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Abstract: Let D be a finite simple directed graph with vertex set V(D) and arc set A(D). A function
f:V(D)—>{-1 1} is called a signed dominating function (SDF) if f (N[v])>1 for each vertex veV.
The weight w(f ) of f is defined byz f(v). The signed domination number of a digraph D is %(D) =

veV

min{w(f ) : fis an SDF of D}. Let C,,xC, denotes the Cartesian product of directed cycles of length m
and n. In this paper, we determine the exact value of signed domination number of some classes of
Cartesian product of directed cycles. In particular, we prove that: (a) ys(CsxC,) = n if n = 0(mod 3),
otherwise v5(CsxCy) = n + 2. (b) 15(C4xC,) = 2n. (C) ys(CsxCp) = 2n if n = 0(mod 10), y(CsxC) =2n +1
if n=3,5, 7(mod 10), ys(CsxC,)) =2n + 2 if n= 2, 4, 6, 8(mod 10), ys(CsxC,) = 2n + 3 if n = 1,9(mod 10).
(d) vs(CexCy) = 2n if n = 0(mod 3), otherwise ys(CexC,) = 2n + 4. (e) ys(C;xC,) = 3n.

Keywords: Directed graph, Directed cycle, Cartesian product, Signed dominating function, Signed
domination number.

1. Introduction

Throughout this paper, let D be a finite simple directed graph with the vertex set V(D) and the arc
set A(D) (briefly V and A). If uv is an arc of D, then we also write u—v, and we say that v is an out-
neighbor of u and u is an in-neighbor of v. For every vertex veV let N (v)and N, (V) denote the set of
out-neighbors and in-neighbors of v, respectively. We write d(v)=| N5 (V) |and dg(v)=| N (V) |for
the outdegree and indegree of v in D, respectively (shortly d*(v), d(v)). A digraph D is r-regular if
ds(vV)=dg (v)=rfor any vertex veD. LetN;[v]=Nj (v) u{v}and N;[v]=Ng(v)U{v}. The
minimum and maximum indegree and minimum and maximum outdegree of D are denoted by 6°(D) = &,
A(D) = A, §"(D) = 8" and A"(D) = A", respectively. For a real-valued function f:V(D)— R the weight
of fis W(f):ZVEv f(v), and for S c V, we define f(S):Z:VEs f(v),so w(f)="F(V).Letk>1bean

integer and let D be a digraph such that 5 (D) > k -1. A signed k-dominating function (SkDF) of D is a
function f:V — {-1, I} such that f(N[Vv]) >k for every vertex veV (briefly f[v] > k). The signed

k-domination number of a digraph D is yxs(D) = min{w(f ) : f is SKDF of D}. In particular, when k = 1, we
get a definition of the signed dominating function and the signed domination number, i.e., ys(D) = y15(D).
A signed dominating function of weight ys(D) is defined a ys(D)-function. Consult [7] for the notation and
terminology which are not defined here.
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The Cartesian product D;xD, of two digraphs D, and D, is the digraph with vertex set V(D;xD,) =
V(D1)xV(D,) and ((u1,uz),(v1,v2)) e A(D1xD,) if and only if either u; = v; and (uy, v2)eA(D,) or u; = v,
and (ug, vi)eA(Dy).

The vertices of a directed cycle Cn are always denoted by the integers {1, 2,. .., n}, considered
modulo n. The ith row of V(CxCy) is Ri = {(i, j) : j =1, 2,...,n} and the jth column K; = {(i, ) : i =1, 2,
..., m}. For any vertex (i, j) e V(CxC,), always we have the indices i and j are reduced modulo m and n,

respectively. If f is a signed dominating function for C,,xC,, then we denote f (Kj):z f(i,]) of the
i=1

weight of a column K;j and put s; = f(K;). The sequence (Si, S,,..., sy) iS called a signed dominating

function sequence corresponding to f.

