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Abstract

The purpose of this paper is to introduce a new kind of generalization of principally quasi injective S-
systems over monoids (PQ-injective), (and hence generalized quasi injective), namely pseudo principally
guasi injective S-systems over monoids. Several properties of this kind of generalization are discussed. Some
of these properties are analogous to that notion of pseudo principally quasi injective class of general modules.
Sufficient conditions are given for pseudo principally quasi injective S-systems to be principally quasi-injective
and pseudo quasi principally injective S-systems. Characterizations of pseudo principally quasi injective S-
systems are considered.
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1- Introduction and Preliminaries :

Throughout this paper , the basic S-system is a unitary right S-system with zero which is consists of a monoid
with zero , a non-empty set M with a function f : M x S — M such that f(m,s) = ms and the following properties hold
(1) me1=m .(2) m(st)= (ms)t (3) m0 = O for allm € M and s,t € S, where 0,1 is the zero , identity element of S and @ is
the zero element of M . In case a non-empty subset N of an S-system M such that xse N satisfies for all x e Nand s € S
, then N is called a subsystem of M. Let A; and B, be two S-systems . A mapping g: As — Bg ,such that g(as) = g(a)s for
all a € Asand s € S is called an S-homomorphism [2] . An S-congruence p on a right S-system My is an equivalence
relation on M; such that whenever (a,b) € p, then (as, bs) ep for all s € S. The identity S-congruence on M will be
denoted by Iy, such that (a,b) €l if and only if a = b [3] . The congruence vy, is called singular on Mg and it is defined
by a yy b if and only if ax = bx for all x in some N-large right ideal of S [1] . For S-system M, Hc S, K c MxXM ,T c

M, J c SxS :(1)fy(H) ={(mn) € M x M| mx = nx forall x€ H}2)y,(K) = {s €S|as = bs forall (ab) €
K}3)Ys(T) = {(a,b) € Sx S|ta =tbforallt € T}(4)2y(J) = {a € M |am =an forall (m,n) €]} [4] .

If an S-system A is generated by one element , then it is called principal system and it is denoted by A=<u >,
where u € A, then A= uS ([5],P.63) .The authors defined that if for every xeM; , there is an S-homomorphism f: Mg —
xS such that x = f(x;) for x; EMs ,then an S-system M; is called principal self-generator [6] . An S-system B is a
retract of an S-system A if and only if there exists a subsystem W of A and epimorphism f: A; — W such that Bg= W
and f(w) = w for every w € W ([5],P.84) . An S-homomorphism f which maps an S-system Ms into an S-system N is
said to be split if there exists S-homomorphism g which maps Ny into Mg such that fg=1y [3] .

Let Mg, N; be a right S-systems . An S-system E is called injective if for every S-monomorphism f : Mg — N
and every S-homomorphism g : Mg — E , there is an S-homomorphism h : Ng — E such that hf = g [10] . A right S-
systems N is called M-injective if for each S-monomorphism f from S-system B; into S-system M and every
homomorphism g : Bs — N, there is S-homomorphism

h : My — Ngsuch that hf = g . Thus N; is injective if and only if Ny is M-injective for all S-system M [14] .

In [10], P.Berthiaume had studied injective S-systems. Then the concept of injectivity on S-systems is
generalized to quasi injectivity by A.M.lopez, such that an S-system N is quasi injective if Ng is N-injective [1]. Also, in
[13], T.Yan introduced the concept of pseudo injectivity as a generalization of quasi injectivity. An S-system M is called
pseudo-injective if each S-monomorphism of a subsystem of M; into M; extends to an S-endomorphism of M . It is well
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known from above that every quasi injective S-system is pseudo injective, but the converse is not true in general and we
gave an example which illustrated this fact.

At the same time, for another generalization of injectivity, we have : An S-system M; is called principal
injective system (C-injective) if for any S-system B, any principal subsystem C of B; and any homomorphism f from
C into M can be extended to S-homomorphism g from By into M [9] . As a proper generalization of quasi injective S-
system , we introduced principally quasi injective S-system and some definitions relevant to our work . An S-system Mg
is called principally quasi injective system (this means PQ-injective) if Mgis PM-injective [6].

