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Abstract

Cholera is an infectious disease caused by the bacterium Vibrio cholerae rampant in countries with inadequate
access to clean water and proper sanitation. In this work a mathematical model for cholera incorporating the
dynamics of the induced achlorhydria condition and treatment is analysed. Michaelis-menten equation in
microbiology is used to show variation in pH level of the hydrochloric acid in the digestive system. Vibrio
cholerae are acid labile and thrive well in alkaline medium. Once the gastric pH is raised by factors like
antacid drugs or surgery the stomach medium become suitable for Vibrio cholerae to thrive and multiply very
fast than healthy people. This lead to cholera transmission as the infected individuals with induced
achlorhydria condition shed more folds of Vibrio cholerae to the environment. If individuals with achlorhydria
condition are treated, the effect of cholera outbreak is reduced. The existence and stability of the equilibrium
points is established. Analysis of the model show that the disease free equilibrium is both locally and globally
asymptotically stable when the basic reproduction number is less than unity, while the endemic equilibrium is
locally asymptotically stable when the reproduction number is greater than unity. Numerical simulations is
done using MATLAB software to show the effect of the induced achlorhydria condition on the spread of
cholera and individuals with this condition suffer severe infection during cholera outbreak.
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1. Introduction

Modelling is a technique for simulating real-life situations with mathematical equations in order to predict future
behavior by generating a simplified representation of a real system [1]. Modeling of infectious diseases is a tool that
have been used to study the mechanisms by which diseases spread, predict the future course of an outbreak and
evaluate strategies to control an epidemic [2]. Studies of the emergence of infectious diseases are likely to become
increasingly important with increase in human and livestock population and increasing stress placed on aquatic
reservoirs [3].

Cholera is a public health issue most of the time occurring in the African continent [4]. Access to clean water through
improved water network systems and sanitary facilities therefore remains the most effective means of preventing
cholera outbreaks [5]. Studies of gastric acidity and cholera are of interest, Vibrio cholerae is a very acid-labile
organism and it has been proposed that normal gastric acidity presents a barrier to the establishment of intestinal
infection [6]. Several models have been formulated and analysed to explain the dynamics of cholera transmission. [7]
Studied cholera dynamics with prevention and control, therapeutic treatment was in form of administration of
antibiotics or re-hydration salts, vaccination and therapeutic treatment were incorporated as prevention and control
strategies against cholera transmission, according to this study availability and potency of these interventions were
capable of averting 120 000 deaths due to cholera.

[8] Developed a model on mathematical assessment of the role of environmental factors on the dynamical
transmission of cholera, the objective was to investigate the impact of environmental factors on the dynamical
transmission of cholera within a human population on the persistence of the disease. [9] Discussed a model on
cholera with hyper infectious and hypo infectious vibrios, in which both humans and environment to humans
transmissions were considered. A combination with quarantine, sanitation, vaccination and treatment strategy is more
efficient to prevent, control and eradicate cholera. [10] Developed a model considering optimal control of cholera on
presence of asymptotic transmission and control interventions (social mobilization, drug/oral re-hydration solution
and safe water), the goal was to develop (deterministic and stochastic) mathematical models of cholera transmission
and control dynamics with the aim of investigating the effect of the three control interventions against cholera
transmission in order to find optimal control strategies. It was advised that the use of multiple control interventions
be adopted for cholera in areas where there were sufficient resources. However, in areas where there are limited or
lack of resources, it was advised that treatment of the asymptomatic individuals with drug or administration of oral
re-hydration solution to the infected should be used.

Achlorhydria refer to condition in which production of hydrochloric acid in the digestive system is respectively absent
or reduced, it is usually secondary to an underlying medical condition. Stomach pH in fasting, healthy people is
between pH 2.5 and serves as a barrier to food-borne pathogens[11]. Vibrio cholerae survived well in normal gastric
juice when the pH was adjusted to neutrality but were rapidly killed at pH values less than 4.8 [6]. There is evidence
that patients with hypochlorhydria or achlorhydria or who have been treated with proton pump inhibitors or H-2
receptor antagonists are more susceptible to Vibrio cholerae than healthy persons [12]. Proton pump inhibitors are
available increasingly without prescription, so that people can self-medicate without realizing that this might mean an
increased risk of cholera disease. In a study conducted in the USA, adult volunteers experimentally challenged with
virulent strains of Vibrio cholerae only developed cholera after the gastric pH in the volunteers was raised by antacid
drugs [13]. In this paper, we seek to understand the effects of the induced achlorhydria condition on the transmission
of cholera.

2. Model Formulation

The model is adopted from the classical SIR model. The model describe the transmission of cholera incorporating
the dynamic of the induced achlorhydria condition and treatment. The total population is denoted as N which
subdivide into the following classes, (S) as the susceptible individuals, (I..) the cholera infected individuals, ({.,) the
cholera infected individual with induced achlorhydria condition, (7) those seeking treatment for cholera and (R)
individual who have recovered from cholera (S, I, I.., T,, R). The main feature of the model is that the force of
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infection, A is obtained by mass-mixing of individuals in a population, 3 infection rate is also considered. Infected
individuals who joined the class I.. can progress into I, due to implications of the induced achlorhydria condition or
may die out naturally. After progressing into this group and treatment of achlorhydria is done or correct mechanism
by enhancing production of hydrochloric acid is done individual progress to (7,) where they seek treatment for
cholera at a rate «. Individuals recover from cholera and join class (R) and return to susceptible class (S) after
gaining temporal immunity against cholera. The next-generation matrix is used to derive the basic reproduction
number, for a compartmental model of the spread of infectious diseases in population dynamics, it is used to compute
the basic reproduction number for structured population models.

