14F) — 2F2Foy1 — 45F, Fy i1 + 11F, 41 + TF,.

Second one presents d’Ocagne’s and Melham’s identities of Leonardo-Lucas sequence {H,}.

Corollary 23. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Hy,1H,—H,H,p1 = (Froy1— Frg1) +3(Fn — Fn) = 5(FnFmy1 — FnFugr).
(b) (Melham’s identity)
Hyi1HpioHyo—HY g = —10F2 | —5F3427F2 | +8F2+15F, F2 | +5F Fy1+33F, Fy 1 +10F, 4 1+5F,.

Third one presents d’Ocagne’s and Melham’s identities of Leonardo sequence {l,}.

Corollary 24. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

Il — lnlns1 = —2(Fy, — Fp) — 4(Fn Frnv1 — FnFrg1).
(b) (Melham’s identity)

Lntilngolnge — oy g = 2(—4F5 | —28F7 | —10F +4F,F2 | +4F Fyi1 + TF, 1 +4F, —34F, F,11).

7 On the Recurrence Properties of Generalized Leonardo Sequence

Taking r = 2,5 =0,t = —1 in Theorem 5 (a) and (b), we obtain the following Proposition.
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Proposition 25. Forn € Z, generalized Leonardo numbers (the case r = 2,s = 0,t = —1) have the following
identity:
Vo = (=1)7"(Van — Ha Vi + %(Hi — Ha,)Vo)

From the above Proposition and Corollary 6, we have the following corollary which gives
the connection between the special cases of generalized Leonardo sequence at the positive
index and the negative index: for modified Leonardo, Leonardo-Lucas and Leonardo numbers:
take W, = G,, with Gy =0,G, =1,Gy =2, take W,, = H, with Hy=3,H, =2, H, =4, and W,, = [,
with [y =1,1; = 1,15 = 3, respectively. Note that in this case H, = H,.

Corollary 26. For n € Z, we have the following recurrence relations:

(a) modified Leonardo sequence:

G_p= ﬁ(mi + Gop — 3G i1Gh).

(b) Leonardo-Lucas sequence:

(c) Leonardo sequence:

lon = (=1)""(lzn — Hyly + %(Hg — Hp)).
By using the identity 2H,, = 4l,, 12 — 51,11 — I, (and Proposition 25), we get
I, = %(4)*”(1613 wo T 2502 4 + 512 — 4001 lny2 — 240, Lgs + 300,041 — 8lanta + 100211 + 1005,,).
Note also that since [, = 2F,,,; — 1 and F_,, = (—1)""'F,, we get

Iy = 2F i1 —1=2(-1)"F,_; —1

(1) (In—2 + 1) — 1.

8 Sums

The following Corollary gives sum formulas of Fibonacci and Lucas numbers.

Corollary 27. Forn > 0, Fibonacci and Lucas numbers have the following properties:
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(a) Sp_oFx=2F,+F,_; — 1.
(b) o For =2Fs, — Foyo — 1.

(¢) YiioFors1 =2Fonq1 — Foy.

(a) Yo Lk =2Ln+Ln-1—1.
(b) oji_o Lot = 2Lan — Lan-2 + 1.
(¢) >ioLokt1 =2Lopi1 — Loy—1 — 2.
Proof. It is given in Soykan [20, Corollary 4.5.]. O

The following Corollary presents sum formulas of modified Leonardo, Leonardo-Lucas and

Leonardo numbers.

Corollary 28. For n > 0, modified Leonardo, Leonardo-Lucas and Leonardo nmumbers have the following

properties:
1.
(a) ZZ:O Gy =3F,41+2F,—3—n.

(b) ZZ:O G = 2F5n41 + Fop, — 2 — .

(c) ZZ:O Gopy1 = 3Fony1 +2F5, —2 —n.

2.

(a) ZZ:O Hy=2L,+ L1 +n.

(b) > o Hok =2L2n — Lop—2+2+n.

(C) ZZ:O H2k+1 = 2L2n+1 — Lop_1 —1+n.
3.

(a) ZZ:Q lk = 4Fn+1 + 2Fn —3—n.
(b) ZZ:O log = 2(Font1 + Fon) — (n+ 1).

() Yop_olon+1 =4Fonq1 + 2Fs, —3 —n.

Proof. The proof follows from Corollary 27 and the identities (2.9), (2.10) and (2.11), i.e.,

G” = F"L+2 - 17
H, = L,+1,
ln = 2Fn+1 —1. |:|
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The following Corollary gives sum formulas of squares of Fibonacci and Lucas numbers.
Corollary 29. Forn > 0, Fibonacci numbers and Lucas numbers have the following properties:
(@) Yoo Fi =2F - F , +(-1)".
(b) Yoh—oLi =2L7 = L7 —5(-1)" +2.