The present work consists of two sections. The first one is devoted to introduce and investigate a new kind of
generalization of principally quasi injective S-systems, namely pseudo principally quasi injective S-systems over
monoids. Certain class of subsystems which inherit the property of pseudo principally quasi injective have been
considered. Also, characterizations of this new class of S-systems was investigated . Example is given to illustrate that
pseudo PQ-injective S-systems are not PQ-injective. Some known results on pseudo PQ-injective for general modules
were generalized to S-systems. In the second section , we try to put some light on relation of pseudo PQ-injective S-
systems with other classes of injectivity such as PQ-injective by using the concepts of fully stable, fully pseudo stable
and pseudo Ms-projective and then we find conditions to versus pseudo PQ-injective S-systems with PQ-injective and
pseudo QP-injective S-systems.

2-Pseudo Principally quasi Injective S-Systems:

(2-1)Definition: An S-system N is called pseudo principally M-injective(for short pseudo PM-injective) if for each
S-monomorphism from a principal subsystem of an S-system Mg into Ng can be extended to S-homomorphism from M
into N5 . An S-system Mg is called pseudo principally quasi injective if it is pseudo principally M-injective (if this is the
case , we write M is pseudo PQ-injective ).

(2-2) Remark and Example:

(1) Every PQ-injective (and hence quasi injective ) S-system is pseudo PQ-injective . But the converse is not true in
general , for example , let S be the monoid {1,a,b,0} with ab = a? = a and ba= b® =b . Now , consider S as a right S-
system over itself , then the only non-trivial principal subsystems of S, are aS ={a,0} and bS = {b,0}. It is easy to check
that S is pseudo PQ- injective. But, when we take N={a,0} be principal subsystem of S; and f be S-homomorphism
defined by f(x) = {g I‘ff: fg
not, that is there exists S-homomorphism g:Ss—S; such that g(x) = f(x) ,v X €N, which is the trivial S-homomorphism(or
zero homomorphism) ,since other extension is not S-homomorphism . Then , b = f(a) = g(a) = a(0) which implies that b =
a(0) , and this is a contradiction .

}, then this S-homomorphism cannot be extended to S-homomorphism g : Sg — S, . If

(2) Retract of pseudo PQ-injective system is pseudo PM-injective.

Proof: Let M, be pseudo PQ-injective S-system and N be a retract cyclic subsystem of M, . Let A be principal
subsystem of Mgand f: A — N be S-monomorphism. Define a(=jyof) : A — M, where jy is the injection map of N into
My, so o is S-monomorphism. Since M; is pseudo PQ-injective system , so there exists S-homomorphism B : Mg — Mg
such that Boip = a , where i be the inclusion map of A into M. Now, let mtybe the projection map of Msonto N. Then,
define o(=myB ) :Ms — N . Thus we have that coia= Ty0P0is= Ttyo0a = Ty ojyof =f. Therefore , an S-homomophism o is
extends f and N is pseudo PM-injective S-system.

(2-3) Lemma: Every pseudo PM-injective subsystem of S-system M is a retract of M.

Proof: Let a be S-monomorphism from a principal subsystem N of S-system M; into M; and I be the identity map of N
. Then, pseudo PM-injectivity of N implies that there exists S-homomorphism g : Mg — N such that Iy =goa , hence o is
a retraction. Therefore N = a(N) is a retract of M.

(2-4)Proposition: Let M be S-system . If Ns is pseudo PM-injective , then N; is pseudo PA-injective system for
anyprincipal subsystem A of M.

Proof: Let X be principal subsystem of principal subsystem A of M , and let f be any S-monomorphism of X into S-
system N . Let ix(ia) be the inclusion map of X(A) into A (M) respectively . Since N; is pseudo PM-injective, then there
exists S-homomorphism g : Mg — N such that goiaoix = f. Define S-homomorphism h by h(=gois) : A — N, then,v x €
A we have h(x) = h(ix(X)) = (goia)(ix(x)) =( goiaoix)(X) = f(X) , which implies that h extends f and N; is pseudo PA-
injective system.