2.1. Model Assumptions

i. We assume the people under treatment have lower infectivity and death rate as it’s believed treatment
significantly lower transmission and death rate of cholera.
ii. All people have equal chance of contracting cholera.
iii. Uniform mass mixing of population is considered.
iv. The population is considered to be homogeneous.
v. Individuals infected with cholera and have induced achlorhydria condition contribute more to the force of
infection than those individuals infected with cholera alone and those at treatment class.

Table 1. Model Variables

Variables Description

S(t) The number of susceptible individuals in a population at time t

I.(t) The number of cholera infective in a population at time t

I (t) Individuals infected with cholera and have induced Achlorhydria condition at time t
T.(t) The number of cholera patient seeking treatment at time t

R(t) The number of recovered individuals at time t
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Table 2. Model parameters

Variables Description

T Rate of recruitment into the susceptible class (S)
m Net natural death rate of the individuals

A Transmission rate/force of infection

a Rate of seeking treatment for the infected class
o Death rate due to cholera infection for the treatment class
601 Death rate due to achlorhydria condition

w Rate of recovery for the treatment class

o) Rate of disease recovery rate

Ap Low pH concentration

Ap High/normal pH concentration

Vimaz Maximum acid concentrations

K Acid Constant

B Infection rate

N Total population

2.2. Model Equation

ds

= =T+ R —puS = AS (1)
dl, A

o =AS = ple —ale =61l - vnmmh 2)
dIcr AL AH

:Vmamilc - Icr - 96 Ic’r - Vmamilcr 3

dt Ky + A # ! Ky + Al ©)
aT. Ay

E —Vmaxm—[cr + aIc 52Tc MTc WTC (4)
dR

E =wT, — ,U/R - d)R (5)

2.3. Positivity of solutions

Theorem 1:
We prove that all solutions of the system of equations (1-5) with positive initial data remained positive for time ¢ > 0.

Proof:
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We take the system of differential equations (1-5) and it follows directly from the first equation that;

ds

22 —r 4+ R — puS — \S

dt

Considering the negative term only we have;

By separation of variables and integration, we have;

/%Z/—(M'F)\)dt

lnS(t):/O —(p+ N)ds

S > elo ~(mFN+C

S(t) > 5(0) /Ot (i A(s))dt > 0.

clearly;

S(Q)efJ —(utA(s)ds 5

is non-negative function of t, thus S(t) stays positive. Similarly, by integration and applying the initial conditions, the
positivity of I, (t), I (t), T.(t) and R (t) are proved along the same lines as S (t) accordingly, from the system of

equations (1-5), it can be shown that,

Lep(t) = Ler(
Te(t) =

T(0)e
R(t) > R(0

A
I (0)67[M+a+51+v"Law TJEAL]IC >0

A
0)6—[H+951 +Vimax ﬁ] >0

[52+#+W] c > O

“letelR 5

This holds the claim of the theorem for positivity of solutions for the system of equations (1-5). Therefore, S (t), I.(¢),

1. (1), T, (t) and R (t) stays positive for all future time.

2.4. Boundedness of the system

Let the feasible region be defined by;
Q= 5(t), 1c(t), L (1),

T.(t) and R(t), with the initial conditions S(0) > 0, I.(0) > 0, I.-(0) > 0, T..(0) > 0 and

R(0) > 0. The region €2 is positively invariant and attracting with respect to the system of equations (1-5) for all

t> 0.
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ﬂfﬁﬂfc dI., ch+@
dt  dt = dt dt dt dt’

In the absence of infection, there are no recovery. Then, initially N (0) = S (0)

solving the differential equation, by separation of variables

dN
T — uS

dN
< [ dt
/W—MS’*

-1
—lIn|r —pS| <t+ A
W

=dt

integrating the differential equation

In|m — pS| > —p(t + A)

T — /J/S 2 e—,ute—,uA

where,

et =C
m—uS > Ce M. AtN(0)= Ny iet=0,N= Ny
™ — ulNg =C.
By rearranging and simplifying

As t — o0, the population size N — ﬁ and this implies that;

0<N < Zand N < 7, therefore 2 = {S(t), Ic(t), L, (1), Te(t), R(t) € R%;N < % }- This proves the boundedness
of the solutions inside €2, it implies that all solutions of our system (1-5), starting in €2 and will remains in (2 for all
t > 0. Thus it is sufficient to consider the dynamics of our system in 2.

2.5. Disease free equilibrium point (DFE)

The disease free equilibrium point (DFE) of the system (1-5) is obtained by setting all the infectious classes,
recovered class and treatment class to zero.

65



Ngari, C., Ngari, C. G., Okongo, M., Ochwach, J.

We obtain,;
d
d—f:erququ—)\S
0=m+¢R—puS—AS
s0="
1

The DFE point for the system is given by,
E% = (8% 10,1°.T% RY) = (%,0,0,0,0).

The DFE point (E°) is the infection free equilibrium point of the system (1-5), which is numerically illustrated in
figure 1.

Total infected Populations

L . L | | J
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time t (in days )

Figure 1. Total cholera infected individuals with time.(DFE).