In the past few years, several types of domination problems in graphs have been studied [2-4, 6,
10], most of those belonging to the vertex domination. In 1995, Dunbar et al. [4], have introduced the
concept of signed domination number of an undirected graph. Haas and Wexler in [5], established a sharp
lower bound on the signed domination number of a general graph with a given minimum and maximum
degree and also of some simple grid graph. Zelinka [11] initiated the study of the sighed domination
numbers of digraphs. He studied the signed domination number of digraphs for which the in-degrees does
not exceed 1, as well as for acyclic tournaments and the circulant tournaments. Karami et al. [8] were
established lower and upper bounds of the signed domination number of digraphs. Atapour et al. [1],
presented some sharp lower bounds on the signed k-domination number of digraphs. Shaheen [9]
calculated the signed domination numbers of Cartesian product of two paths P,xP, form=2, 3, 4,5, 6, 7
and arbitrary n. In this paper, we study the Cartesian product C,xC, of C,, and C, for m, n > 3. We
mainly determine the exact values of y(C3xC,), ys(C4XC,), ys(CsXC,), vs(CexCy) and ys(C7xC,.).

Let us introduce a definition. Suppose that f is a signed dominating function for CxC,, and assume
that 1< j, h< n. We say that the hth column in C,,xC, is an t-shift of the jth column if f(i, j) = f(i +t, h) for
each vertex (i, j) K|, where the indices i, t, i + t are taken modulo m and j, h are taken modulo n.

Theorem 1.1(Zelinka [11]). Let D be a directed cycle or path with n vertices. Then ys(D) = n.

Lemma 1.2 (Zelinka [11]). Let D be a digraph with n vertices. Then y{(D) = n (mod 2).

Theorem 1.3 (Karami et al. [8]). Let D be a digraph of order n and let k be a nonnegative integer such
that d'(v) > k for each ve V(D). Then

1+k+2{k—‘—A
2

D)=n
vs(D) 1-k+A

Corollary 1.4 (Karami et al. [8]). Let D be a digraph of order n in which d*(v) = d"(v) = k for each veV,
n

1+k

where k is a nonnegative integer. Then v, (D) >

Theorem 1.5 (Atapour et al. [1]). Let k> 1 be an integer, and let D be a digraph of order n with & >k -1.
Then

2(8 +2k+1—|_1_A+

AT +1

Yrs(D)=n
2. Main results

In this section we calculate the signed domination number of the Cartesian product of two directed
cycles Cr,and C, for m = 3, 4, 5, 6, 7 and arbitrary n. We should note that, for simplicity of drawing the
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Cartesian products of two directed cycles C.,xC,,, we do not draw the arcs from vertices in last column to
vertices in first column and the arcs from vertices in last row to vertices in first row.

Remark 2.1: Let f be a ys(Cr,xCy)-function. Then f[(r, s)] > 1 for each 1 <r <m and each 1 <s <n. Since
CmxC, is 2-regular, it follows from f((i, j)) = -1 that f((i+1, j)) = f((i, j£1)) = 1 because f[(i, j)] > 1,
f((i +1, j -1)) = 1 because f[(i +1, j)] > 1 and f((i -1, j +1)) = 1 because f[(i, j +1)] > 1. On the other hand,
if f((i+1, j)) =f((i, j£1)) = 1, f((i +1,j-1)) =1 and f((i -1, j +1)) = 1, then we must have f((i, j)) = -1 since
f is a minimum signed dominating function.

Remark 2.2. Since the case f((i, j)) = f((i +1, j)) = -1 is not possible, we get s; > 0. Furthermore, s; is odd
if m is odd and even when m is even.

n if n=0(mod(3),

Theorem 2.1. y,(C, xC,) = .
n+2 otherwise.

Proof. Corollary 1.3, implies that ys(C3xC,) > n. (D)
In any case we cannot put more than -1 in each column. We distinguish two cases:

Case 1. n = 0(mod 3): We define a function f ((i, J)) = -1 where i = j(mod 3) for j =1,..., n and f((i, j)) =1
otherwise. This is a signed dominating function SDF for CsxC,. Furthermore, s; = 23: f((i, j)=1

i=1

which means that y,(CsxC,)< n. This together with (1) imply y(C3xC,)=n.