(2-5) Theorem: Let M; and M, be two S-systems . If M;@® M, is pseudo PQ-injective .Then M; isPM;- injective
(where i ,j=1,2).
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Proof: Let M;@® M, be pseudo PQ-injective . Let A be principal subsystem of M, , and f an S-homomorphism from A
into M, . let j; and mt; be the injection (and projection) map of M; into M;@® My(and M;@® M, onto M;) . Define o : A —
M:® M, by a(a) =(f(a),a) , Va € A . It is clear that o is S-monomorphism. Since M@ M, is pseudo PQ-injective , so by
proposition (2-4) , M@ M, is pseudo PM,-injective . Hence , there exists S-homomorphism g from M, into M;® M,
such that goi = a . Now, put h(=my0g) : M,— M; .Thus V a € A, we have hoi(a) =m; ogoi(a) =myo0a(a) = m;(a(a)) =
m, (f(a),a) = f(a) . This means M; is PM,-injectiveS-system.

(2-6) Corollary: Let {M,};; be a family of S-systems , where | is a finite index set. If ®;¢M; is pseudo PQ-injective ,
then M; is pseudo PM-injective system for all j,k € I.

(2-7) Lemma: Let {N;};¢; be a family of S-systems , where | is a finite index set. Then , the direct product II;¢N; is
PMe-injective if and only if N; is PM-injective for everyi € I.

Proof :=) Assume that Ny = IIjgN;is PM-injective S-system. Let X be principal subsystem of M, f an S-
homomorphism of X into N;, and ¢; , ; be the injection and projection map of N; into Ng and Nsonto N; respectively .
Since N; is PM-injective , so there exists S-homomorphism g : Mg — Nj such that goi = @jof , where i be the inclusion
map of X into M . Then , define h(=m;0g): Mc— N; such that hoi = mogoi = m;op;of = f . Thus N; is PM-injective S-
system.

<) Assume that N; is PM-injective for each i € I . Let X be principal subsystem of M,f an S-homomorphism of X into
N; andg;, m; be the injection and projection maps of N; into Ny and Nsonto N; respectively . Since N; is PM-injective S-
system, so there exists S-homomorphism f; : Mg — N; such that B;oi = m;of , where i be the inclusion map of X into Mg .
Now, define an S-homomorphism B(=¢;jof;) : Ms — Ns, then Boi= @;opjoi = @jom;of = f . Therefore, Ny is PM-injective
system.

(2-8) Corollary: For any integer n =2, M2is pseudo PQ-injective if and only if M is PQ-injective system.
Let M, be S-system . For all element m € My , with o€ T=End(My) ,define :

An={ne M|y, = y,(m)};

Sam) ={BET |kerB N (mS X mS) = kera N (mS X mS)} ;

B ={0(ET|ker0(n(mS><mS) =I5 .

(2-9) Proposition: Let M be an S-system with T=End(M) , the following conditions are equivalent for an element
me M :

(1) My is pseudo principally injective (pseudo PM-injective) ,

(2)A, =B, *m,

(3 IfA, =A,, thenB, em =B, en,

(4) For every S-monomorphism a : mS — M and  : mS —Mjs, there existso € T such that a = cof .

Proof: (1—2) Let n € A, , this implies A,, = A, , hence a : mS — M; defined by a(ms) =ns,s € S. Let ms; = ms, ,
this implies (s; , $;) € y(m) = y(n) , then ns; = ns, . Hence , a(ms;) = a(ms;) and a is well-defined and for the reverse
steps , we obtain that a is S-monomorphism, so by (1) , there exists an S-homomorphism B € T extends o . Then ,
V m € Mg, we have f(m) = a(m)=n=f *m,so € B, [ Infact, if (ms, mt) € kerf N (mS X mS) ,then B(ms) = B(mt)
and ms = mt . So, kerB N (mSxmS) =1I,5 ]. Conversely , if B eme B, em , then B €B,, , that is kerfn
(mS x mS) =I5 . It is obvious that y;(m) S y,(Bm) , since for (r,s) € y;(m) , we have mr = ms , since B is well-
defined , so B(mr) = B(ms) . Thus , B(m)r = f(m)s which implies that (r,s) € y,(Bm) . Now, if B(mr) = B(ms) and (mr,ms)
€ ker N (mS X mS) =I5 , then mr =ms and (r,s) € y,(m). Hence , y,(Bm) S y,(m) . Then , y,(fm) = y,(m) .
Therefore, fm € A, .

(2—3)LetA,, = A, .Then,A,, =B, em,A, =B, +n.S0,B, em =B, sn.