2.6. Computation of basic reproduction number

Using the notation f for a matrix of new infection terms and v for the matrix of the remaining transfer of infection

terms. In this system, we got,
AS
=10
0
(—:M + 61 + o+ Vmawﬁ)lj
V= *Vmaxmlc + (p, + 961 + VmaxT_fAH)Icr
-V I —al.+ (00 + p+w)T,

H
mar Ky +An

We obtain the matrices F and V by finding the Jacobian matrices of f and v evaluated at DFE respectively to obtain,

BS®  BniS°  Bnes°®

N N N
F=1 0 0 0
0 0 0

Let Q= Umaz ﬁs R= Vmaxﬁ and L=52 —+ i + w
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(+u+d1 +a+Q) 0 0
V= -Q +(p+65,+R) 0
—a —R L

B
Q+a+pu+ 51)+
QBm 4
NQ+a+p+01)(R+ p+661)
Bn2(—QR 4+ Ra + afdy)
NQ+a+pu+6)L(R+p+66)

-1 _
A% =N

pm B Rpny,
NR+p+66) NLR+p+66
Bn2
—,(0,0,0),(0,0,0
) NL?( ) ) )7( b ) )
Finding the eigen values of FV ~! we obtain;
X1=O
X9=0
B
X3 = n
PTNQFa+pu+oy)

QBm +
N(@Q+a+p+01)(R+p+06)
Bn2(—QR + Ra + ap + abdy)
N@Q+ a4+ p+061)(p+w+02) (R4 p+ 001)

which is the spectral radius/dominant eigen value [ Rp]. In general, a value of Ry < 1 implies that each individual is
only able to infect less than one individual on average, so that the disease will die out hence the disease free equilibrium
will be locally and globally asymptotically stable. A value of Ry > 1 implies that each individual is able to infect
more than one individual on average and the disease is expected to persist in the population.

2.7. Existence of Endemic Equilibrium Point

For the sake of analysis let
Ar
Q :Vmamilc

! Ky + Ag
Qo=—(p+a+d+Q)

Ag
Q :Vmaasi
3 Ky + Ay
Q4 =u+ 06, + Q3
Q5 :52 + 12 +w
Qs =p+¢
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our new equations reduces to:

ds

= =T+ ¢R — S —AS 6)
dl.

7 AS — Dol (7
dl,

dt :Qllc - Q4Icr (8)
dT,

dt =03l + al. — Q5T 9
dR

(1)

Our new expression for reproduction number is given as:

R*:SOB SO8mQy  SaBne  SOBna01Qs
O7 NQy ' NQQs | NOQQs  NQQQs

Solving reduced equations in terms of A\ we obtain;

71')\(9193 + 0694)96

Te=- Apw Q1 Q3 4+ Qy(addw — (A + 1) Q2Q506)
I —_ 7T)\919596
o Apw1 Qs + Qg (argw — (N + M)QQQ5QG)
L A5 Q6
T Aw(Q103 4+ ) + (A + 1) 22240506)
S —_ WQQQ4Q5Q6
)\gbw(Qng + QQ4) + ()\ + M)QQQ49596)
R— 71')\&](9193 +OéQ4)

AW Qs + Q(addw — (A + 1)Q29506)

by substituting force of infection, we have;

( B (21823 + afly) + (M + 24)025)Q
NA(wang + NQ4(QA¢W - (/\ + ‘LL)QQQE)QG)

) =0

Case 1: either A = 0 which correspond to disease free equilibrium point.
or
Case 2:

7B(n2(Q1Qs + afdy) + (M1 + Q) Q25)Q6

=0
N/\qbwﬂlflg + NQ4(O{)\(Z)(,<) - ()\ + /J)QgQg,Q(j)

1+

which corresponds to E.E.P. That is

(mBn2 (12 + afly) + (7B + (18 — N pf2)24)25)

)\ =
—N(bw(Qng + 0494) + NQQQ4Q5QG
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expressing A in terms of R}, we obtain;

= (—ﬂ'Rz + SOM)QQQ4Q5Q6(M)
B SO(¢UJ9193 + Q4(OZ¢UJ - QZQBQG))N)

Case 1: suppose N > 0 then M > 0 for A > 0 which implies that
—Ry 4+ 8% >0
but
S0 =~
I
—TRy+m >0
m(—R5+1) >0

butw # 0, —R§ + 1 > 0, R < 1 which show that the disease will die out hence disease free equilibrium point exist.

Case 2:
If N <0,then M < for A >0

—mRy+S%u <0

g0="T
I
—TRy+m <0

m(—Ry+1) <0

but 7 # 0, —Rj < —1, R > 1 which show that the disease will persist hence endemic equilibrium point (E.E.P)
exist and this complete the proof. The exact E.E.P are determined by substituting A in the reduced equation to obtain;

Br(RE — 1)(m2821Q3 4+ afdy) + (m Q1 + Q4)Q5)Q6

R=- NR6(¢WQng + Q4(a¢w - 929596))
1 0

S :RS S

;o m(Ry — 1)

¢ R (¢wQ1Q3 + Qu(agw — Q2050))
o m(R; — 1)1 Q2506

°r R5(¢w9193 + Q4(a¢5w — 929596))
TC _ W(Ré - 1)(9193 + 0494)96

T Ry (0w s + Qu(adw — 25950))

the endemic equilibrium point is numerically illustrated in figure 2.
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Total infected Population

0 500 1000 1500 2000 2500 3000 3500 4000
Time t (in days )

Figure 2. Total cholera infected individuals with time.(EEP).