Case 2. n =1, 2(mod 3): The same function defined in the previous case with j <n, then s; =1 for j = 1,
2, ...,n-1and let f((i, n)) = 1 for i =1, 2, 3. Then f is SDF of C3xC, with w(f ) = n +2. Without loss of
generality, we can assume f((1,1)) = -1. By Remark 2.1, we have f((2, 1)) = f((3,1)) = f((1,2)) = f((3,2)) =
1 and we can only put f((2, 2)) = -1. By similar arguments ((1,3)) = f((3,2)) = 1 and f((3,3)) = -1. We
deduce that f((1, 1)) = f((2,2)) = f((3,3)) = f((1,4)) = f((2,5)) = f((3,6)) = ... = f((1,3k +1)) = f((2, 3k +2)) =
f((3, 3k +3))=... = -1.

If n = 1(mod 3), then K, is 0-shift of K; and this implies that f((1, n)) = -1 and f[(1,1)] = -1, this is a
contradiction. So, we have f((1, n)) = 1. In the same time f((3,n -1)) = -1, then f((3,n)) = 1 and f((2,n)) = 1
(otherwise f[(2, 1)] = -1), which implies that s, = 3. Hence,

n-1
w(f)=>"s;+s, =n—1+3=n+2. We conclude thaty, (C, xC,)=n+2.
j=1

If n =2 (mod 3), by similar arguments to the case n = 1(mod 3), is the required (with notice that K, is
1-shift of Ky). O

Theorem 2.2. y,(C, xC,)=2n.

Proof. We define a signed dominating function f as follows:
f((i,])) =-1Lwherei=j(mod4)forj=1,...,n,and f ((i, j)) = 1 otherwise.

fr3((3, n -3)) = f12((4, n -2)) = f,.2((1, n -1)) =1, ((3, n)) = -1, and f ((i, j)) = 1 otherwise for j=n-3,n—2,
n -1, n. Obviously,

fisa SDF of C4xC, for n =0, 3(mod 4). {\{f(K,)}u{f.} is a SDF for C,xC, when n = 2(mod 4).
{{f(Kn.3) U (Kn2) U (K1) UF(Kn) Fo{fr s 2 UfhaUf } is @ SDF for C,xC, when n = 1(mod 4).

4
We have s, =>" f((i, j)) =2forj =1, ..., n, and w(f ) = 2n. Therefore,

i=1

Ys(CsxCp) <2 n. 2
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Let f' is a SDF of C4;xC,. By Remark 2.1, the case ' ((i, j)) = f' ((i +1, j)) = -1 is not exist. This implies
that, for any column K; there are two cases:

Case 1. In K;we have f' ((i, j)) =" ((i+2, J)) =-1,and f ' ((i +1,j)) =" ((i +3,j)) =1. Then f " ((i, j £1)) =1
for i =1,2,3,4. Which leads, if s = 0 then s'j.; = S'j:1= 4. S0, ys(C4%C;) > 2n.

Case 2. In Kjwe have f'((i,j)) =-1and f"((i +1,)) =f'((i +2,j)) =" ((i +3,))) = 1. Then f " ((i, j +1)) =
f'((i -1, j+1)) =1. By Remark 2.1, only one of f ' ((i +1, j+1)) or f'((i +2, j+1)) is equals -1. We conclude
that each column can not including more than one vertex which gets -1 and s} >2 forj =1, 2, ..., n.

Furthermore, w(f') = Zs'j >2n. Applying (2), together with the Cases 1 and 2, we get y,(C4xC,) = 2n. o

=1

Theorem 2.3.

2n if n=0(mod 10),
2n+1 if n=3,5,7(mod 10),
2n+2 if n=2,4,6,8(mod 10),
2n+3 if n=1,9(mod 10).

YS(CSXCn):

Proof. We define a signed dominating function f as follows:
f((4i-3,2j-1)) =-1 for 1 <j<[n/2]and i =j(mod 5),

f((4i -2, 2j)) = f (4i, 2j) = -1 for 1<j <[n/2]and i = j(mod 5), and
f((i, j)) = 1 otherwise.

By define f, we have s; = 3 for j is odd and s; = 1 for j is even. Also, f is a SDF for CsxC, when
n=0,3,5,7(mod 10). And f is a SDF of the vertices of K,, ..., K,, when n=1,2,4,6,8,9(mod 10).