Proof. It is given in Soykan [21, Corollary 2.3.]. O

The following Corollary presents sum formulas of squares of modified Leonardo, Leonardo-

Lucas and Leonardo numbers.

Corollary 30. For n > 0, modified Leonardo, Leonardo-Lucas and Leonardo numbers have the following

properties:

(@) Y Gi=F2 4+ 2F2+4F,Fy41 —6F, 41 —4F, + (-1)" +4+n.
(b) ¢ H} =212 —L2_ +4L, +2L, 1 —5(-1)" +1+n.

(b) Yholi = AF; +8F,Fyp1 —8F1 — 4F, +4(=1)" +5 +n.

Proof. The proof follows from Corollary 29, Corollary 27 and the identities (2.9), (2.10)
and (2.11). O

The following Corollary gives sum formulas of cubes of Fibonacci and Lucas numbers.
Corollary 31. Forn > 0, Fibonacci numbers and Lucas numbers have the following properties:
(@) Yop_oFP = 55(25F2 +5F3_ | +3(=1)" (9F, — Fy_1 — 4F,11) + 10).
(b) ko Li = $(OL] + L1 +3(=1)" (4Lnt1 = 9Ln + L) + 38).

Proof. It is given in Soykan [22, Corollary 2.3.]
The following Corollary presents sum formulas of cubes of modified Leonardo, Leonardo-

Lucas and Leonardo numbers.

Corollary 32. For n > 0, modified Leonardo, Leonardo-Lucas and Leonardo numbers have the following

properties:

(@) Y oG =3(9F3, | —12F2 | +8F3 — 24F2 + 9F,F2 | + 15F2F, 41 — 48F, F 41 + 36F,, 41 + 24F, +
3(—1)(=Fpy1 +2F, —4) — 18 — 4n).

(b) Y o HP = 2(5L3 42402+ L3 | —12L% | +24L,+12L,, 1 +3(—1)"(4Ly 41 —9Lp+ Ly, 1 —20)+54+4n).

(¢) S o3 =10F3 , +8F3 —12F2 — 6F,F2, | + 6F2F, 1 — 24F,F, 4 + 12F, 11 + 6F, 4 6(—1)"(2F, —
Foy1—2)—3-n

Proof. The proof follows from Corollary 31, Corollary 29, Corollary 27 and the identities
(2.9), (2.10) and (2.11). O
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9 Matrices Related With Generalized Leonardo numbers

We define the square matrix A of order 3 as:

2 0 -1
A=110 0
01 0
such that det A = —1. From (2.1) we have
Vs 2 0 -1 Vit
Va 0 1 0 V-1

and from (1.6) (or using (9.1) and induction) we have

Vn+2 2 O 71 VQ
Vn+1 = 1 0 0 V1
Vi 01 0 %
If we take V = G in (9.1) we have
G2 2 0 -1 Grnt1
G, 01 0 Gn-1

We also define
Gn+1 *Gn—l *Gn

Bn = Gn _Gn72 _anl
Gn—l _Gn—3 _Gn—2

and
‘/n+1 —Vn—1 *‘/n

C’ﬂ: Vn —Vn-2 “—Vn-1
anl —Vn-3 T Vn-2

Theorem 33. For all integer m,n > 0, we have
(a) B, =A"
(b) C1A™ = A"C4

(C) O7L+7n - Can - Ban-

79



Soykan, Y.

Proof. Take r =2,s =0,t = —1 in Soykan [18, Theorem 5.1.]. O

Some properties of matrix A™ can be given as
A" = 2An—1 _ An—S
and
and
det(A™) =1
for all integer m and n.

Corollary 34. For all integers n, we have the following formulas for the modified Leonardo, Leonardo-

Lucas and Leonardo numbers.

(a) Modified Leonardo Numbers.

n

2 0 -1 Gpi1 —Gn1  —Gn
A" = 1 0 0 = Gn 7Gn_2 *Gn—l
0 1 0 anl _Gn73 _Gn72

(b) Leonardo-Lucas Numbers.
9H, 3 — 6Hypio — 8Hn1  —(9Hny1 — 6Hy — 8Hp_1)  —(9Hpio — 6Hpi1 — 8H,)
Av=1 9H,,, —6H, 1 —8H,  —(9H, —6H,_, —8H, 3) —(9H,41 —6H, —8H,_1)
(9H,+1 — 6H, —8H,_1) —(9H,—1 —6H,,_o—8H,_3) —(9H, —6H,_1 —8H,_>)
(c) Leonardo Numbers.
iy + 2nin + ot — (st + 2 A las1)  —(—lngs + 2t + 1)
—lpao+ 21 +1n —(=lp+2lp—1+1li—2)  —(=lpg1 + 20, + 1)
g1+ 2l o1 = (o1 + 22 +ln—3) —(=ln +2lp—1 +1—2)

An =

I

Proof.
(a) It is given in Theorem 33 (a).
(b) Note that, from Lemma 14, we have
5G,, = 9H, 42 —6H, 11 — 8H,.
Using the last equation and (a), we get required result.
(c) Note that, from Lemma 15, we have
2Gy = —lpgo + 21 + 1.