2.8. Local Stability of the disease free equilibrium point (D.F.E)

Theorem:
The D.EE is locally asymptotically stable whenever R < 1
Proof:
Determining jacobian matrix of our reduced equations as follows;

fi=nm+ R —uS—AS
Ja =AS = Qaol.

f3 =1, — Qul.,

Ja =Qslr +al. — QT
fs =wT. — QR

Determining the jacobian matrix at D.F.E we obtain;

—H -8 —Bm —pne @
0 B—Q pBm P 0

0 0 —Qy 0 0
0 [0 Q3 —Q5 0
0 0 0 w —Q

through inspection we obtain following eigen values which are negatives

X1 = —HM
X2 =~
the matrix reduces to;

B—Q2 Bm Bna
0 -y 0
« Qd —Q5
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we shall determine signs of the remaining eigen values using Routh-Hurwitz criterion. The characteristic function
|A — X,I| =0, with i=3,4,5

X? + X,?QQ — BXZQ + X,?Q;; + X,?Qg; — OZBUQXi — ﬂT}legl — /87’29193 — O[/BT]QQ4 — 6XZQ4 —+ XiQQQ4 —
BXis5 — 121025 — X Q205 — 8R40 + X405 + Q20405

by Routh-Hurwitz criterion for determining the negatives real signs of the eigen values of the cubic polynomial are;
A3 + a10% + ag\ + as with conditions:
a1 > 0,a1ae2 > a3 >0

from the characteristic polynomial the values of a1, a2 and a3 expressed in terms of R are;

_ _ NRSQ4Q5
ar = Qa+ Qs + Qo1 = goporosFan) T ooy
. _ NREana Qs B NREm Q100495 _
ag = QQQ4 + 9295 SOn2(Q1Q3+aQ4)+S0 (11921 +Q4)025 S0n2 (Q1Q3+a24)+S0 (11921 +Q24)Q5
NR;Q2Q402

S0n2 (Q1Q3+a4)+5°(11Q1+Q4)Q5

N Ryn2821 Q28030405

SO (1903 + afy) + SO(m Q1 + Q)25
NRSomgQQQﬁQ5

S0y (4 Qs + afy) + SO + Q4)s
NR;11 190,02

S0 (R + afl) + SO(mQy + Q) Qs

NR;Q,0202
S0y (s + afy) + SO + Q4)

as = 929495 —

the condition necessary for a; to be positive

SO(n2 (193 + afy) + (M + Q) Q5
NQ.0s)

R} <

Ry = (NS5 (2193 + o) + (021 + Q) Q5) (m Q0 (Q2 + Q) + (Q + Q5) (292 + Q4 + Q) +
m (= + Qs + Qs))) — /(N2 X?Q30302 (1203 + o) + (M + Q)2((QF + mQ (2 + Q) — QF)? +
77%(9193 — a(QQ + 95)2 + 2772(77191(92 + 94)(—9193 + Oé(QQ + Q5)) — (Q4 + Q5)(Q(Q4 — Qs)(Qz + Qs) +
2193(2Q0 + Qu +Q5)))))))/ (2N*QQ3Q2 (an2 + m Q1 + Qu + Qs5))

RS = (NSOQQQ4Q5(7)2(9193 + OZQ4) + (7]191 + 94)95)(7’]191(92 + 94) + (Q4 + 95)(292 + Q4 + Q5) +
12 (= Qs + (D + 05))) + /(V2(S9)? Q30302 (12 (0 Qs + o) + (1 + Q4)Q25)2 (23 +m 21 (Q2 + Q) —
Q%)Q + n%(Qlﬂg — a(Qz + 95))2 + 27)2(77191(92 + 94)(—9193 + a(QQ + Q5) — (Q4 + Q5)(O¢(Q4 — 95)(92 +
Q5) + 21Q3(2Q2 + Qu + Q5))))))/ (2N?QQLQE (ame +m Q1 + Q4 + Q5)))

2.9. Global Stability of the disease free equilibrium point (D.F.E)

The global stability of disease free equilibrium is investigated using Metzler matrix stability method proposed by
[14]
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— =F(X.2) (12)
% =G(X,Z),G(X,0) =0 (13)

where:X = (S,R) € R denotes noninfectious cholera compartments and Z = (I, I.,;,T.) € R% denotes the
infectious cholera compartment Fy = (X*,0) represents the disease free equilibrium of the system if this point
satisfies following condition:

i.% = F(X,0), where X* is globally asymptotically stable.
ii.22 = D;G(X,0)Z — G(X,Z) > 0 forall (X,Z) € €, then we can conclude that Ej is locally asymptotically
stable if the following theorems holds:

Theorem:
The equilibrium point Ey(X*, 0) of the system (12-13) is globally asymptotically stable if R < 1 and the conditions
(i) and (ii) are satisfied, otherwise unstable.

proof:
Let X=(S,R) and Z=(I, I..,, T..), be the new variables and the sub systems of the system model (1-5). From equation
(12-13) two vector functions G(X,Z) and F(X,Z) we consider reduced systems,

FX,0= (" _O“S

It is noted that this is an asymptomatic dynamics system indepedence of the initial condition in (2; therefore, the
convergence of the solutions of the reduced system (12-13) is global in 2 by computing:

G(XZ) = DzG(X*,0)Z — G(X Z) )
G(X,Z) > 0. Now let A=DzG(X*.0), which is the jacobian of G(X, Z) taken in (I, I..,T.) and evaluated at
(X*,0), such that the matrix A is given by;

B—Q2 Bm Bne
A= | O - 0
« Qg —Q5
the values for G/(X, Z) is given by matrix

Tcﬁnl + Icrﬁnl + Ic(ﬁ - QQ)
AZ= Ie(Q1) = I
IcOé + ICTQg — TCQ5
~ (1- %)6(10771 +Te+ Lern2
G(X,Z)= 0
0

Therefore if G(X, Z) > 0, then the disease free equilibrium, (E;) is globally asymptotically stable otherwise it’s
unstable. Since S < N, % < 1,thus G(X,Z) > 0forall X, Z Ei, then, the disease free equilibrium will be globally
asymptotically stable. It’s clear that matrix A is an M-matrix since the off-diagonal elements of A are non-negative.
Therefore, this proves that G.D.F.E is globally asymptotically stable. This completed the proof. This result show that
cholera would die out whenever Rj; < 1 irrespective of the initial conditions.