(3—4) Let a : mS — My, B : mS — M, be S-monomorphisms . Then , y,(Bm) = y,(am). Since , for (s,t) € y,(Bm) ,
then B(ms) = B(mt) . Since B is monomorphism, so ms = mt . Since a is well-defined , so a(ms) = a(mt) . This means
Ys(Bm) € ys(am) . In similar way, we can find y,(am) € y,(Bm) , thus y;(Bm) = y,(am) , which implies A,,,, = Agy,
;then by(3) Bymam = By, fm. Since kerly N ((x(mS) X a(mS)) = lg(ms) » SO 1y € By - Then am € Bgy, fm , SO
there exists o € Bg,, such that a = of.

(4—1) Let B =15 be the inclusion map of mS .
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(2-10) Proposition : Let M be pseudo principally injective S-system with T = End(M;) .Then , for o € T , we have
Sem) = Bam@ U £ (mS X mS) , Vm € M.

Proof :Let B € Sim) » this means B € T and kerf N (mS x mS) = kera N (mS x mS) . We claim that y,(am) =
Ys(Bm) . In fact , if (s,t) € y,(am) , then a(ms) = a(mt) which implies (ms, mt) € kera N (mS X mS) and sincekerf3 N
(mS X mS) = kera N (mS X mS) by the proof . So, (ms, mt) € kerf N (mS X mS) which implies B(ms) = B(mt) and
then B(m)s = B(m)t . Thus (s, t) € ys(Bm) .Hence , ys(am) S y,(Bm), similarly we have y,(Bm) € y,(am) and then
we obtain y,(am) = y,(Bm). Then , we have 8 € A, . Since Ay, = Bumam (by proposition (2-9)) , so B € B, am
and since B(ms) = B(mt) , where B € T , thus B € £1(mS X mS)and then B € By, U £+(mS X mS) . This means
Stam) € Bam@ U 1 (mS X mS) ...(1) . Conversely, let § € By a U £7(mS X mS) , s0 B € By a or B € £1(mS X mS)
Af e (mSxmS) , so B € Tand PB(ms) = B(mt) . If B € Bya , So there exists ¢ € B, such that B = oo . Also ,
kerg N (a(mS) X a(mS)) =and kerf N (a(mS) X a(mS)) = lyms) - Now, if(ms, mt) € kerga N (mS x mS) , then
@a(ms) = ea(mt) . Hence (a(ms), a(mt)) € kerg N (a(mS) X a(mS)) =1, . This implies that (ms, mt) € kera N
(mS x mS). Thus, ker N (mS X mS) S kera N (mS X mS) (1). If (ms, mt) € kera N (mS X mS) , SO o(ms) = a(mt) ,
since ¢ € T and it is well-defined , so @a(ms) = @a(mt) which implies f(ms) = (mt) and then (ms, mt) € kerf N
(mS x mS).Thus,kera N (mS X mS) S kerf N (mS X mS)...(2) .From (1) and (2) , we have kera N (mS X mS) =
kerp N (mS X mS) and then B € Sy ) -

(2-11) Proposition: Let M, be pseudo principally injective S-systemwith T = End (Ms) and a€ T, m € Mg . Then:
a € B, ifand only if B, = B,,a U £1(mS X mS).

Proof ;=) Let a €B,, and f€ S(am) » SO kerf N (mS X mS) = kera N (mS X mS) , but kera N (mS X mS) = iy ,
hence kerfn (mS x mS) = i,s , which implies f € By, .Thus , S¢qm) = By, , S0 by proposition (2-10)B,, = By, a U
£1(mS X mS)

&) Assume that B, = B,,a U£r(mSxmS)and a € T, a & B, . Then, we have kera N (mS X mS) # .5 , so there
exists (ms, mt) € kera N (mS X mS)withms # mt , then a(ms) = o(mt) . Sincely € B, , S0 kerly; N (mS X mS) = I[;5 .
But , sinceé Siym) =Bm = Bama U €r(mSXmS) , hence Iy € S my , and then kera N (mS x mS) = kerly N
(mS x mS) . Thus , kera N (mS X mS) = I, which implies ms = mt and this is a contradiction with ms # mt . So
o € B, implies a contradiction.

Recall that Socy(Ms) represent homogeneous component of Soc(M;) containing N. Thus, we denote
Socy (M) := U {X be subsystem of M | X = N }[6].
(2-12) Proposition: Let M; be pseudo principally injective S-system with T= End(M;). Then :
(1) If N is a simple subsystem of Mg, then Socy(Mg) = TN.
(2) If nSis a simple S-system , n € M, . Then, Tn is a simple T- system .
(3) Soc(My) = Soc( M) .