Now, let us a functions f;((4, n)) =-1 and f;((i, n)) =1 fori=1, 2, 3,5. f,((3, n)) =-1and f5((i, n)) = 1 for
i=1,2,4,5. f3((5 n)=-1andf3((i,n)) =1 fori=1,2,3, 4 And f,((i,n)) =L fori=1, 2, 3, 4, 5. We
note:

{f\ f(K,)}f; is a SDF of CsxC, when n = 2, 8(mod 10).
{f\ f(K,)}f, is a SDF of CsxC, when n = 4(mod 10).
{f\ f(K,)}fs is a SDF of CsxC, when n = 6(mod 10).

{f \ f(K)}uf, is a SDF of CsxC,, when n = 1, 9(mod 10). For an illustration ys(CsxCy,), see Figure 1.
Also,

¥s(CsxCp) <2 n, if n =0 (mod 10),

1s(CsxCp) <2n+1,ifn=3, 5, 7(mod 10),

15(CsxC,) <2n+2forn=2, 4,6, 8(mod 10), 3)
1s(CsxCp) <2 n+ 3 forn=1, 9(mod 10).

By Remark 2.2, for any minimum signed dominating function f of CsxC, with signed dominating
function sequence (s, ..., sn), we have s; > 1. Furthermore sj= 1,3 or 5 forj =1, ..., n. Also, if s; = 1 then

Si-1, Sj+1 > 3. This implies that w(f )= Zsj >2n for nis even, and w(f )= Zsj >2n+1 for n is odd.
=1 j=1

Thus with (3), gets
¥s(CsxCp) = 2nif n =0 (mod 10) and v5(CsxC,)) =2n + 1 if n =3, 5, 7(mod 10).
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Forn=1, 9(mod 10).

We will show v5(CsxCp) >2 n + 3 when n = 1, 9(mod 10). We consider the case n = 1(mod 10), and the
case n = 9(mod 10) is similar to it.

Let us 2n + 1 <y,(CsxC,) <2n + 3. By Lemma 1.2, y5(CsxC,) = 5n (mod 2), this implies that y(CsxC,) =
2n +1 or y(CsxC,) = 2n + 3.

We know that s; =1, 3 or 5 and s; = sj.; =1 is not possible. If there is one column K; with s; = 5, then

w(f)= Zn:sj >2n+3. By using (3) the case is finished.

=t

Assume that s; < 5 for all j, then there are only two values of s; its 1 and 3. Suppose that y5(CsxC,) =
2n +1. Then there are (n + 1)/2 terms of s; = 3 and (n - 1)/2 terms of s; = 1. Which implies that, there are
Sj = sj+1 = 3. Without loss of generality, we can assume that s; = s, = 3. Then we gets the form s; = 3
where j is odd, and s; = 1 where j is even. So, let us s; = 3 and f((1, 1)) = -1, then s, = 1 and f((2, 2)) =
f((4, 2)) = -1. Also, s; = 3 and f((5, 3)) = -1, s, = 1 and f((1, 4)) = f((3, 4)) = -1. We deduce that each
column K; is 4-shift of K.,. Furthermore, K, is 0-shift of K, {4(n -1)/2 = 2n -2 = 0(mod 5)}, i.e. f((1, n))
= -1, and this is a contradiction. Therefore ys(CsxC,) > 2n +1 and ys(CsxC,) = 2n +3.

X
2
O

Py el Pyl 0

£ N

O O O O
O O O O O
R AR AR A
O O O O
N I N N
O O O O O
I =1 &I =l A&
O O O O O
I &1 ~l ] »
O O O O
N N N
O O O O O
I I &1 =1 ~
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O O O O
| AN N
O O O O O
|~ | ~] =~
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(5 (5 [S

1 -1 1 1 -1 1 1 1
st 3 1 3 1 3 1 3 1 3 1 5
Figure 1. A signed dominating function of C5xCy;.

=y

Kl KZ K3 K4 K5 KG K7 KS K9 KlO Kll

Ri[- + + = + + + — + + +]
R, [+ — + + + — + + - + 4+
A corresponding matrix of a signed

o . R. [+ + + - + + - + + - +

dominating function of C5xCy; 3
R, |T - T+t -+ + -+ + +

4
+ 4+ -+ + -+ + + - 4+
Rs L .