2.10. Bifurcation analysis

The bifurcation analysis can be explored using center manifold theorem [15]. The change of variables is made first
for simplicity. Let S=y1, I, = o, I, = y3, T. = y4 and R = ys. Further, by using vector notation,
y=(y1, Y2, Y3, Y4, Ys), the cholera model (6-11) was written in the form % = F(y), with F=(p1, p2, p3, p4) as follows:
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Y2 + Mys + N2y
5( )yl

Y1 =Pp1 =T+ QY5 — 1y1 — N (14)
) + iy +

Y2 = p2 =P (v 771?\:; 772y4)y1 — Qoyo (15)

Yz = p3 =1y2 + aye — Qsyy (16)

ya = pa =03y3 + oo — Qsyy (17

Ys =wys — QY5 (18)

(19

where, \* = (8 w) The method entails evaluating the jacobian of the system (14-19) at D.FE,
E?=(8%1.°1,.°T."° R% = (3:0,0,0,0), denoted by J(E?), we obtain

- =B =B'm —Bn @
0 B*=Qy p'm  B'm 0

JEV=10 921 —Qy 0 0
0 « Q3 795 0
0 0 0 w —Qg
we consider the case where Rj; = 1. Suppose 8 = 8* chosen as a bifurcation parameter then solving for 8* from
Rf, =1 gives:
B = N, 0405
SO (n2Q1 Q3 +an2Q4+11021 Q5 +Q24Q5)
The Jacobian of;

g—g = F(y) at the disease free equilibrium point, with 3 = 3*, denoted by J(E?), has eigen values (—u, —g) the
matrix reduces to.

= [r'm B
0 —Qy 0 in which one of the eigen values must be zero. Hence the centre manifold theorem is
« 93 —Q5
used to analyze dynamics of the model. The theorem by [14], considered the following general system of ordinary
differential equations with a parameter 5*

Y = f(y,B),f: R" x R — R"and f € C*(R? x R) where 0 is an equilibrium point of the system (that is,
f(y,8*) =0and

1) A = Dy f(0,0) = (%), is the linearization matrix of the system around the equilibrium O with 8*
evaluated at O; '

2) Zero is a simple eigenvalue of A and all other eigenvalues of A have negative real parts.

3) Matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalue. Let pj, be the
kth component of p and

Pk
a= Z VRl Uj -(0,0)
kyij—=1 0y:0/3
- Pk
kyij=1
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then the local dynamics of the system around the equilibrium point (0,0) is totally determined by the signs of a and
b.
Particularly when:

i. @ > 0andb > 0, when $* < 0 with |5*| << 1, (0,0), is locally asymptotically stable and there exists a positive
unstable equilibrium; 0 < S* << 1,(0,0) is unstable and there exists a negative and locally asymptotically
stable equilibrium.

ii. a < 0and b < 0 when 8* < 0 with |3] << 1,(0,0), is unstable; when 0 < 8 << 1, (0,0) is asymptotically
stable and there exists a positive unstable equilibrium.

iii. @ < 0and b > 0, when 8* < 0 is unstable, and there exists a negative and locally asymptotically stable
equilibrium; when 0 < 8 << 1, (0, 0) is stable and there exists a positive unstable equilibrium.

iv a < 0 and b > 0, when 8* changes from negative to positive, (0,0) changes its stability from stable to unstable.
Correspondingly a negative equilibrium becomes positive and locally asymptotically stable.

a < 0and b > 0, then a backward bifurcation occurs at 5* = 0 [16]. Jacobian [J(EY)] at 3 = 8* (denoted by .J5) has

aright eigen vector given by u= [u1, ug, us, u4, us|’, let ug = ug > 0, then

—B%uy — B nuz — Brnguys + us <

Uy = 0
u
s :—(ﬁ mus + B n2us) -0
B =
Q
Uz = 142 >0
4
Q
Uy _ QU2 T sUs + ity >0
(0%
wlg
=——>0
us QG

Further, JE has a left eigen vectors v=[vy, va, V3, V4, V5] let vy =v; =0

(v3 + v40)

Vo = — /8*—92 >0
* Q
ng—ﬁ v+ v 150
Qy
*NoUg + Usw
0427577255 5 >0
o
=—>0
Vs QG>
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dpy - B(y2 + mys + M2ya)

dy: N
Ppr B
dyidy, N
dp1 _ B(y2 + mys + n2ya)
ay M7 N
d?py _ @
dy1dys B N
ap _ By + mys + n2ya)
dy 1T N
d*py _ @
dyidys N
dpy :5(92 + mys + n2y4)
dy: N
d*py _B
dyrdys N
@ :5(y2 +Mmys + n2ya)
dyr N
d?py _Bm
dipndys N
dpy _ B(yz +mys + n2ya)
dy: N
d*p _Bn2
dyrdys N