Using the last equation and (a), we get required result. O
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Using the above last Corollary and the identities (2.9), (2.10) and (2.11) we obtain the

following identities for Fibonacci and Lucas numbers.

Corollary 35. For all integers n, we have the following formulas for Fibonacci and Lucas numbers.

(a) Fibonacci Numbers.

2 0 -1 Fn+3_1 - n+1+1 - n+2+1
A=1110 0 =| Fopo—1 —F,+1 —Fui+1
0 1 0 Fn+1 -1 - n—1 +1 _Fn +1

(b) Lucas Numbers.

n

2 0 -1 3Lnio+Lni1 —5 —3Ln—Ln 145  —3Lpi1—Ln+5
A"=11 0 0 =+| B3Lpp1+Ln—5 —3Ln1—Lno+5 —3L,—Ln1+5
01 0 3Ln+Lp1-5 —3Lpo—Ly3+5 —3Lp_1— Ly 2+5

Theorem 36. For all integers m,n, we have
Vn+m = VnGm+1 - anlefl - Vn72Gm (93)

Proof. Take r =2,s =0,t = —1 in Soykan [18, Theorem 5.2.]. O
By Lemma 11, we know that

Vo+ Vi = W) (VE = V2 = VE = VoVi — VoV + 3V1V5)G,,

= —(V§ =27 + ViVa)Vara + (V5 + VoW1 = 2ViV) Vs + (= V7' + Vo V) Vi,
so (9.3) can be written in the following form

(Vo + Vi = WV) (Vi =V =V — VoV — VoVa + 3ViVa) Vi
= Vu(—=(V§ =2V + ViVa) Vs + (V3 + VoVi = 2ViVa) Vigo + (= VP + VoVa) Vingr)
Vo1 (~(VE = 2V + ViVa)Vinsa + (V&2 + VoVi — 2ViVa) Vi, + (= V2 + VoVa) Vi—1)

Va2 (=(Vg = 2V2 + ViVa) Voo + (V5 + VoVi = 2ViVa) Vi1 + (= V32 + Vo Vo) V).
Corollary 37. For all integers m,n, we have

Gner - GnGm+1 - anlefl - Gn72Gm7
Hn+m - HnGm+1 - Hn—le—l - Hn—QGnLa

ln—i—m = lnG7n+1 - ln—le—l - ln—ZGma
and

5Hpmin = —Hp(—9H 4 3+6H 0+ 8H 1)+ Hp 1 (—9H 1 +6Hpy+8Hyy 1)+ Hy—2(—9H 0+ 6 Hpp i1 +8Hpy ),
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and

2lm+n - Zn(_lm+3 + 2lm+2 + lm+1> - lnfl(_lm+1 + le + lmfl) - ln72(_lm+2 + 2lm+1 + lm)
Taking m = n in the last corollary we obtain the following identities:

G2n = Gn (Gn-i-l - Gn—2) - GQ

n—1»
H2n = HnGnJrl - anlanl - Hn72Gn;
lQn = lnGnJrl - lnflanl - ln72Gn7
5Hy, = H,(9H,43 —6H, 1o —8H, 1 +6H, 1+ 8H, )

+H,_1(8H,—1 —9Hy11) + 3Hy—2(2Hp 11 — 3Hp42),
2l2n = _li_l + ln(_ln—&-S + 2ln+2 + ln—i—l - zln—l - ln—2) + ln—i—l (ln—l - 2ln—2) + ln+21n—2-

Taking m =n + 1 in the last corollary we obtain the following identities:

Gont1 = G Gpio—Gpo1Gy — Gp_oGpy,
Hopny1w = H,Gnyo—H, 1G, — H, 2Gpq1,
lont1 = nGnya —ln1Gy — 1y 2Gpya,
SHone1 = Hp(9Hpis — 6Hpss — 8Hypio + 8Hy 1)

+2Hn+1(4Hn72 + 3Hn71) + 3Hn72(_3Hn+3 + 2Hn+2) - 9Hn71Hn+27

212n+1 = _ln(ln+4 - 2ln+3 - ln+2 + lnfl) - Zn+1(lnf2 + 2ln71) + ln+2(ln71 - 2ln72) + ln+31n72~
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