Proof :(1) Let N; € Socy(M;) , and f: N — N; be an isomorphism , where N; € M . If N = nS , then y,(n) =
Y (f(n)). Since , if (s,t) € y,(n) , then ns = nt, since f is well-defined , so f(ns) = f(nt) . This implies f(n)s = f(n)t and
(s,t) € ys(f(n)) , so ys(n) € y,(f(n)) . Conversely, let (s, t) € y,(f(n)) , so f(ns) = f(nt) . Since f is monomorphism, so
ns = nt. This implies that (s, t) € ys(n), s0 ys(f(n)) € ys(n) . Thus y,(f(n)) = y,(n) , which implies B, en = By, * fn
by proposition(2-9) . Thus fne B,» n€ Tn € TN . Hence, if g is an extension of fto T , we have N; = f(nS) =g(nS) e T .
Thus Socy(Ms) € TN . The other inclusion always holds , this means TN < Socy(Ms) , since for o€ TN , axN —N be
identity map and since N = N and N be subsystem of My , so a(N) = N < Socy(Ms) which implies TN <
Socn(Mg). Therefore , Socy(Ms) = TN.

(2) Let 0€ T, a :Ms — M, since M is pseudo principally injective , so 0y (=0[45) : 1S — M is S-monomorphism .
Since nS is simple subsystem of Mg, S0 a3 : nS — a3(nS) is an S-isomorphism . Thus , let 6 : a;(nS) — nS be its inverse .
For ©#an € Tn and if g € T extends o , then g(as(n)) = o(ay(nN)) = n € Ton . Therefore , TnS Tan . Then , Tn= Tan
whence TanSTn , such that if we take pan € Toan, and B € T, then ,since p € Tand o€ T ,so po € T . Thus, fan € Tn
and Ton € Tn.

(3) This follows by (2).
(2-13) Proposition :Let M; be pseudo principally injective S-system with T = End(M) . Then:

(1) If N and K are isomorphic principal subsystem ofM; and K is a retract of My, then N is also a retract of M; .
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(2) Every pseudo principally injective has C, —condition

Proof: It is obvious that (1) implies (2) , so it is enough to prove (1) . Let N be a subsystem of M and i be the inclusion
map of N into M. It is enough to prove that inclusion map split . Let o : N — K be an S-isomorphism . Since K is a
retract of Mg , so there exists S-homomorphims t : My — K and j :K — M, projection and injection map respectively .
Let i; be the inclusion map of N into M and o be the inverse map of o (since a is S-isomorphism) .Since M is pseudo
principally injective ,so there exists S-homomorphism o:M;— M; which is extension of a(this means @oi= joa).Now ,
define o(=0* @) : My — N . If n€ N, write a(n) = k € K , hence on = o’(a&(n)) € N, then on = o ( ma@(n)) = o
Y mam)) = a*(m(k)) = a*(k) = o’*(a(n)) = n .Thus , on = n and inclusion split , since coi = Iy .

Recall that an S-system Mqis called principally self-generator if every x € M, there is an S-homomorphism f :
M; — xS such that x = f(x;) for x;€ M; [6] .

(2-14) Lemma: Let M be principally self-generator. Then, every principal subsystem is of the form mS, where
¥s(mg) € ys(m) and Mg = mgS.

Proof: Let My = mS be a principal S-system and nS be a principal subsystem of M, since M; is self —generator , then
for n € My, there is an S-homomorphism a :Ms — nS, so n = a(m;) for some m;€ My . Then , nt = a(my)t = a(myt) =
a(mpst) , which implies that o is onto . Thus, Im o = nS = a(mg)S =mS where m = a(my) . Now , V(s,t) € y;(mg) implies
moS = Mgt and then ms = a(mg)s = a(mgs) = a(met) = a(mg)t = mt . This means that m € £y, (y;(my)) which implies that
Ys (mO) =Ys (1/0M (Ys (mO))) c Ys(m)

(2-15) Proposition: Let M be a principal system which is a principal self-generator and let T =End(Ms) . The
following conditions are equivalent:

(1) My is pseudo principally injective;

(2) S;m) = Bam@ U £1(mS X mS) for alla € T and all m € M ;
(3) If Ay = Agp , then B € By a U £r(mS X mS).