a=uv[- QUIUQN — 2uyug 5 B oy U4Bn2] + v2[2u1u2N + 2urus 5 Bm 9y, u45772]

butvy =0
dpr B2+ mys + 1294)
dy K N
d*py __ (g2 +mys +moya)
dy1d* N

at disease free equilibrium(0,0), yo = y3 —y4+ =0
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at D.FE0,0), y2 =ys =94 =0

niyi

b:U1[—U2yﬁl _U3T — Uyg N

dpy _ _ P
dy2 N
d*p __ 4%
dy2dB* N
dpr _ mBuy
dyg N
d2p1 _ my1
dysdB* N
dpr __ Bran
dy4 N
d’p1 ey
dy4df* N
dp> _ B(y2 + mys + 12ya)
dyl N
Pp1 (Y2 +mys +12y4)
dy1dp* N
d
dp2 _ 5
dy2 N
pr 1
dysdp* N
dp2 _ Bm
dy3 N
d*p _m
dysdp* N
dp2 _ B2
dy4 N
d*pr _N2
dysdf* N

|+ vg[ 2% + 3 . ata]

butv; = 0,b > 0. Hence a < 0 and b > 0, when 5* < 0 with |5*| <<, (0,0) is unstable and there exists a
negative and locally asymptotically stable equilibrium; when 0 < 8* << 1, (0, 0) is stable and there exists a positive
unstable equilibrium. The direction of the bifurcation of system (3.3.1) at Ry = 1 is forward. Since the bifurcation
parameter changes from negative to positive and the disease-free equilibrium changes its stability from negative to
positive. Therefore, there exists a positive unstable equilibrium and locally asymptomatic stable equilibrium.
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2.11. Global stability analysis of the Endemic Equilibrium Point

For the system of reduced equations;

ds
azw—kq&R—uS—)\S (20)

dl,
€ =\S — Q1. 21
7 S 2 21

dl,

=1, — Oyl 22
7 1 4 (22)
d;;C =QO31., +al, — Q5T, 23)

dR
(25)

the control reproduction number(R}), the force of infection (\*), D.FE E° = (S°, 19,1 ,T% R®) = (g, 0,0,0,0)
and EE.P, E* = (S*, I, I%., T, R*) of the system (20-25) were given by;

sterderrden

R*:SOB SOB8mQy  S%aBm SOBna01Qs
O7T NQy ' NQQs  NQQs  NQQQs

and system of equation in (6-11). We propose following Lyapunov function
K(S, I, Ier,To,R) = S — S* — S*Lng- + y1 (I — I} — I} Lnie) + yo(Ier — 17 — I} Ln
TrLnte) +ys(R— R* — R*LniL)

where Y1, Y2, Y3, Y4 Were positive constant to be determined. The Lyapunov function K (S, I, I, T, R) satisfies
the conditions K (S*, I*,I%.,T.,R) = 0 and K (S, I, I, T., R) > 0, hence it’s positive definate for;

y e ter?

1) +us(Te = T2 —

dk(S, 1., 1., T., R)
dt

to be negative definate, it must satisfy,

dk(S*, I*, I*., T*, R*)

y*eter? c? — O
dt
and
dk(S*7I:7I:T‘7T:’R*) <0
dt
the EE.P, E* = (S*, I, I* ., T*, R*) for the system satisfies,
NG = I 27)
QI % =17 * +al, (28)
QT =Q3 1) + all” (29)
Qe R™™* =wT)* (30)
*y(ds IxydI. 157y dler T."ydT. -
dK (S, Ie; Ler, Te, R) = (1 — ST)(%) +u(l- I. )ddIt +y2(l — 75 )% +ys(l - Te )df; +ya(1l - RR )%

substituting for fﬁl—f, %, %, %, % in the equation (26-30) to obtain
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AR (S, 1o Lo T ) = (1= S5+ 9R = 8 = 28) + (1 = IS = 0ake) + 1al1 — f) (Ol ~
Qaler) + ys( 3 )(Q?Jcr - QS ) +ya(l - 7)(WT Q6 R)
dK (S, IC,ICT,TC,RB . . .=

ylAS_ylgl[c_ Tyl)‘s""yl Ic QQIc+y2Q Ic _y2Q4Icr . 1de — Y2 ﬁ;OJc‘f’yz ]i; Q4Icr+y393-[cr+
- y;;%a[c + yB%QSTc + yawT, + yaQeR — ya B w T + ya - Q6 R

T
ysade — ysQsTe — ys =

A\ = B(Ic+7]1]cv‘+7]2TcN _ 5IJCV(S) + 7]1116\;(3) + 7727;\3(5)

I(s) = *ﬁ]f\;(é’) + ylﬂ]{;(s)

Ic’r‘(s) — _ﬁnlj\Ifcr(s) + mﬁm}éa(s)
— T.(s T>(s
To(s) = ﬁn?\f G wﬂn}zv 2(s)

AK (S, Ip, Ier, Tey R) = pS™ 4+ N**S** — ¢S + @R — S + Io(F2 + 1 &) + Lo (A1 4y 1B) 4 T, (02 -

7 5]@2) = S** e N S**¢R + S**u + S % A+ I.(— y1Q1 + 12 + 12 + yza) —
I * QQ +Ic7“( yQQ4 +3/13523) CT OéI +ICT‘Q4+T ( yBQ5 +y4w) 7y3%931cr -