§:3 1 313 1 31315

{Here, we must note that, for simplicity of drawing the Cartesian products of two directed cycles C,xC,, we do not
draw the arcs from vertices in last column to vertices in first column and the arcs from vertices in last row to
vertices in first row. Also for each figure of C,,xC,,, we replace it by a corresponding matrix by signs — and + which
descriptions -1 and + 1 on figure of f(C,xC,), respectively}.

Forn=2, 4,6, 8(mod 10).

We will show v5(CsxC,) > 2n +2 when n =2, 4, 6, 8(mod 10). We study the case n = 8(mod 10), the
remained cases are similar to it.

Let n = 8(mod 10). By Lemma 1.2, y5(CsxC,) = 5n(mod 2), so vs(CsxC,) = 2n or v5(CsxC,) = 2n + 2.
Assume that ys(CsxC,) = 2n. Then by the same argument similar to the case n = 1(mod 10), we get s, = 1.
Furthermore, K, is (4(n — 2)/2 = 4(10k + 8 — 2)/2 = 4(5k + 3) = 2-shift of K,. This mining that f((1, n)) =
f((4, n)) = -1, and this is a contradiction. Therefore ys(CsxC,) > 2n, and by (3) is ys(CsxC,) = 2n +2. o
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Theorem 2. 4.
2n if n=0(mod 3),
'YS (CG x Cn ) = . _
2n+4 if n=12(mod 3).
Proof. We define a signed dominating function f as follows:
f((i,j))=-Land f((i +3,]j)) =-1for 1<j<nandi=j(mod 6), and f ((i, j)) = 1 otherwise.
Also, fi((i,n))=1fori=1, ..., 6.

By define f, we have s; = 2 for all 1< j < n. Notice that f is a SDF for C¢xC, where n = 0(mod 3), and
1s(CeXC,) < 2n. Also, f is a SDF of the vertices of K, ..., K, when n =1, 2(mod 3). So, {f \ f(K,)}Uf; is a
SDF for C¢xC, where n=1, 2(mod 3), and y5(CsxC,)) < 2n + 4. For an illustration y5(CsxCs), See Figure 2.

By Remark 2.2, we have s; =0, 2, 4 or 6. If s; = 0, then sj; = Sj;1 = 6. Also, when s; = 2 is Sj.1, Sj+1 > 2. We

deduce thaty_(C, xC,) = Zsi >2n . Hence, y5(C¢xC,) = 2n for n = 0(mod 3).

=

Ki Ky K3 Ky Ks Kg Ky Kg

R [- + + - o+ o+ - 4+
R+ - + + - + +
Figure 2: A corresponding matrix of a A e e S
signed dominating function of CgxCg. Rg |- + + - + + - +
Rs - + + - 4+ + +
Re L + - + 4+ - 4+ o+
;2 2 2 2 2 2 6

Forn=1, 2(mod 3). We will show that ys(C¢xC,) >2 n + 4.

j+l

If s; = 0 for some j, then Zsj =12. Since Zsj >2j forj>2, then y, (C,xC,)>2n+4. Assume that
i1 i

s;> 2 for all . If there is one s; = 6 or two of s; are equal 4, then gets the required. Now, assume that s; = 2

n
for all j accept once which is equal 4, i.e. zsj =2n+2. We prove the following claim:
j=1

Claim 2.1. If s;= ... = sjsx = 2 (for k > 1), then we have one possible of f is:

f0,))=F((1+3,))=-1<1((1+1,j+1) =1((i+4,j+1)) = -1. Furthermore, each column K; is
1-shift of Kj.,.

Proof of Claim 2.1. Since sj = ... = sju = 2 (for k > 1), we have each column include two vertices are
assigned value -1. By Remark 2.2, we can assume that f((i, j)) = f((i + 2, j)) = -1, this implies that
f((i -1, j +1)) =1((i, j +1)) = f((i +1, j +1)) = f((i +2, j +1)) = 1. Furthermore, at most one of the remaining
vertices of Kj.; is assigned value -1. Which conclude that sj;; > 4, and is a contradiction. The cases
f((i, j)) = f((i +4, j)) = -1 and f((i, j)) = f((i +5, j)) = -1 are similar by symmetry to the cases f((i, j)) =
f((i +2, J)) = -1 and f((i, j)) = f((i +1, j)) = -1, respectively. Thus, we left with one case which f ((i, j)) =
f((143,))) =-1 < (i +1,j+1)) = ((i +4, ] +1)) = -1. Also, K; is 1-shift of K;.;. The proof of Claim 2.1
is complete.