Proof: (1—2) By proposition (2-10).

(2—3) Let Ay = Agm » then yg(am) = ys(Bm) . Let (X,y) € kera, so a(x) = a(y) where x,y € Ms=mS . Let x =ms, ,
and y = ms; , then a(m)s; = a(m)s; , SO (S1,S2) € Vs (a(m)) = y,(B(m)) . This implies p(m)s;= B(m)s, and then B(ms;)
= B(ms,) , this means B(x) = B(y) and (x,y) € kerp . Thus kera € kerf . For the other direction , let (X,y) € kerf , so B(x)
= B(y) since x, Y EM; =mS . Let x =ms; , and y = ms,. Thus p(m)s;= B(m)s, and then (s;, s;) € ys(B(m)) = y;(a(m))
. This implies a(m)s; = a(m)s,,then a(ms;) = a(ms;) , so a(x) = a(y) which implies (x,y) € kera , thus kera = kerf . So,
kerf N (mS x mS) = kera N (mS x mS) which implies S my = Sgm) » SO by (2) , we have By U £1(mS X mS) =
BgmB U £7(mS X mS) . Since 1m€ Bpgy . This means p= 1y * B € Bg, B, 50 B € Bgp B U £p(mS X mS) = Bya U
£1(mS X mS) , this implies f € By, a U £1(mS X mS) . Also, « € Bgy, B U £1(mS X mS).

(3—1) Assume that f : mS — M; be an S-homomorphism. Since M; is principal, so there exists myeM;s such that Mg =
meS and a : My — mS with a(mg) = m, where y,(m,) S y,(m) . Again since M is principal self-generator , so there
exists B : My, — fm)S such that :fim) = P(my) where M, = mgS
(D).

Since f is S-monomorphism , so ys(f(m)) =vy,(m) . In fact, since , if (s,t) € y,(f(m)) , so f(ms) = f(mt) , since f is
monomorphism , so ms = mt which implies (s, t) € y,(m) and then y,(f(m)) S y,(m) . For the other direction , let
(s,t) € ys(m) , so ms =mt . Since f is well-defined , so f(ms) = f(mt) . Thus f(m)s = f(m)t which implies (s,t) €
vs(f(m)) and then y,(m) < y,(f(m)) . Thus, y,(f(m)) = ys(m) . This implies y;(B(my)) = vs(a(my)) . This means
kero = kerf . In fact, for (X,y) € kera , this implies a(x) = a(y) where where X,y€ Ms=mgS . Let X = mgs; , and y = mys; ,
then a(mgS;) = a(mos,) which implies a(mg)s; = a(mg)s, , SO (s1,5;) € ys(a(mg)) = vs(B(my)) by the proof . This
implies B(Mp)s;= B(Mo)s, and then B(MeS;) = B(MeS,) , this means B(x) = B(y) and (x,y) € kerf . Thus kera S kerf3 .
Similarly for other direction , thus kera = kerf . So , kera N (myS X myS) = kerf N (myS X myS) which implies
Stamg) = Sgmg) AN Agm, = Agm, » SO by (3) we have B € Byy,a U £1(mgS X m,S) . Thus , either B € By, o OF
B € 7(myS X m,S) . If B € By, , then there exists S-homomorphism ¢ € B, , which implies ¢ € T and B = ¢a .
Thus , (m) = @(a(mg)) = B(mp) and by (1) B(me) = f(m) , so ¢ |ns = , S0 My is pseudo principally injective system . If
B € £r(myS X m,S) , so B € £1(Mg X M) which implies B € Tand V(x,y) € Mg X M, , we have B(x) = B(y)V(x,y) €
M . This implies kerf = M, X M, and then § = 0 which implies

f =0 and this is a contradiction.
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3- Relation Between Pseudo PQ-Injective S-Systems With Other Classes of Injectivity:

It is well known that each PQ-injective system is pseudo PQ-injective . To show under which conditions the
converse is true , we need the following concepts and some propositions and lemmas.