Y3 e T —al, +y3T Qs — yaQ6R — ya B o +y4R**96

let I(s) = (32 + %) =0

I(s)2(y1 —1)=0but I, £ 0,y — 1 =0,y = 1

=18 + Y2 + 21 +ysa =0

— yofly + 93023 =0

— Y385 + yaw =0

R —ysQsR =0

R(¢ —ya8%) =0

but R # 0
ZM:Q%S
— Y35+ grw =0
vs = oo
— o+ §52 =0
_ _¢
3/2—953554

K(S,Ie,Iep, Toy R) = pS* + NS — ¢R™ + ¢R — puS + L(s)(Z2 + 11 %) + Lo (751 + y 18) +
TC(S)(% + %) o L S** o %)\**S** + S ¢S** S**¢R+ S**,u LGN — Q + gwgzgi + g“’gﬁ _
I* AS + I*Q _ gwgz + ?lwgz _ 1 ST " Qsler

I, — Y3 Q5 Q671
¢>**a1 pwT " Qs PR WT, ¢R**Qo
Q506 + Q5Q6 ('ZSR T Q6R +

Pws
QQGJFQG*%T

S** A F* G +¢R+Ic% + ICTA?/Zlﬂ + chjng + S**gs** +S**M+S**)\+ Pw3Q + Pwa + Pw3 +

959594 Q5Q6 QSQ6
* ok (f)w ¢QT Qs *ok

Qn 05" — S 1L~ B 1~ PRI, S — SEAS SR -~ S s - Ll

Iepal,  ¢wQs  dwT " Qaler PpwT " Qaler ¢wT‘ al. ¢R_ SR*FwT,

Ior Q596 QsQ6T.  Q5Q6T. Q59 Qs R

Then % = 0 holds only when (S = S**, I, = I!* 1., = I, T. = T** and R = R** so the maximal compact
invariant set in (S; E; I) € ‘é—;’ = 0 is the singleton E}* using Lasalle’s invariance principal W < 0Oifand
only if P > @ [17]. This result show that cholera would persist whenever P > () irrespective of the initial
conditions.
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3. Simulation parameters of the model

In this section, the Runge-Kutta method is applied in the model equations and there after used to carry out numerical
simulations by fourth order Runge-Kutta method in MatlabR2015a to study the dynamical behavior of the model
state variables in the presence of model parameters. The Runge-Kutta method is a numerical method of solving an
initial value problem of an ordinary differential equations. The numerical simulations are performed using the initial
conditions and parameters in table 3 and the numerical results are presented graphically.

3.1. Normalized sensitivity analysis of basic reproduction numbers

Sensitivity analysis of parameters is carried out using the differential calculus. The analysis involves examining
the parameter which affects the basic reproduction number most. It is commonly used to determine the robustness of
model predictions to parameter values since there are errors in collecting data or pre-assumed parameter values.

Table 3. Parameter values and initial conditions for the model estimated from Marsabit county, Kenya

Parameter Value Source Initial Value Source
conditions

g 10/day [18] N 459785 [19]

m 0.0000913/day  [20] S 361 251 [21]

A 0.0000005 Estimated I. 72202 [21]

o1 0.00000557 [22] Ier 3800 Estimated

« 0.98 [23] Te 11357 [21]

o2 0.0000000446  Estimated R 11175 [21]

01 1 Estimated

w 0.023/day [24]

Ar 0.00001 [6]

Ap 0.0001 [6]

K 1 Estimated

B 0.0000029 Estimated

Vinaz 0.01 Estimated

¢ 0.003 [24]
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Table 4. Sensitivity indices

Parameter sinsitivity index

B +1

72 +0.94437

3 -0.0000001

m -0.00000000278

T -0.00000000097445
@ -0.0555

w -0.00382706

0 -0.0000000000560306
01 -0.000005683

X -1

d2 -0.000001824

3.2. The impact of cholera disease.

Figure 3: Susceptible population increases continously this is because they get recruited into the population through
birth rate. The population then decreases hence forth untill it stabilizes due to infection of cholera and transition
of these individuals to infected class. If the force of infection ()\) is increased the population increases and if its
decreased the susceptible population decreases. The decrease in susceptible populations is also attributed by high

cholera prevalence.

x10°

Susceptible Populations

0000005
000005

Figure 3. population of susceptible individuals with Time

5
Time t (in days )

x10°

Figure 4: Cholera infected individual decreases with time as some individuals are associated with problem of gastric
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acid secretion hence developing achlorhydria condition and leaving the group, some cholera patient seek treatment for
cholera and progress to treatment class while others die due to cholera. Variation in the force of infection show that
if A increase more people get infected with cholera and if it decreases less people get infection. Strategies should be
made to reduce parameters incresing the force of infection.

Byo"

A=0.00000005

L A=0.0000005

s

Infected Populations
N

. . . . . . . . . \
0 1 2 3 4 5 6 7 8 9 10
Time t (in days ) x10%

Figure 4. Population of infected individuals with Time

3.3. The implication of achlorhydria condition.

Figure 5: The population of achlohydria individuals decrease with time, as the achlorhydria condition is eliminated
by initiating more production of hydrochloric acid in the digestive system or through treatment and these individuals
either move to treatment class where they seek treatment for cholera or die due to cholera. Variation in the maximum
acid concentration show that if it’s high then the stomach will have a protective layer against Vibrio cholerae and
development of induced achlohydria condition and if it’s low then the stomach will be suitable for development of
Vibrio cholerae.

4000 —

v, =001
max
V,0=0.02
V. =003
max.