By Claim 2.1, and without loss of generality, we can assume s; = ... =s,; = 2 and s, = 4. Then K,,; is
(n -2)-shift of K. Let f((1, 1)) = f((4, 1)) = -1, we distinguish two cases:
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If n=1(mod 3), then f ((3, n -1)) = f ((6, n -1)) = -1. This implies that f ((2, n)) = ((3, n)) = ((5, n)) =
f ((6, n)) = 1. Since s, = 4, we must have one of f((1, n)), f((4, n)) is equal -1. This is a contradiction,
because f ((1, 1)) =f ((4, 1)) = -1.

If n = 2(mod 3), then f ((1, n -1)) = f ((4, n -1)) = -1. By the same argument to above case, we get a
contradiction, because f ((1, 1)) = f((4, 1)) =-1.

From previous arguments, we conclude y, (C,xC,)>2n + 2. By Lemma 1.2, y(C¢xC,) = 6n(mod 2).
S0, 15(CexCy) =2n + 4 when n =1, 2(mod 3). ]
Theorem 2. 5. y5(C;xC,) = 3n, where n > 7.

Proof. We define a signed dominating function f as follows:
f((,)=1(( +3,))) =-1for 1<j<nandi=j(mod 7), and f ((i, j)) =1 otherwise. Also, we define

foa((4, 0 -4)) = foa((7, n -4)) = -1, £13((2, n -3)) = Fa((5, n -3)) = -1, fr2(3, n -2)) = fa((7, N -2)) = -1,
fr1((1, n -1)) = f,2((5, n -1)) = -1, f((3, n)) = f,((6, n)) = -1 and fi((i, j)) = 1 otherwise for j=n -4, n -3,
n-2,n-1,n.

By define f and f,.4, fo.3, foz, foe and f, we have s; = 3 for all 1 <j <n. Notice that:
fis a SDF for C;xC, when n=0, 3(mod 7).

{A{f(Kn3)Uf(Kn o) UF(K ) UT(K) Fo{f st uf 1 Uf b is a SDF for C,xC, when n = 1 (mod 7). For an
illustration ys(C;xCs), see Figure 3.

{\{f(Kn)Uf(K) Fo{f.1Uf.} is a SDF for C;xC,, when n=2(mod 7).

{A{F(Kp.4) Uf(Kn3) U (Kn2) U (K ) U (KR po{fr s b suf o Uf g Uf } is a SDFE - for  C;xC, when
n=4(mod 7).

{{f(Kn-2) Uf (K1) UT(Kn) Fo{fraUfr1Uf } is a SDF for C;xC, when n = 5(mod 7).

{\{f(Kn)}Af.} is a SDF for C;xC, when n = 6(mod 7).

In all the cases we have y(C;xC,) < 3n.

By Remark 2.2, we have s;= 1, 3, 5 or 7. Also, if s; = 1, then s;.1, Sj+1 > 5 and when s; = 3, IS Sj.4, Sj+1 > 3.

This implies thaty_ (C, xC,) = Zn:sj >3n. So, we get ys(C;xC,) = 3n. m
j=1

K Ky Ky Ky Ks Kg Ky Kz
Ri [— + + + + + - +
Ry | + +  + + + +
Ry |+ + — + + — 4+ -
Figure 3: A corresponding matrix of a Ry | — + + — + + + +
signed dominating function of C,xCsg. Re |+ — + + — + — +
Ry |+ + — + + + + -

R, |+ + + — + — + + |
$:3 3 3 3 3 3 3 3

3. Conclusions

In this paper, we determined the exact value of the sighed domination number of C,xC,, for m = 3,
..., 7 and arbitrary n. By using same technique methods, our hope eventually lead to determination
¥s(CxCp) for m > 8.
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Based on the above (Remark 2.1 and Theorems 2.1, ..., 2.5), also by the technique which used in
this paper, we arrive to the following conjecture:

Conjecture 3. 1.

v.(C, xC,) = (%Wn whenm,n=0(mod 3),n=0(mod 2m)orn=1(mod 3).
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