Recall that a subsystem N of an S-system M is called (pseudo)stable if f(N) < N for each S-homomorphism (S-
monomorphism) f: N — M; . An S-system M; is called fully (pseudo) stable if each subsystem of My is (pseudo) stable
[12] ,[8] . It is clear that every stable subsystem is pseudo stable and hence every fully stable S-system is fully pseudo
stable . It was proved that

every fully pseudo stable S-system is pseudo PQ-injective.

Recall that an S-system M is multiplication if each subsystem of M is of the form M1 , for some right ideal |
of S . This is equivalent to saying that every principal subsystem is of this form [11] .

(3-1) Proposition :Let M, be multiplication S-system . Then , M is fully pseudo stable if and only if M is pseudo PQ-
injective S-system.

Proof: Let mS be principal subsystem of an S-system M and o : mS — M be an S-monomorphism , where m € M .
Then , since My is pseudo PQ-injective , so a extends to an S-homomorphism 3 : My —M; . Since Mg is multiplication
system , so there is an ideal I of S such that mS = MI . Hence , o(mS) = B(mS) = B(MI) = (M) I € MI = mS . ThusMs is
fully pseudo stable.

Now, we give under which conditions on pseudo PQ-injective systems to be PQ-injective . But , before this we
need the following propositions :

(3-2) Proposition[8]:An S-system M; is fully stable if and only if M; is fully pseudo-stable and xS=Hom(xS , M;) for
each x in Mg .

(3-3) Proposition[6] : Let S be a commutative monoid and M be a multiplication S-system . Then M is fully stable if
and only ifMy is PQ-injective S-system .

(3-4) Proposition :Let M, be multiplication S-system , where S is a commutative monoid and xS=Hom(xS , M) for
each x in Mg . If Mg is pseudo PQ-injective system , then M is PQ-injective .

Proof: Assume that M; is pseudo PQ-injective system . Since M is multiplication system , so M is fully pseudo stable
by proposition (3-1) . Since xXS=Hom(xS , M) , so by proposition (3-2) , M; is fully stable system . Again since M is
multiplication system , so by proposition(3-3) My is PQ-injective system .

It is clear that every quasi injective system is pseudo PQ-injective system (and hence PQ-injective ) , but the
converse is not true in general . For the converse , we need the following proposition :
(3-5)Proposition[6]: Let M be multiplication S-system . If My is PQ-injective, then M is quasi injective .

(3-6) Proposition :Let M; be multiplication S-system , where S is a commutativemonoid and xS=Hom(xS , M) for
each x in Mg . If M is pseudo PQ-injective S-system , then M is quasi injective .

Proof: By proposition (3-4) and proposition (3-5) .
At the same time, we can give another conditions to versus pseudo PQ-injective S-systems with PQ-injective ,
but we need the following concept:

(3-7) Proposition :Let M be a cog-reversible nonsingular S-system with £, (s) = 0, ¥ s € S .IfM; is pseudo PQ-
injective , then M is PQ-injective.

Proof : Let N be principal subsystem of S-system M, and f be S-homomorphism from N into My . If f is S-
monomorphism , then there is nothing to prove . So assume f is not S-monomorphism . Then , by using the proof of
theorem(3.2.17) , we get the required . This means thatMy is PQ-injective S-system .

The following proposition explain under which conditions on pseudo PQ-injective system to beingpseudo QP-
injective and the proof is similar to proposition(2-22) in [7] by replacing S-homomorphisms by S-monomorphism.

(3-8) Proposition :Let M, be an S-system which is principal and principal self-generator. Then , M is pseudo PQ-
injective S-system if and only ifM; is pseudo QP-injective .

Proof :<) Let N be cyclic subsystem of M and f be S-monomorphism from N into M. Since M is principal self-
generator, so there exists some a:Mg —mS , such that m = a(m;) , V. m € M . This means o is S-epimorphism , thus N is
Ms-cyclic subsystem of M. Since M; is pseudo QP-injective system , so f can be extended to S-homomorphism g : M;
— Mg, such that goi=f, where i be the inclusion map of N into My, therefore M; is pseudo PQ-injective system .
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=)Let N be M, -cyclic subsystem of an S-system Mg , so there exists an S-epimorphism o : My — N . Since M is
principal, so N is principal . Let f be S-monomorphism from N into My . Since My is pseudo PQ-injective system , so f
can be extended to S-homomorphism g from My into Mg such that goi = f, where i be the inclusion map of N into M .
Thus M is pseudo QP-injective system .
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