3500

3000

2500

2000

1500

Induced achlorhydria Populations

1000

500

L | i L L . |
40 50 60 70 80 90 100
Time t (in days )

Figure 5. Population of induced achlohydria individuals with Time

3.4. Role of treatment.

Figure 6: The population increase since more individuals are leaving either infected class or achlorhydria class
to seek for treatment of cholera. The population decrease untill it stabilizes as more people recover and progress
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to recovered class. This class has less transmission and death rate due to cholera as it is assumed that treatment
significantly reduces transmission and death rate.

%10°

25

Treatment Population
o

05—

0 1 2 3 4 5 6 7 8 9 10
Time t (in days ) x10%

Figure 6. Population of treatment individuals with Time

Figure 7: The recovered individuals increase with time as more treated individuals recovers and join the class, then
there is a decrease untill it stabilizes as the recovered individuals gain temporal immunity to the disease and join
susceptible class.

x10%

Recovered Population
IS

0 1 2 3 4 5 6 7 8 9 10
Time t (in days ) %10°

Figure 7. Population of recovered individuals with Time

3.5. Relationship between Infected individuals I., Induced achlorhydria population I, and Treated class (T.)

Figure 8: It can be observed that .., and I are directly proportional to each other as the cholera infected individuals
increases there is a significant increase in the number of cholera infected with induced achlorhydria individuals, as
Vibrio cholerae induces this condition on individuals with problem of gastric acid secretion. Strategies should be
targeted toward reducing cholera transmission and also people with problem of gastric acid secretions.
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52000 [~
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1000 —
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7.16 747 7.18 7149 72 7.21 7.22
[ «10*

Figure 8. Population of cholera infective against cholera infective and have induced achlorhydria

Figure 9: The relationship between I, and T is inversely proportional. I, increases with time as 7. decreases with
time as there is high cholera infection with low turn out for those seeking treatment. strategies should be targeted to
reducing parameters leading to increase in /..

6
25>\|0

0
7.16 747 7.18 719 7.2 7.21 7.22
| x10%

Figure 9. Population of cholera infective against individuals seeking treatment for cholera.

Figure 10: The relationship between I, and T, is inversely proportional. I., increases with time as 7, decreases
with time. strategies should be targeted toward reducing parameters leading to increase in I,..

%108

25

4000

Figure 10. Population of cholera infective with induced achlorhydria against those seeking treatment for cholera
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3.6. Figure 12 and 13 shows the impact of cholera on the total population without any intervention.

In Figure 12: Show the total population of individuals in absence of cholera disease, population increases gradually
in absence of cholera disease. From the figure its evident that the population doubles after every ten years a case of
Kenyan population.

75—

o
o
T

Total Population without cholera
& ®
T T

45—

1 1 1 1 1 1 1 |
0 500 1000 1500 2000 2500 3000 3500 4000
Time t (in days )

Figure 11. Total population in absence of cholera disease.

In figure 13: Show the total population of individuals in presence of cholera. During cholera outbreak the total
population decreases as the individuals get infected and move to infected class and others die out until a stable point
is reached. If cholera is not controlled the population may decrease further as cholera have been known to wipe out a
whole community.

4 < 10*

35

~
2

Total Populations with cholera
@ o

0.5

1 1 1 1 1 |
0 500 1000 1500 2000 2500 3000 3500 4000
Time t (in days )

Figure 12. Total population in presence of cholera disease.
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3.7. The impact of cholera, induced achlorhydria condition with treatment as an intervention.

Figure 14: Show a sharp decrease in total population this is due to cholera disease and also implication of the
induced achlorhydria condition which help to fuels cholera until a stable point is reached. The impact of cholera in
figure 14 is much greater than that for figure 13 since achlorhydria increase cholera prevalence.

Total population with cholera and achlorhydria
o
f

. . . . . . . |
0 500 1000 1500 2000 2500 3000 3500 4000
Time t (in days )

Figure 13. Total population in presence of cholera and achlorhydria condition.

Figure 15: Show treatment as a control strategy applied on total cholera infective population, treatment significantly
reduces cholera transmission and mortality rate due to cholera. During cholera outbreak treatment should be applied
either through medication or oral re-hydration.

4><104

without treatment
with treatment

Total Population with cholera and treatment

0 500 1000 1500 2000 2500 3000 3500 4000
Time t (in days )

Figure 14. Total population in presence and treatment as control.

Figure 16: Show treatment as a control strategy applied on cholera infective with induced achlorhydria condition
population and its effect, this class is hardly hit by cholera as cholera is fueled better by this condition. Applying
treatment as control strategy will have significant effect through reducing transmission and mortality rate.
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without treatment

with treatment

w
w o

S
o

Total Population with cholera and achlorhdria and treatment
o ~

0 500 1000 1500 2000 2500 3000 3500 4000
Time t (in days )

Figure 15. Total population in presence of cholera and achlorhydria condition.

3.8. Conclusion

In this paper, we formulated a mathematical model for cholera incorporating the dynamic of the induced
achlorhydria condition and treatment. We studied the stability of the disease free and endemic equilibrium point. The
results of the disease free equilibrium showed that the model is both locally and globally stable when Ry < 1, thus,
reducing Ry to less than unity reduces the disease spread. Next we studied the endemic equilibrium which we found
it to be asymptotically stable when Ry > 1. Michaelis-menten equation in microbiology were used to show variation
in hydrochloric acid concentration in the digestive system and how it affect the development of achlorhydria
condition induced by Vibrio cholerae. Numerical analysis shows that in the presence of achlorhydria condition the
disease propagate faster and if individuals with this condition are treated or correct mechanism is done by inducing
development of enough hydrochloric acid first cholera disease can be eradicated with ease.
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